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Chapter 1

Introduction

The central result is the Fundamental Theorem for translation-invariant matrix product vectors.
The basic object is a family of matrices A = {A"}¢-}, which assigns to each chain length N the

vector |[VIV)(A)) with coefficients indexed by o = (iy, ..., i),
VINI(A), = tr(Ah - Av). (1.1)

The main argument, for translation-invariant tensors, follows the canonical-form and basis-of-
normal-tensors argument of [CPGSV16, CPGSV21], with the single-block injective case anchored
in the earlier representation theorem of [PGVWCO07].

Notation
C,N, 7 complex numbers, natural numbers, integers
Mp(C), GL,(C) complex matrices and invertible complex matrices
tr(X), span,(S) trace and complex linear span
A={A}d a translation-invariant MPS tensor
w= (iy,...,i;), A¥ a word and the product A’ ... A’z
[VIN(A)) the length- N matrix product vector
VviNI(A4), the coefficient of |V (V) (A)) at o
O,p(N) the bilinear overlap . VN (4), VIN)(B),
EA(X) the transfer map Y. A" X (A%)T
AlL] the length-L blocked tensor
In canonical form one writes
g
Al = P ;AL (1.2)
j=1
h
k=1

The blocks in equations 1.2 and 1.3 are normal tensors. If [VIN)(A)) = |[VIN)(B)) for every
positive chain length N, then the bases of normal tensors have the same size. After relabelling
the blocks of B, each matched pair satisfies

Bi=(XALX T, (1.4)



for some invertible matrix X; and nonzero scalar (;, and the equal case compares the coeflicient
power sums attached to the relabelled bases. The block gauges in equation 1.4 and the weight
comparison then combine into a single gauge conjugacy of the two weighted block-diagonal tensors
in equations 1.2 and 1.3. For a single injective block this reduces to the familiar conclusion
B = XA*X ! for all physical indices 3, the single-block specialization of equation 1.4.

Chapters 2—10 carry out this argument. Chapter 2 fixes the matrix product vector notation,
word evaluations, transfer maps, gauge equivalence, injectivity, blocking, and site-periodic tensor
families. Chapter 3 proves the single-block theorem by trace pairings, linear extension, simplic-
ity of matrix algebras, and Skolem—Noether. Chapters 4, 5, and 6 develop the transfer-map,
Perron—Frobenius, and overlap-decay tools used to control normal blocks. The general theory of
Schwarz inequalities and multiplicative domains is developed in the companion quantum-channel
volume [LTC26, Chapter “Schwarz Inequalities and Multiplicative Domains”]. Chapters 7 and 8
supply the blocking, primitivity, irreducibility, and canonical-form reductions. Chapter 8 in-
cludes the invariant-projection splitting. Chapter 9 supplies bases of normal tensors and the
power-sum comparison.

Chapter 11 uses the Fundamental Theorem to obtain virtual symmetry gauges, projective
bond representations, and string-order criteria; its Kraus-mixing step uses the rectangular Kraus-
freedom theorem from the companion quantum-channel volume [LTC26, “Rectangular Kraus
freedom”], not any additional input for the Fundamental Theorem.

Beyond Chapter 11, the later chapters develop parent-Hamiltonian consequences, correlation
estimates, tensor-network examples, matrix product operators and density operators, renormal-
ization fixed points, and periodic tensor families. They also retain the matrix-product-specific
normal-form and asymptotic results needed for these applications. General quantum-channel
representations, positive-map examples, dynamical semigroups, operator convexity, and entropy
are developed in the companion quantum-channel volume [LTC26, Chapters “Quantum Channels
and Positive Maps,” “Channel Representations and Normal Forms,” “Positive but Not Com-
pletely Positive Maps,” “Operator Convexity and Jensen Inequalities,” “Quantum Dynamical
Semigroups,” and “Quantum Entropy”].



Chapter 2

Matrix Product Vectors

Fix a physical dimension d and a bond dimension D. This chapter studies the tensors that
generate matrix product vector (MPV) families. All tensors here are translation-invariant with
periodic boundary conditions (PBC).

2.1 Basic definitions

Definition 2.1.1 (MPS tensor). [/ stmt] A (translation-invariant, PBC) MPS tensor with

physical dimension d and bond dimension D is a collection of matrices {A*}¢-d, where A’ €

Mp(C), indexed by a physical index i € {0,...,d—1}. Such a tensor defines an MPV family.
Diagrammatically,

4

The black node denotes the tensor A, the horizontal legs are virtual, and the upper leg is the
physical index 1.

Definition 2.1.2 (Word evaluation). v stmt] Given a word w = (iy, ...,i;) € {0,...,d—1},
the word evaluation is the matrix product

Aw = AilAiz AZL c MD(C) (21)

The empty word evaluates to the identity, A’ = 1,,. In tensor-network notation,

A i A A "L

P S SR

N J
L copies

in which each black node denotes the same local tensor A, the virtual legs remain open, and the
physical legs are labelled by the word (i, ...,%y).

