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1 The source statement

Appendix D.2, “Ising string-net”, of Ref. [BMW™17] lists the labels 1,0,1) of
the Ising category, the fusion rules with the single nontrivial rule o x ¢ = 1+,
the quantum dimensions d; = dy =1, d, = V2, and the nontrivial F-symbols
Fo9%7 = 41/4/2 and F¥7% = Fg;p; = —1. It then says that the matrix product

ocab T ocoo
operator tensors are built from the G-symbols G§% = Fg%¢/(vevy), vi = V/d;
“similarly as for the Fibonacci model”. For the Fibonacci model the source
states that the operator blocks satisfy the fusion rules; for the Ising model it
prints only the fusion rules of the category.! The Ising analogue of the Fibonacci
statement is, for the three blocks Oy, Oy, O, on a ring of NN sites, the algebra

07, =01, 0,04 =040, =0,,  OL=01+ Oy, (1)

with O; the unit on the admissible closed paths. The same abstract algebra is
printed in Ref. [AMF16] for a different realization, the defect operators of the
Ising lattice model acting on spin and dual-spin configurations.?

2 The chosen normalization

The formal tensors have physical index the fusion-tree label (2/, p, ) with x €
2’ ® p (ten labels) and bond index the pair of outer labels, and their letters are
the F-symbols [F;mlp]y/m themselves, without the factors vevy of the G-symbols.
In addition the o tensor is stored as v/24,, so that its entries are 0,+1, £/2
rather than 0,41/v/2,41, and every entry of the three tensors lies in Z[v/2].
The factor /2 is a per-site scalar, so the periodic operator of the stored tensor

1Source traceability: References/1511.08090/AnyonsPEPS.tex, lines 1257-1268 and
1305-1323.

2Source traceability: References/1601.07185/source/Ising-Defects.tex, lines 1051
1055.



is 2V/2 times that of (v/2)~!(v/24,), and the rule O2 = O, + Oy, for the latter
is equivalent to

On(V24,)% =2V (On (A1) + On(Ay)). (2)

Both forms are proved.

The omission of the factors v.vs does not change the periodic operators; this
is proved in the next section. The identification of the formal letters with the
F-symbols was first recorded in the verification data Notes/OpenProblemsTN
/checks/asym_ising_action_data.md; it is now a formal statement.

3 Relation to the source’s tensor

The source’s operator tensor (the Fibonacci figure, reused for Ising) is the
crossing of the operator line f with a vertical edge line e, with corner pla-
quettes b (upper left), a (upper right), ¢ (lower left) and d (lower right), and
entry Ggf;?c\/m.3 On the fusion-tree labels of the formal tensors the up-
per label is (b,e,a), the lower label is (c,e,d), and the bond letters are the
admissible pairs (b,¢) and (a,d) of plaquettes above and below the operator
line. With the F-symbols and selection rule dgpelcdedadrdper of the source,
the letters of A, Ay and A, = (V2)"14, are the F-symbols Ffbc;, and the
Ising G-symbols have the tetrahedral symmetry Ggé’? = Gigs. Hence the
nonzero entries of the source’s tensor are those of the formal block multiplied by
VVaUuveva/ (vpva) = g(a,d)/g(b, c), with g(u,1) = (v,/v;)'/?, and the diagonal
bond matrix g conjugates every letter of the source’s tensor into the letter of
Ay, Ay or A,

g Sfh g™t = AR (3)

The similarity cancels in the trace, so the periodic operators of the source’s
tensors equal On (A1), On(Ay) and Oy (A,) = 27V/20x(A,) at every length,
and the algebra (1) holds for the source’s tensors themselves.*

4 Formal boundary

The closed-path kernels of O; and O, the eight products with at most one
factor o, and both forms of (2) are proved at every positive length for the v-free
tensors, and transfer to the source’s G-symbol tensors by (3). What remains is
the choice of storing A, = V24, so that every entry lies in Z[v/2], a per-site
scalar recorded above; nothing is open.

3Source traceability: References/1511.08090/AnyonsPEPS.tex, lines 1044-1050 and
1262-1266, figure file StringNetMPO_RHS.pdf.

4Results: IsingTwist.isingGSymbol_tetrahedral, IsingTwist.isingStringNetTensor_
conj, IsingTwist.mpo_isingStringNetTensor, IsingTwist.mpo_isingStringNetTensor_si
gma, IsingTwist.isMPOFusionAlgebra_isingStringNetTensor.
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