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Verdict: open-gap (wip).

1 The comparison to be established

The definition of the fusion—action scalar in (62) of Ref. [FRBC25, lines 1875~
1913] compares a right fusion cap with two successive right action tensors. The
neutral action is trivial, with bond dimension one [FRBC25, line 1937]. Write g,
for the printed right action column on the GHZ block z, a vector in C?, and p,,
for the printed right action row. For the CZX generator g, which exchanges the
two GHZ blocks, the right boundary on the successive-action side is therefore
G1—z ® ¢y, where z € {0, 1} is the initial block. The source later gives the scalars
LY, = —1and L}, =1, as well as physical fusion identities with these signs
[FRBC25, lines 4695-4699 and 4989-5067].

The maintained cap/action coordinates specified here give successive-action
proportionality coefficients ¢o = 1 and ¢; = —1, where ¢, is the scalar by which
the fusion cap and the successive action columns differ after one supported
product letter on block z. This is a nonzero, positive-length obstruction to
identifying the two calculations in those coordinates. It is not yet a proof that
the source assertion is false: that conclusion requires a common interpretation
of every oriented leg, density insertion, and fusion gauge. In particular, a finite
contraction with well-defined indices need not be the contraction intended by
an incompletely typed diagram.

2 Fixed coordinates and oriented boundaries

Write a physical index as j = 2a + b, with a,b € {0,1}, and use the com-
putational basis in this order. The GHZ block z has coordinates Agc = 0} 3¢
All matrices below have output indices on rows and input indices on columns;
boundary covectors are rows and boundary vectors are columns. No additional
complex conjugation is applied when a row is contracted with a column. In
the product virtual space the ordered pair («,7) has index 2« + v, with the
upper symmetry tensor first. The interior-action diagram places the left action



tensor at the left boundary and the right action tensor at the right boundary

[FRBC25, lines 1841-1855]. The right fusion symbol has its two unfused legs

to the left, ordered upper then lower; the right action symbol likewise has the
symmetry leg above the block leg.!

The blocked CZX tensor of (160) in Ref. [FRBC25, lines 4505-4547], includ-

ing its two output Z gates and unnormalized Hadamard weights, has coordinates

a+b, 2c+d a a

T§B+ et = 5a,1—c5b,1—d6a,a(*1) ot b+bB- (1)

Here « is the left virtual index and § the right virtual index. The printed action

tensors and the right fusion cap in Ref. [FRBC25, lines 4671-4694] are read as

Po = (07 _7/)7 pP1 = (170)a
do = %(_i7i)T7 Q1 = %(la 1)T7
0 —i .
W2B+’Y = %Y’Yﬁ7 Y = <Z 0 ) ’ W= %(077' 77’30)1—' (2)

The action columns use |£) = (|0) +[1))/+/2. In particular, the ordered cap in
(2) uses Y, 3, not Yz.,.

Let B, be the supported letter of the product of the two symmetry tensors
on block x. Its left and right product indices are («, ) and (3, d), respectively:

3
(Ba)2a-+7,28+6 = ZT%’JT%M, (3)
)
Px = P1-z @ Du, Qw =(q1-2 D qz- (4)

The scalar neutral action contributes the number 1 on the fused side. Thus the
candidate coordinate reading of the defining comparison is B,W = ¢, B;Q:,
with the same order of virtual legs on both sides.

Direct substitution of (1) into (3) and (4) gives

0 0 0 0 0 0 0 0
-1 1 -1 1 0 0 0 0
Bo=19 0 0 ol Bi=1_ 11 1| (5)
0 0 0 0 0 0 0 0
PO = (O, —i,0,0), P = (0707 _ivo)a
Qo = (—iyi,—i,i)T, Q1= %(—i,—i,4,0)". (6)

These are ordinary finite matrices; their definition does not presume an identi-
fication with the source’s L-symbols.

IThe direct orientation anchors are Papers/2502.20257/main.tex, lines 1841-1855, and
the drawing definitions in Papers/2502.20257/Commands.tex, lines 324-338 for right fusion
and lines 386-399 for right action.



3 The positive-length obstruction

Let eg, e1, €2, e3 denote the standard basis of the product virtual space. Multi-
plication of the matrices in (5)—(6) gives

ByQo = ey, BoW = iey,
B1Q1 =ieq, BiW = —ies,
P,B.Q, =1, B? = B,. (7)

Consequently the coefficient is uniquely determined:

¢p = Py B, W, (8)
co = Polier) = (—i)(7) = 1,
¢ = Pi(—ieg) = (=i)(—i) = -1,

B,W = ¢, B,Q,.