Lemma 2.1.3 (Word evaluation along a listed configuration). For a configuration
o= (0gy.,0n_1), let w, =[0g,...,0n_1]. Then A% = A% A%1 ... A7N-1,


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor
https://sirui-lu.com/TNLean/docs/find/#doc/Kraus.evalWord
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.evalWord_ofFn_eq_prod

Proof. This follows by induction on N from the recursive definition of word evaluation.
O

Lemma 2.1.4 (Multiplicativity of word evaluation). For any words wy, wy, A¥1"2 =
A1 AWz,

Proof. The claim follows from the definition of A™. O

Lemma 2.1.5 (Centre of My (C)). [V Stmi] If @ matriz Z € Mp(C) commutes with every
element of Mp(C), then there exists A € C such that Z = Al p.

Proof. Since Z commutes with every matrix unit, all off-diagonal entries of Z vanish and
all diagonal entries are equal. O

Lemma 2.1.6 (Rectangular amplified commutant). Let (A;);er span Mp(C), and
let C:C™2 @ CP — C™ @ CP satisfy, for everyi € I,

(L, ®4;)C =C(1,, ® 4;).
Then there is a matriz F': C™2 — C™ such that C = F ® 1p.

Proof. [/ Proof] Each (a,b) multiplicity block of C' commutes with every A,. Since the A; span
the full matrix algebra, Lemma 2.1.5 makes this block a scalar multiple of the identity. These
scalars are the entries of F. O

Definition 2.1.7 (Matrix product vector). [V stmt| The matriz product vector (MPV) of a
tensor A at system size IV is the vector

d—1
VM) = > (A1 A= AN)iy, i) € (CEN. (2.2)
i1, =0
Equivalently, for a configuration o = (iy,...,ix) € {0,...,d—1}", we write
VINVI(A), = to( Al A2 ... APn), (2.3)

The coefficient function o + V) (A), gives the components of the vector in (2.2); the displayed
ket is the corresponding vector in (C4)®Y. For a general word w, we also write c,,(A) := tr(A").
The MPV family generated by A is the collection V(A) = {\V(N)(A))}N>1. The coefficient

VIN)(A), is the periodic contraction

iy iy
Ari il - .
N )
N copies

of N copies of the local tensor A, with the outer virtual legs closed by the trace.

Definition 2.1.8 (Transfer map). [V stmt| The transfer map associated to a tensor A is the
linear map &4 : Mp(C) — Mp(C) defined by

E4(X) = di APX (AN (2.4)
=0

Diagrammatically, the transfer map is the double-layer contraction


https://sirui-lu.com/TNLean/docs/find/#doc/Kraus.evalWord_append
https://sirui-lu.com/TNLean/docs/find/#doc/Matrix.isScalar_of_commute_span_eq_top
https://sirui-lu.com/TNLean/docs/find/#doc/Matrix.exists_eq_kronecker_one_of_intertwines_span_eq_top
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.mpv
https://sirui-lu.com/TNLean/docs/find/#doc/Kraus.transferMap

A
in which the upper node denotes A, the lower node denotes Af, and the physical index is summed

over between them.

Remark 2.1.9. [/ Stmt] The transfer map is automatically positive: if X > 0 then &£,4(X) > 0,
because each summand A?X (A%)" is positive semidefinite. The abstract framework is developed
in the companion quantum-channel volume [LTC26, “Positive map”].

2.2 Site-periodic tensor families

Definition 2.2.1 (Site-periodic tensor family). For a fixed period m, a site-periodic
tensor family is a family of local tensors indexed by {0, ..., m—1}, with local physical dimension d
and bond dimension D.

Definition 2.2.2 (Periodic same-state and gauge-equivalence relations). [Lean] [Lean]| [ Stmt]For
site-periodic tensors A, B at fixed period m:

e equality of the induced site-periodic states;

e cyclic gauge equivalence.

Lemma 2.2.3 (Equivalence structures for periodic relations). [Lean| [Lean| [ Stmt] Both periodic
relations are equivalence relations (reflexive, symmetric, transitive).

2.3 Gauge equivalence and same MPV

Definition 2.3.1 (Gauge equivalence). Two tensors A and B of the same bond
dimension D are gauge equivalent if there exists an invertible matrix X € GL(C) such that, for
every i € {0,...,d—1},

Bl = XA'X L (2.5)
In tensor-network notation, (2.5) is represented by
1
X
A

where the black node denotes the tensor A, the upper leg is the physical index i, and the two
red side nodes denote the gauge matrices acting on the virtual legs.

Definition 2.3.2 (Same MPV). [/ stmt| Two tensors A and B (of the same bond dimension)
generate the same MPV family if |V V) (A)) = |[VIN)(B)) for every system size N.


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.PeriodicMPSTensor
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.PeriodicMPSTensor.SameState
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.PeriodicMPSTensor.GaugeEquiv
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.PeriodicMPSTensor.instEquivalenceSameState
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.PeriodicMPSTensor.instEquivalenceGaugeEquiv
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.GaugeEquiv
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.SameMPV

Definition 2.3.3 (Same MPV - different bond dimensions). [V stmt| For tensors A and B of
possibly different bond dimensions D, and D,, we write V(A) = V(B) if [VIN)(A)) = [VIN)(B))
for every word length N, including the empty word. This algebraic relation is used for exact
direct-sum identities.

