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Verdict: false-source (resolved).

1 What the source states

Let A® = @?:1 diag(paj1s- -+ Mjom;) ® Aj with normal A; forming a basis of
normal tensors [MSWC24, eq. (S2)], block ¢ sites, and write the polar decom-
position of the blocked map as B = V P. The source asserts that P inherits the
block structure of A,

b
P = @diag(‘u?,l,...,,u?,mj)@Pj (1)
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with normal P; [MSWC24, eq. (S5)], replaces each P; by its fixed point, and
obtains the approximating state
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with N = ¢M [MSWC24, eq. (S7)]. Part (ii) of the approximation-error lemma
of the Supplemental Material then bounds e = 1—|{¢n|pn)| by O ((N/q)e™ 79/ Ediax)
for ¢ = o(IN), with &qiag the largest correlation length of the blocks.

2 The counterexample

Take d = 2 and two normal blocks of bond dimension one, A; = (1,0) with

m; = 2 and pp = (1,1), and Ay = (0,1) with my = 1 and py = Then
AY = diag(1,1,0), A! = diag(0,0,1), D = 3, and
lpn) < 2[0---0) +|1---1),  B=(2,1). (3)

For every ¢ the only nonzero blocked matrices are B9 = diag(1,1,0) and
B! = diag(0,0,1). As vectors of C” ® CP they are egg + €11 and e, so P



has rank two with range spanned by (ego + €11)/ V2 and €29, and V maps these
to |0---0) and |1---1). On the copy index of the first block, P is the rank-one

matrix —=(11), the square root of the restriction (11) of BB, rather than

2
diag(u%fufg) =1 times a positive part, so (1) fails.
The blocks are one-dimensional, so every block has the trivial fixed point,
Wy is eqe for a copy ¢ € {0,1} and wy = egy. Then Ve, = [0---0)/v/2 and
Vega =|1---1), so
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whose overlap with the normalized target (3) is (22-M/2+41)/(v/5 (22~ M +1)1/2).
It equals 0.988, 0.949, 0.800 and 0.555 at M = 1,2, 4,8, tends to 1/+/5, and does
not depend on ¢. Taking for instance ¢ ~ v/N, so that g = o(N) and M — oo,
the error tends to 1 — 1/\/5, while the printed bound tends to zero.

Placing the pair of the first block on both copies does not help. With w; =
(ego + €11)/v/2, the two legs at one site come from different pairs, V annihilates
the configurations whose two legs lie in different copies, and only the two copy-
uniform configurations survive, each with amplitude 2=, so the first term is
suppressed by 2!=M relative to the target (3), instead of the factor 2=M/2 of
(4).

No placement of the pair helps. The source does not say where w; sits among
the copies of the first block, so let wy = Zz,ye{o,l} Wayezy be any unit vector
on those copies, with W the 2 x 2 matrix of its coefficients and ||W||p = 1. The
map V sends egg and ej; to |0---0)/v/2 and annihilates ep; and e, because
V = VII and II is supported on the diagonal pairs. At each site the two legs
come from neighbouring pairs, so

M
V®M|Ql> — 9—M/2 Z HW$k$k+1|O"'O> — 9—M/2 TI‘(WM)|O-~-O>.
2€{0,1}M k=1

The eigenvalues A, A2 of W satisfy || + |A2|*> < ||[W]|% = 1 by Schur’s in-
equality, so T = Tr(W™M) satisfies |T| < 1 for M > 2. The overlap of the ap-
proximating state with the normalized target is then |4 LomM/2 1|/(\/5 (4-
27M|T|? 4+ 1)1/2), which tends to 1/v/5 for every choice of the pairs. The one-
copy placement is W = e.. with 7' = 1, and the spread pair above is W =1/ V2
with T = 2'=M/2_ The failure is therefore not in the choice of pair: the fixed
point of the positive part of the first block is not a product of nearest-neighbour
pairs carrying the weight [31.



3 What is formalized

The fixed-point pairs of the blocks of a canonical form, each placed on one
copy of its block, the state 3 a§N)|Qj> and its GHZ form are formalized.!
The counterexample is formalized for the source’s construction with the pairs
placed on one copy: for every ¢ > 1 and M > 1 the overlap of (4) with the
normalized target is (4-27/2+1)/(v/5 (4.2 +1)1/2), which tends to 1/v/5.
The transfer maps of the two one-dimensional blocks have no eigenvalue other
than one. The subleading eigenvalue of the source’s definition of £4j,e therefore
does not exist; the formal statement reads £giag as the correlation length at
any A with 0 < |[A2] < 1 bounding the subleading eigenvalues, which here is
every such Ao, so that e=7/&siss < 1; along ¢ = M, N = M?, which satisfies
q = o(N), the error exceeds C(N/q)e~74/8ais exp(C(N/q)e~74/5ains) for every
constant C.2 The positive part and the support projector of the blocked tensor
are computed from the uniqueness of the positive square root of BfB. The
computation above for an arbitrary placement of the pair of the first block is
not formalized.

The hypotheses of part (ii) of the lemma are formalized for this tensor. Af-
ter ordering its bond coordinates it is the direct sum (S2) of the copies of a
basis of normal tensors: both blocks are normal, left-canonical with the diago-
nal positive-definite fixed point 1 (canonical form IT), have self-overlap one, give
linearly independent states for every N > 1, are not related by a gauge transfor-
mation and a phase, and give states that become orthogonal as N — co; every
weight equals one. One theorem collects these facts, with canonical form II
stated for the diagonal positive-definite fixed point 1 of each block, the same
fixed point from which the approximating state in its conclusion is built; it also
collects the identification of the pairs (each on the first copy of its block) and of
the weights 3; with those of the canonical form, and the failure of the printed
bound.?