The two substitutions pair the values of BgW and By W in (7) with the second
and third entries of Py and P; in (6). Indeed, applying P, to any proposed
proportionality and using (7) recovers its coefficient. For every integer n > 1,
idempotence also gives

B! = B,, P,B"Q, =1, B'W = ¢, BI'Q,. (9)

By (9) the discrepancy therefore persists at every positive repetition of the
supported letter. It does not arise from an empty product. The separate empty-
word correction to the action pair neither explains nor removes (8).2

4 The retained physical operator

For two blocked sites, number the four qubits 0, 1,2, 3 from left to right. Read
circuits from bottom to top and operator products from right to left. The
unmodified physical operator printed in Ref. [FRBC25, lines 4989-5013] is

A= —i(XoXlXQZ3)0201CZ12X2. (10)

The displayed defect evaluations are g[0] = |00) and g[1] = —i|11) [FRBC25,
lines 4800-4859]. Retain these evaluations and set e[z] = |zx). With the left
defect first, define

Vg :g[l—x]@g[az], Uy :6[%]@6[%], (11)
vo = —i|1100), vy = —i0011),  we = [0000), wy = [1111). (12)

2See docs/paper-gaps/fbc25_czx_action_empty_word.tex. The coordinate statements
are recorded in MPOTensor.CZX.fusionActionCoefficient_coordinates, MPOTensor.CZX.
fusionAction_finite_identities, and MPOTensor.CZX.fusionAction_positive_power,
in TNLean/MPS/MPD0O/CZXFusionActionCoordinates. These names identify the explicit
contractions, not a theorem equating them with the source’s L-symbols.


https://sirui-lu.com/TNLean/docs/TNLean/MPS/MPDO/CZXFusionActionCoordinates.html

The retained operator of (10) applied to the vectors of (12) gives precisely the
printed signs [FRBC25, lines 5014-5067]:

)\1}0 = —Uop, /\Ul = Uuz. (13)

Thus the physical coefficients in (13) are —c,, not c,.> This comparison does
not alter A\, the cap, the block labels, or the displayed defects. In particular, it
does not replace the unmodified operator by the modified fusion operator.

5 Two orientation diagnostics

The displayed factorization in Ref. [FRBC25, lines 4559-4659] admits the fol-
lowing explicit index convention. For j = 2a +b, k = 2c + d, and j = 3 — j,
define factors with the indicated row and column indices by

(X2)(a),k = 0k0aa(—1)*7, (14)

(Ya)i,(j,) = Opj(— 1)+,
1
(X1) .8k = Zyﬁt(yﬂk,(g‘,w
Py
1

(Yi)k,(a,j) = Z(X2)(t,j),k}/toz~ (15)
t=0

Bars on entries denote complex conjugation; j denotes only the complemented
physical index. These formulas specify the direction of every horizontal Y factor.

With identity on the one-dimensional fused endpoint, consider the fully
typed two-site contraction

1 3
Ay (ka) = Z Z(Xl)(j,a),kTarg(Xl)(s,'y),lWQBJr“/' (16)
a,B,7=0 s=0

The free output indices are (j,r) and the free input indices are (k,1), each in
left-site, right-site order. A separate coordinate diagnostic yields

MGy, ey = =G, mIM K, ). (17)

This is not an identification of (16) with the general source definition. In (91b)
of Ref. [FRBC25, lines 2675-2704], the density insertion is labelled p, on the
fused bond. For g = h in this example that bond has dimension Dy, = D, = 1,
whereas D, = 2. Interpreting that insertion requires an explicit domain and
codomain; silently replacing it by the identity on the fused endpoint is not a
source justification.

3The two physical contractions are MPOTensor.CZX.matterMatrix_lambda_mulVec_def
ectVector_zero and MPOTensor.CZX.matterMatrix_lambda_mulVec_defectVector_one, in
TNLean/MPS/MPDO/CZXUnmodifiedFusion. They concern the unmodified physical operator and
do not identify its coefficients with a virtual fusion—action scalar.


https://sirui-lu.com/TNLean/docs/TNLean/MPS/MPDO/CZXUnmodifiedFusion.html

There is a second diagnostic at one site:

Zpo )(Y1)0,(a,0) = Zpl Y(Y1)3,(a,3) = i- (18)

These are opposite to the displayed defect coefficients. The convention used to
recover the displayed defects takes the outgoing bond amplitude on block z to
be Y,.; the factor in (15) supplies Y,,. Since YT = —Y, these readings differ
by a sign. The existing defect- domaln note fixes its reading by the displayed
defect evaluations; it does not settle the compatibility of that reading with all
four factors in (14)-(15).%

6 Verdict and elimination criterion

The classification is an open gap under active investigation. The explicit bound-
ary coeflicients, their uniqueness, and their persistence at positive length are de-
termined. The retained physical signs are also determined. What remains open
is whether a single source-faithful convention identifies these two constructions.
The present result is not a verdict that the paper contains a proved error, nor
does it invalidate the finite restrictions of the retained physical circuits on the
displayed defect vectors.

To eliminate the gap, specify the domain and codomain of every factor in
the fusion and defect diagrams, including the fused density insertion, and write
all contractions with common physical and virtual index orders. The same
convention must recover the blocked tensor, both displayed decompositions,
the printed fusion and action tensors, the neutral action, the displayed defects,
and the unmodified physical fusion circuit. It must then derive the fusion—
action comparison and the physical defect identities within that convention. If
a representation or gauge transformation intervenes, its effect on every one of
these objects and on the scalar must be exhibited, rather than changing only
the sign at the disputed step.

No cap negation, scalar gauge flip, block relabelling, dressed action tensor,
or change of the modified fusion operator is adopted here to force agreement. If
a common convention is found, the note can be resolved by giving the explicit
identifications. If the source fixes incompatible conventions and no such identi-
fication is possible, the precise affected assertion and its correction must first be
isolated. The coordinate obstruction alone does not settle broader completion
or gauging questions.

4See docs/paper-gaps/fbc25_czx_defect_domains.tex. The calculations (17) and (18)
remain diagnostic calculations: neither carries a formal declaration, and no identification of
either with the intended source diagram is asserted here.
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