Definition 2.3.4 (Positive-length same MPV - different bond dimensions). [v Stmt| For
tensors A and B of possibly different bond dimensions, we write V*(A) = V*(B) if [VIN)(A)) =
[VIN)(B)) for every N > 0.

Remark 2.3.5. Definition 2.3.2 is the same-bond-dimension specialization of Defini-
tion 2.3.3. We keep both because later results use both the same-dimension and different-
dimension forms.

Definition 2.3.6 (Nonzero proportional MPV). [/ stmt] Two tensors A and B (of possibly
different bond dimensions) generate nonzero proportional MPV families if for every N > 0 there
is a nonzero scalar cy € C such that [VIV)(A)) = ¢y |V (B)). This is the projective reading of
the proportionality hypothesis in [CPGSV16, Theorem 2.10].

Definition 2.3.7 (Eventually nonzero proportional MPV). Two tensors A and
B are eventually nonzero proportional if, for all sufficiently large N, there is a nonzero scalar
cy € C such that [VIM(A)) = cn|VIN)(B)). This auxiliary form is used with the eventual
linear-independence statement Lemma E.1.10.

Lemma 2.3.8 (Elementary nonzero proportionality rules). [Lean| [Lean| [Lean] [V Stmt] Nonzero
proportionality implies eventual nonzero proportionality, is symmetric, and equality of MPV
families is the special case with scalar 1, at every positive length.

Proof. The eventual form follows by viewing an all-length statement as an eventual one.
Symmetry follows by inverting the scalar c, at each length, and equality is the case ¢y =1. O

Lemma 2.3.9 (Coeflicient isolation after complementary matching). Let R be a
ring, let V be an R-module, and let I and K be finite index sets. Let T C I, and let {u;};c;
and {vy }per be vectors in V. Suppose that, for every i ¢ T, there are a scalar oy and an index

¢(i) € K such that u; = o;vy;. If

D aiti =) bvy

icl keK
and the coproduct-indezed family w: TII K — V, defined by w(inl(?)) = u; and w(inr(k)) = vy,
is linearly independent, then a;, =0 for everyi € T'.

Proof. Substitute u; = a,vy; for ¢ ¢ T and collect the resulting coefficients over the
fibres of ¢. The given equality is then a linear relation in the combined family. Linear indepen-
dence makes every coefficient vanish, in particular each a, with ¢ € T'. O

Lemma 2.3.10 (Scaling of word evaluation). Let (A denote the tensor with matrices
{CA}Y=L. Then, for any word w, (CA)Y = ¢l A where |w| is the length of w.

Proof. [/ Proof] Induction on w: the base case gives (Y = 1, and each step picks up one factor of
¢ O

Lemma 2.3.11 (Scaling of MPV components). [V Stmt| Let (A denote the tensor with
matrices {CA}=}. Then, for every N and every configuration o = (iy,...,ix), VIV (CA), =
NVINI(4),.

10


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.SameMPV₂
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.SameMPV₂Pos
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.NonzeroProportionalMPV₂
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.EventuallyNonzeroProportionalMPV₂
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.NonzeroProportionalMPV₂.eventually
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.NonzeroProportionalMPV₂.symm
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.SameMPV₂Pos.toNonzeroProportionalMPV₂
https://sirui-lu.com/TNLean/docs/find/#doc/LinearIndependent.coefficient_eq_zero_of_sum_eq_of_complement_smul
https://sirui-lu.com/TNLean/docs/find/#doc/Kraus.evalWord_smul
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.mpv_smul

Proof. [/ Proof] Apply Lemma 2.3.10 to the word w = (iy, ..., i, ) of length N, then take the trace;
the scalar ¢V pulls out by linearity. O

Definition 2.3.12 (Gauge-phase equivalence). [Lean| [Lean] [ Stmt]| Two tensors A and B are
gauge-phase equivalent if there exist X € GL(C) and ¢ € C\ {0} such that, for every physical
index 1,

Bl =(XA'X L (2.6)
Proof. Gauge equivalence is the special case ( = 1. O

Definition 2.3.13 (Unit gauge-phase equivalence). [v stmt] Two tensors are unit gauge-
phase equivalent when the gauge-phase equation holds with || = 1.

Lemma 2.3.14 (Unit gauge phase implies gauge phase). Unit gauge-phase equiv-
alence implies gauge-phase equivalence.

Proof. A unit-modulus scalar is nonzero. O

Lemma 2.3.15 (Gauge-phase equivalence across equal bond dimensions). [Lean| [Lean| [V Stmt]
Gauge-phase equivalence is symmetric after identifying equal bond dimensions. Moreover, suppose
that A, B, and C have identified bond dimensions, that X, and X, are invertible, that (;,(y # 0,
and that, for every physical index i,

B = (X, AXT1,
OF = X, AX,

Then
C' = (GG (XX B (X X, ), (2.7)

so B and C are gauge-phase equivalent after the corresponding identification of their bond di-
mensions.

Proof. [/ Proof] Symmetry follows by replacing (X, () with (X1, ¢(~1). Formula (2.7) follows by
substituting the first gauge formula into the second. O

Lemma 2.3.16 (Gauge covariance of word evaluation). IfB' = XA'X™! for alli,
then BY = XAY X! for every word w.