The block form (1) also fails when every multiplicity is one, as soon as
the g-site states of distinct blocks are not orthogonal [con26b]. Restricting to
multiplicity one therefore does not give a version of part (ii) of the lemma;
restricting also to blocks whose ¢-site states are orthogonal does.

Formal declarations: MPSTensor.SectorDecomposition.embeddedFixedPointPair and
MPSTensor.SectorDecomposition.canonicalFixedPointState in TNLean/MPS/Preparation/N
onNormalCanonicalForm.

2Formal declarations: MPSTensor. nonNormalApprox0Overlap_repeatedBlockTensor,
MPSTensor.tendsto_norm_nonNormalApproxOverlap_repeatedBlockTensor, MPSTensor.not_
approximationError_le_repeatedBlockTensor in TNLean/MPS/Preparation/RepeatedBlock
Counterexample.

3Formal declarations: MPSTensor. isBNTCanonicalForm_and_not_approximationError_le
_repeatedBlock, MPSTensor.isBNTCanonicalForm_repeatedBlockSector, MPSTensor.reinde
x_toTensor_repeatedBlockSector and MPSTensor.embeddedFixedPointPair_repeatedBlock
Sector in TNLean/MPS/Preparation/RepeatedBlockCounterexample.


https://sirui-lu.com/TNLean/docs/TNLean/MPS/Preparation/NonNormalCanonicalForm.html
https://sirui-lu.com/TNLean/docs/TNLean/MPS/Preparation/NonNormalCanonicalForm.html
https://sirui-lu.com/TNLean/docs/TNLean/MPS/Preparation/RepeatedBlockCounterexample.html
https://sirui-lu.com/TNLean/docs/TNLean/MPS/Preparation/RepeatedBlockCounterexample.html
https://sirui-lu.com/TNLean/docs/TNLean/MPS/Preparation/RepeatedBlockCounterexample.html

4 Elimination

The printed claim stays false: with the coefficients 3; of (2) the error does
not tend to zero for the tensor of the counterexample. The failure lies in the
coefficients, not in the pairs. A correct statement for repeated blocks may
replace > ;i Bj |€2;) by the fixed point of the actual positive part, whose restriction
to the copies of block j has rank one in the copy index: on the copies of block j
the positive part is close to ¢; ijT ® P; with ¢; = (3, |p;.x?9)Y/? and a unit
vector w; built from the weights 4 ik and the corrected approximating state is
y oM > BjL;@M\Qj), with the source’s weights §; and an on-site isometry L;
that places the pairs of block j on all of its copies at once [con26a]. When the
g-site states of distinct blocks overlap, the rate must also include the correlation
lengths of the mixed transfer maps [con26b].

5 The source’s state with corrected coefficients

The source’s construction itself, with the pairs of block j on one copy k;, con-
verges once its coefficients are changed. Let K ; place the bond pairs of copy
k of block j. The blocked map is B = Y, ¢; B;L! with L; = 3, (%, /c;) K;k,
so BKx = pif ;.Bj = (1 ,/c;)BLj, and since the partial isometry V' vanishes
on the kernel of B,

1
VK= -2V,

Hence V®M gends the pairs on copy k; to (,u‘;’kj/cj)M times the pairs placed by
L;, and the state (2) with the coefficients

g =6(2-)"
! ’ ngkj
in place of §; is a positive multiple of the corrected state, for weights of any
phase and with no orthogonality of the blocks. It therefore has the same error.
For the counterexample above the coefficients are (2-2/2 1), and the state (4)
becomes 2[0---0)®M 4 |1...1)®M the target. For a block of multiplicity one,
5; = ‘:ujykj|N'

Let the blocks be normal in the gauge Y-, (A%)T A% = 1 with positive definite
fixed points o; of trace one, from which the pairs are built, let Ay bound the
moduli of the eigenvalues other than one of every transfer matrix of a block
and of all eigenvalues of the mixed transfer matrices of distinct blocks, let £ =
—1/1In|Xz|, and let 0 < v < 1. There are C,C’ > 0, independent of the weights,
such that for all nonzero complex weights, every choice of the copies k;, every
q > 1 and every M > 1 with 8 # 0, the source’s state with the coefficients 6;-
satisfies

e < Cye, e <Oy, y = Me /¢,



This is part (ii) of the lemma for the source’s construction with the coefficients

;, with €giag replaced by max(&qiag, &ofi-diag) [con26b], and with no factor de-
pending on the weights [con26¢]. When the g¢-site states of distinct blocks are
orthogonal at the length ¢, the same bounds hold with Ay bounding only the
eigenvalues of the transfer matrices of the blocks: orthogonality at one length
makes the mixed transfer matrices nilpotent.

6 What is formalized of the elimination

The coefficients 3}, the identity VK, = (1] . /c;)V L, the identification of the
source’s state with the coefficients B;» with the corrected state, the equality of
their overlaps with the target, and the error bounds above, for blocks whose ¢-
site states are orthogonal and for blocks whose states overlap, are formalized.*
The evaluation of the corrected coefficients on the counterexample above is not
formalized separately; it is a special case of the identity with the corrected state.
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