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Verdict: local-correction (resolved).

1 Source and correction

The transformed examples in Ref. [CPGSV17, lines 2053–2063] are obtained

by multiplying the periodic operator on one side by SN = S⊗N : Ũ (N) =
SNU (N). The proof of the swap-transformation lemma instead writes Ũ(x)(N) =
SNU(x)(N)SN [CPGSV17, lines 2076–2084]. This conjugation is inconsistent
with the stated transformed examples. The correction is to use the one-sided
map U 7→ SNU throughout that proof.

2 Operator identities

The swap is real, symmetric, unitary, and involutive. For every operator U ,

SNU†SN = U ⇐⇒ (SNU)† = SNU, (1)

SNUTSN = U ⇐⇒ (SNU)T = SNU, (2)

U = U ⇐⇒ SNU = SNU. (3)

The first two equivalences follow by multiplying by SN and using S2
N = I; the

third uses SN = SN . The same involutive linear map carries a continuous path
to a continuous path. Multiplication by a one-site unitary preserves unitarity
of every periodic operator and canonical endpoint tensors.

The three operator equivalences and their strict path comparisons are proved
by the corresponding adjunction, transposition, and conjugation results, which
rest on the general transformation of paths by left multiplication with a one-site
unitary and on the preservation of canonical endpoints.1

1Formal declarations: the results in TNLean/MPS/MPU/Examples/SwapSymmetryTransport;
MPOTensor.strictlyEquivalentUnderSymmetry_iff_ketLeftMul; MPOTensor.isMPUCanonic
alForm_ketLeftMul.
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https://sirui-lu.com/TNLean/docs/TNLean/MPS/MPU/Examples/SwapSymmetryTransport.html


3 Scope

These identities justify the swap comparison of strict symmetry-preserving paths,
with the two tensors compared after unused virtual directions are adjoined
up to a common dimension, as in docs/paper-gaps/mpu_equivalence_fi

xed_bond.tex. They do not establish the stabilized comparison with gen-
eral identity ancillas and blocking. The remaining questions are recorded in
docs/paper-gaps/mpu_symmetry_ancilla_transport.tex.
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