Proof. [/ Proof| Induction on the word length, using XX ! = 1. O

Theorem 2.3.17 (Gauge invariance of MPVs). [V stmt| If A and B are gauge equivalent,
then they generate the same MPV family.

Proof. [/ Proof] Let B' = XA*X~!. By Lemma 2.3.16, B* = XA* X! for every word w. Then
tr(BY) = tr(XA¥X 1) = tr(A%) by cyclicity of the trace. O

Theorem 2.3.18 (Gauge-phase scaling of MPVs). v stmt| If BY = (XA X! for every phys-
ical index i, then for every system size N and configuration o one has VIN)(B), = (NVIN)(A), .

Proof. Combine gauge covariance of word evaluation with scalar scaling, then take traces.
O

11
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2.4 Injectivity and normality

Definition 2.4.1 (Injectivity). [V stmt| A tensor A is injective if its matrices span the full
matrix algebra: span {A’: i =0,...,d—1} = Mp(C).

The inverse-tensor characterization of injectivity says that A is injective exactly when there
is a tensor A~! such that

Z(Ai)a,B(A_Li)a/,B/ = 601,04/6[3,[‘3/' (28)

7

Thus (2.8) identifies the two pairs of virtual indices when A~! is contracted with A through
their common physical index. In shorthand, A~'A = 1. This is the identity used in [CPGSV16,
Section 2.3, lines 324-331].

Definition 2.4.2 (L-block injectivity). [v stmt| A tensor A is L-block injective if
spang{A% - A" : (iy, ... ip) € {0,...,d—1}1} = Mp(C). (2.9)
An injective tensor is 1-block injective.

Lemma 2.4.3 (One-site injectivity gives one-block injectivity). If the one-site
matrices {A'}¢=} span M (C), then the length-one word products span Mp(C), so A is 1-block
injective.

Proof. The length-one words are exactly the letters ¢ € {0,...,d—1}, and evaluating a
length-one word gives the matrix A*. Thus the length-one word span is the same span as in
one-site injectivity. O

Definition 2.4.4 (Normal tensor). [/ stmt] A tensor A is normal [CPGSV21] if there exists
a positive integer Ly such that A is Ly-block injective.

Lemma 2.4.5 (Gauge invariance of block injectivity). [V stmt] If A and B are gauge
equivalent and A is L-block injective, then B is L-block injective.

Proof. Conjugation by an invertible matrix maps the span of the length-L words of A
onto the span of the length-L words of B. Since conjugation is an automorphism of the full
matrix algebra, fullness of the first span implies fullness of the second. O

Theorem 2.4.6 (Gauge transport of normality). [V stmit| If A and B are gauge equivalent
and A is normal, then B is normal.

Proof. [/ Proof| Apply Lemma 2.4.5 at a blocking length for which A is block-injective. O

Remark 2.4.7. The algebraic characterization of normality in Definition 2.4.4 — eventual
full matrix span, equivalently eventual block injectivity — is equivalent to the spectral charac-
terization used in [CPGSV21, Definition IV.1]: after TP normalization, the transfer map &4 is a
primitive channel, equivalently irreducible with trivial peripheral spectrum. This equivalence is
proved in [SPGWC10, Proposition 3]. In what follows, the directions of the equivalence are sup-
plied by Lemma 7.7.2.1, Theorem 7.7.4.2 for primitive normalized tensors with positive-definite
fixed point, the Burnside route through Theorem 7.8.2 for the aperiodic algebraic criterion, and
Theorem 8.9.2.1. In particular, every subsequent use of “normal” here refers to this single notion;
Definition 8.9.2 employs the spectral formulation, but it describes the same class of tensors.
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2.5 Canonical form

Definition 2.5.1 (Block-injective canonical form). [v stmt]Here, a block-injective canonical
form for a tensor consists of:

1. a number of blocks r > 1,
2. bond dimensions Dy, ..., D

T

3. injective tensors { A} }{-] with A} € Mp, (C) for each block k € {1,...,7},

=~

scaling factors i, ..., u, € C.

The associated tensor is the block-diagonal tensor
A" = D AL (2.10)
k=1

This block-injective formulation of the canonical form is used in [PGVWCO07]; see also [CPGSV21]
for the normal canonical form.

Remark 2.5.2. Here we use the block-injective canonical form: each block is injective in the
sense of Definition 2.4.1. This is stronger than the NT-block canonical form of [CPGSV21], where
the blocks are only normal in the spectral sense. Chapter 8 treats the normal canonical form
needed for the blocking-based multi-block theory, while the periodic irreducible-form extension
is kept separate. This section isolates the stronger block-injective form used in the injective and
block-injective arguments.

Definition 2.5.3 (Block projection). [/ stmt| For a finite direct sum P, CPx, the block
projection P; is the matrix that is the identity on the j-th summand and zero on all other
summands.

Definition 2.5.4 (Block-diagonal matrix). [/ stmt] A matrix on P, CP* is block diagonal

if it is a direct sum of square matrices, one on each summand.

Lemma 2.5.5 (Off-block characterization). A matriz on P, CP=x is block diagonal
if and only if every entry from one summand to a distinct summand is zero.

Proof. The forward direction follows from the definition of a direct sum of matrices.
Conversely, if all off-block entries vanish, the diagonal blocks reconstruct the original matrix. [J

Lemma 2.5.6 (Commutation with block projections). If a matriz on @, CPrx
commutes with every block projection P, then it is block diagonal.

Proof. Compare the (i, j) block of the identity X P; = P;X for i # j. The right multipli-
cation by P; keeps that block, while the left multiplication by P; kills it. Hence every off-block
entry is zero, and Lemma 2.5.5 applies. O

Definition 2.5.7 (Block-diagonal tensor from blocks). Given r blocks with bond
dimensions (D,)5_,, per-block tensors {A%}, and scaling factors (u;,)5_,, the associated block-
diagonal tensor is the tensor of total bond dimension D = 22:1 D,, defined by

Al = @ AL
k=1
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Lemma 2.5.8 (Word evaluation of a block-diagonal tensor). For a word w, the
word evaluation of a block-diagonal tensor remains block diagonal:

AY = P Ay, (2.11)
k
Proof. [/ Proof| Induct on the word and multiply block-diagonal matrices block by block; every

letter contributes one scalar factor i, on the k-th block. O

Theorem 2.5.9 (MPV decomposition). The MPYV of a block-diagonal tensor de-
composes as

VA =D i [VII(AL)). (2.12)
k=1
Equivalently, for each configuration o one has
VIN(A), =3 VN (4,),.

k=1

Proof. [/ Proofl By Lemma 2.5.8, the full word evaluation is block diagonal with blocks 2 Ay for
a word w of length N. Taking the trace of a block-diagonal matrix gives the sum of the block
traces: tr(A”) =", pup tr(Ap). O

2.6 Blocking

Definition 2.6.1 (Blocked tensor). Given a tensor A and a blocking length L,
the L-blocked tensor is the tensor with physical index set {0, ...,d—1}* (hence physical dimen-

sion d’) and the same bond dimension D, whose matrices are indexed by words (iy,...,i;) €
{0, ...,d—1}*%:

(A[L])(ilwwiL) = A% A% ... AL, (213)

Blocking coarse-grains L neighbouring sites into one tensor: the inner virtual bonds are con-
tracted, the L physical legs merge into a single composite index, and the two outer bonds remain
as the bond of A,

iy iy,
| | |
Lemma 2.6.2 (Blocked word evaluation). [Lean| [Lean] [Lean] [V Stmi] If w = (Jq,...,J,,) is a

word in the blocked alphabet, where each Jy, is an L-tuple in {0, ... 7d—1}L, then congatenating
the block words gives a word W of length mL in the original alphabet and (AF)® = AW,

Proof. [/ Proof| Induct on the blocked word w and split off the first block word. Lemma 2.1.4
turns concatenation of blocks into multiplication of the corresponding evaluations. O

Lemma 2.6.3 (Blocking preserves MPV coefficients). For each basis state o =
(04, ...,0N) of the blocked system, where each o, is an L-tuple in {0, ...,d—1}L, there exists a
basis state & = (&,,...,0xy,) of the original system such that VIN)(AF)) = VINE)(A).,

[ea
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Proof. Concatenate the block words and apply the blocked word evaluation lemma
(Lemma 2.6.2). O

Theorem 2.6.4 (Blocking preserves same MPV). [v stmi| If A and B generate the same
MPYV family, then for any blocking length L, the blocked tensors Al and B also generate the
same MPV family.

Proof. [/ Proof] By Lemma 2.6.3, each MPV coefficient of the blocked tensor A* equals a coeffi-
cient of A at the corresponding concatenated configuration. The same holds for B (with the

same concatenated configuration). Since A and B agree on all configurations, so do Al and
Bl O

2.7 MPYV overlap

Definition 2.7.1 (MPV as Hilbert-space vector). [/ stmt] We regard |[VIN)(A)) as an
element of C%" indexed by configurations o € {0, ...,d—1}", with o-component VN (A),_ as in
Definition 2.1.7. This allows us to use the standard Euclidean inner product on cé.

Definition 2.7.2 (MPV inner product). The MPV inner product between two
tensors A and B at system size N is

(VMAVB)Y = > VIN(A),VN(B)
0€{0,...,d—1}N

(2.14)

i.e. the Euclidean inner product on ca” (conjugate-linear in the first argument).

Definition 2.7.3 (MPV overlap). The MPV overlap between two tensors A (of
bond dimension D;) and B (of bond dimension D,) at system size N is

Opn(N)i= 3 VOO(A), VB, (215)
c€{0,...,d—1}N

Diagrammatically, the overlap contracts the MPV ring of A against the conjugate ring of B along
their shared physical indices, both virtual rings closed by the trace:

jj:

N sites

This pairing is linear in the first MPV coefficient and conjugate-linear in the second. By
Lemma 2.7.4, it is the complex conjugate of the Hilbert-space inner product from Definition 2.7.2.

Lemma 2.7.4 (Overlap equals conjugate inner product). [ 5tmt|O 4 5(N) = (VN (A)|[VIN)(B)).

Proof. The overlap sums V, W_ while the inner product sums V,W,_. Complex conjuga-
tion swaps these. O
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Lemma 2.7.5 (Overlap determined by positive-length MPV). If viNl(4), =
V(A and VIN(B), = VIN(B"), for all N > 0 and all o, then O ,5(N) = O 4 5/ (N) for
all positive N.

Proof. Direct pointwise rewriting: if the MPV coefficients agree for all positive chain
lengths, the overlap sums are identical. O
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Chapter 3

The Single-Block Fundamental
Theorem

An injective MPS tensor that generates the same matrix-product vectors as a second tensor of
equal bond dimension is conjugate to it [CPGSV21, Corollary IV.5]: there is an invertible X
with B = XA X! for every physical index 7. The argument is purely algebraic. Equality of the
matrix-product vectors gives tr(A*) = tr(BY) for every word w; the length-two and length-three
traces produce a linear map T with T(A?) = B! that is multiplicative and nonzero; a nonzero
multiplicative endomorphism of the simple algebra M,(C) is a unital automorphism; and by
Skolem—Noether every automorphism of Mj(C) is conjugation by an invertible X. Evaluating
at A? closes the proof. The same conjugation, one normal block at a time, is the central step of
the multi-block theorem in Chapter 10.

3.1 The multiplicative linear extension

Nondegeneracy of the trace pairing on M (C) is a generic algebra fact, proved in the companion
quantum-channel volume [LTC26, “Nondegeneracy of the trace pairing”].

Lemma 3.1.1 (Same matrix-product vectors give trace agreement). If A and B
generate the same matriz-product vectors, then tr(AY) = tr(BY) for every word w.

Proof. [/ Proof| By (2.3), the configuration o = w gives V"N (A) = tr(A%). Equality of the
matrix-product vectors gives VIV (A) = VIN)(B) for all N, so tr(AY) = tr(BY). O

The trace conditions constrain every product of the matrices A*. To bring the algebra struc-
ture of M(C) to bear, record how a matrix pairs against the family {A*} under the trace.

Definition 3.1.2 (Trace pairing map). For a tensor A, the trace pairing map
®, : Mp(C) — C? is defined by

O (M), = tr(MAY). (3.1)

Theorem 3.1.3 (The trace pairing map is injective for injective tensors). [Lean| [Lean| [V Stmt| If
A is injective, then ker ® , = {0}.

Proof. [/ Proof| If ® 4(M) = 0, then (3.1) gives tr(M A?) = 0 for every i. The {A’} span M (C),
so tr(MN) =0 for all N, and M = 0 by the corresponding theorem in the companion quantum-
channel volume [LTC26, “Nondegeneracy of the trace pairing”]. O
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Lemma 3.1.4 (Injectivity transfers across a range inclusion). Let @, : V - W
be C-linear maps with V' finite-dimensional. If ker ® = {0} and range ® C range U, then ker ¥ =

{0}.
Proof. [/ Proof| By rank—nullity, ker ® = {0} gives dimrange ® = dim V, and the range inclusion

gives
dimV = dimrange ® < dimrange ¥ < dim V.
so dimrange ¥ = dim V' and ker ¥ = {0}. O

Theorem 3.1.5 (The linear extension exists and is unique). If A is injective and
A, B generate the same matriz-product vectors, then there is a unique linear map T : M (C) —
Mp(C) with T(AY) = B for all i.

Proof. [ Proof| Length-two trace agreement gives ® 4(A?) = ® z(B?) for every i. The {A’} span
Mp(C), so range®, C range®,. With ker®, = {0} (Theorem 3.1.3), Lemma 3.1.4 gives
ker @5 = {0}. Let g be a left inverse of @5 and set T'= g o @ 4; then

T(A") = g(®4(A")) = g(®5(B")) = B".
Uniqueness holds because the {A} span Mp(C). O

Theorem 3.1.6 (The linear extension is multiplicative). Under the hypotheses of
Theorem 3.1.5, the map T satisfies T(MN) =T (M)T(N) for all M,N € M;(C).

Proof. [ Proof| Length-two trace agreement gives ®5(T(AY)) = ®z(BY) = ®,(AY); since the
{A%} span Mp(C), this extends to @ 50T = ® 4, so range ® , = range(PzoT) C range & ;. With
ker ® , = {0} (Theorem 3.1.3), Lemma 3.1.4 makes ® 5 injective. Length-three trace agreement
gives, for all 7, j, and k,

Hence injectivity of ®p yields T(A*A7) = B'BJ. Extend in two stages: for fixed j, the maps
M +— T(MA%) and M + T(M)B7 agree on the spanning {A‘}, hence T(M AY) = T(M)B’ for
all M; then for fixed M, the maps N — T(MN) and N +— T(M)T(N) agree on the spanning
{A’}, hence T(MN) =T(M)T(N) for all N. O

3.2 Inner automorphism and the single-block theorem

The rigidity of the full matrix algebra now finishes the proof. A nonzero multiplicative map
on Mp(C) is forced to be bijective (simplicity), unit-preserving (surjectivity), and conjugation
by a single invertible matrix (Skolem—Noether). The next four results establish these steps and
the nonvanishing of T', which the final theorem combines into the gauge X.

Theorem 3.2.1 (A nonzero multiplicative endomorphism of M, (C) is bijective).
A nonzero multiplicative C-linear endomorphism of Mp(C) is bijective.

Proof. The kernel of a multiplicative linear map is a two-sided ideal. The algebra M (C)
is simple, so the kernel is {0} or all of M (C); the latter forces the map to be zero. Hence the
map is injective, and surjective by finite-dimensionality. O
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Lemma 3.2.2 (A surjective multiplicative map preserves the unit). IfT: Mp(C) —
Mp(C) is a surjective multiplicative C-linear map, then T (1) = 1, so T is a C-algebra homomor-
phism.

Proof. [/ Proof] Choose X with T(X) = 1. Then

O

Lemma 3.2.3 (An injective tensor forces a nonzero partner). Let D> 1. If A is
injective and A, B generate the same matriz-product vectors, then the B* are not all zero.

Proof. [/ Proof| If B® = 0 for every i, then Lemma 3.1.1 on length-one words gives tr(A?) = 0
for all . The {A'} span Mp(C), so the trace functional vanishes identically, contradicting
tr(1) = D # 0. O

Theorem 3.2.4 (Single-block Fundamental Theorem). Let A be an injective MPS
tensor and B a tensor of the same bond dimension. If A and B generate the same matriz-product
vectors, then there is X € GL(C) with Bt = XA'X ™! for all i. In tensor-network notation the
gauge conjugates the local tensor on its virtual legs, with the physical index i on the upper leg:

Proof. Theorem 3.1.5 gives the unique linear T" with T'(A?) = B, and Theorem 3.1.6
makes it multiplicative. It is nonzero: otherwise B® = 0 for all i, against Lemma 3.2.3. By
Theorem 3.2.1, T is bijective, and by Lemma 3.2.2 it fixes 1, so T is a C-algebra automorphism.
Theorem [LTC26, “Skolem—Noether”] gives X € GL(C) with T(M) = XM X !; evaluating at
M = A? gives B' = XA'X 1. O
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Chapter 4

Transfer Maps and
Quantum-Channel Interfaces

This chapter records the transfer-map interfaces used by the MPS development. The underlying
theory is developed in the companion quantum-channel volume [LTC26, “Positive map” and
“Quantum channel”].

4.1 Irreducibility

Theorem 4.1.1 (Positive-definite transport by a coisometry). Let A > 0 be a
square complex matriz and let V be a possibly rectangular matriz satisfying VVT = 1. Then

VAV > 0. (4.1)
Proof. For a row vector x, one has
r(VAVH 2t = (2V)A(z V)1, (4.2)
Moreover, V' = 0 implies
r=x(VVT) =0. (4.3)

Thus every nonzero x gives £V # 0, and positive definiteness of A makes the displayed quadratic
form strictly positive. O

Theorem 4.1.2 (Injectivity implies irreducibility). If A is an injective MPS tensor,
then its transfer map & 4 is irreducible.

Proof. [ Proof] If P is an invariant projection for & 4, then (1 — P)A*P = 0 for all i. Since the
{A"} span M,(C), (1 — P)YMP =0 for all M,s0 P=0or P=1. O

4.2 Transfer maps

Theorem 4.2.1 (Transfer map is CP). The transfer map € 4(X) = 3, ALX(AHT
is completely positive.
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Proof. [/ Proof] It is already written in the Kraus form (established in the companion quantum-
channel volume [LTC26, “Completely positive map”]), with Kraus operators {A"}. O

Theore_m 4.2.2 (Transfer matrix of an MPS transfer map). For an MPS tensor
A= {AYEL the matriz representing € 4 under vectorization is

U

—1

%

Il
=}

Proof. Apply the standard vectorization identity vec(AXB) = (BT ® A) vec(X) to each
summand A°X(A")T and sum over the physical index. O

Lemma 4.2.3 (Trace adjointness of a transfer map). The trace-adjoint identity of
Theorem [LTC26, “Trace adjointness of a Kraus map”] holds when the Kraus family is the family
of matrices of an MPS tensor and the two Kraus maps are written as transfer maps.

Proof.

Identify the two Kraus maps with the corresponding transfer maps. O

Lemma 4.2.4 (Transfer map under scalar multiplication). Let A be an MPS tensor
and let w € C. Then, for every bond matriz X,

gwA(X) = wmgA(X)

Proof. Expand the transfer map and pull the scalar w and its conjugate out of each
summand. O

Lemma 4.2.5 (Left-canonical transfer maps preserve trace). If A is left canonical,
then, for every bond matriz X,

tr(& 4 (X)) = tr(X).

Proof. Cyclicity of trace gives

tr(€ 4 (X)) = tr<<Z(Ai>TAi> X) = tr(X),

3
since left canonicity makes the sum in parentheses equal to the identity. O

Theorem 4.2.6 (Transfer map is a channel). If Zi(Ai)TAi =1, then the transfer
map € ,(X) =Y, ALX(AN is a quantum channel (CPTP).

Proof. Complete positivity is Theorem 4.2.1. Trace preservation follows by cyclicity and
the normalization hypothesis:

tr(E4(X)) = Y tr(AX(ADT) =tr ( (Z(Ai)fAi) X) = tr(X).

7
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Chapter 5

Perron—Frobenius Theory for
Channels and Transfer Maps

This chapter establishes elementary fixed-point existence for quantum channels and the Perron—
Frobenius theory: existence, positive definiteness, and uniqueness of fixed points for injective and
irreducible transfer maps, canonical gauge constructions, and the spectral-radius identification
of Perron eigenvalues. The ergodicity of irreducible channels and the CP-map irreducibility
criterion modeled on Wolf’s spectral characterization are developed in the companion quantum-
channel volume [LTC26, “Cesaro convergence for irreducible channels” and “Irreducibility iff the
restricted CP spectral properties hold”]. The conceptual source is Wolf’s treatment of irreducible
positive maps [Wol12, Chapter 6, especially Theorems 6.2-6.5 and Corollary 6.3] and [EHKT78].

5.1 Positive definiteness

Theorem 5.1.1 (Transfer-map PSD fixed point — irreducible version). Let A be
an MPS tensor whose transfer map & 4 is irreducible. If p >0, p # 0, and E4(p) = p, then p is
positive definite.

Proof. [/ Proof] The transfer map is completely positive, so Theorem [LTC26, “PSD fixed point
is positive definite — irreducible version”] applies. O

Theorem 5.1.2 (PSD fixed point is positive definite). Let A be an injective MPS
tensor and let p > 0, p # 0, be a fized point of £ 4. Then p is positive definite.

Proof. Injectivity implies irreducibility of the transfer map. Apply Theorem 5.1.1. [

5.2 Uniqueness

Theorem 5.2.1 (Irreducible fixed-point uniqueness). [V Stmi] Let A be an MPS tensor
whose transfer map is irreducible. If p,o > 0 are fized points of €4 and p + 0, then o = cp for
some c € C.

Proof. [/ Proof| The transfer map is completely positive, so Theorem [LTC26, “Irreducible fixed-
point uniqueness — CP version”] applies. O
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Theorem 5.2.2 (Uniqueness of PSD fixed point). Let A be an injective MPS
tensor. If p,o > 0 are nonzero fixed points of € 4, then o = cp for some c € C.

Proof. Injectivity implies irreducibility of the transfer map. Apply Theorem 5.2.1. [

5.3 Existence and the Perron—Frobenius theorem

Theorem 5.3.1 (Existence of PSD fixed point). [V Stmt| Assume D > 1. Let A be an MPS
tensor with Zi(Ai)TAi =1, so that £ 4 is trace-preserving. Then there exists p > 0, p # 0, with

Ealp) = p.
Proof. [/ Proof] Under the normalization Zi(Ai)TAi = 1, the transfer map is a quantum channel
(Theorem 4.2.6). The Cesaro fixed-point theorem (the corresponding theorem in the companion

quantum-channel volume [LTC26, “Cesaro fixed-point theorem”]) then provides the fixed point;
injectivity is not needed for this step. O

Theorem 5.3.2 (Quantum Perron—Frobenius). [V Stmt] Assume D > 1. Let A be an
injective MPS tensor with Zi(Ai)TAi = 1. Then the transfer map €4 has a unique positive
semidefinite fixed point p up to scaling, and p is positive definite.

Proof. [/ Proof] Combine Theorems 5.3.1, 5.1.2, and 5.2.2. O

Theorem 5.3.3 (Quantum Perron—Frobenius for irreducible transfer maps).
Assume D > 1. Let A be an MPS tensor such that its transfer map is irreducible and
Zi(Ai)TAi = 1, so that &4 is trace-preserving. Then £, has a unique positive definite fixed
point, up to scalar multiple.

Proof. Existence is the channel fixed-point theorem (Theorem 5.3.1). Irreducibility up-
grades the fixed point to positive definite, and Theorem 5.2.1 gives uniqueness up to scalar
multiple. O

5.4 Right- and left-canonical gauges

Definition 5.4.1 (Left-canonical normalization). [/ stmt] An MPS tensor A = (A?), is
left-canonical when

> (ANtAl =1,

K2

Equivalently, its Kraus map is trace-preserving.

Theorem 5.4.2 (Left-canonical (trace-preserving) gauge). [Lean] [Lean| [/ Stmi| Let o be a fized
point of the adjoint transfer map Zi(Ai)TO‘Ai =0, and let S be invertible with STS = 0. Define
A" = SA'S™L. Then Zi(A/i)TA’i =1, i.e. the gauged Kraus map is trace-preserving. This is
the left-canonical normalization.

Proof. [/ Proof] Conjugating each summand gives (SA'S™1)T(SA'S~1) = (ST)~1(A))ToA?S~ L.
The adjoint fixed-point substitution leaves (ST)~1¢.S~!, and o = STS cancels the outer factors.
See Section A.1 for the full calculation. O
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Theorem 5.4.3 (Square-root trace-preserving gauge from an adjoint fixed point).
Let o be positive definite and satisfy Zi(Ai)TaAi = 0. Define

Bi = 012 Aig-1/2, (5.1)
Then B is trace-preserving: Zi(Bi)TBi =1.
Proof.

This is the specialization K; = A’ of Theorem [LTC26, “Trace-preserving gauge from an
adjoint fixed point, Kraus form”]. Each conjugated summand is (B*)fB* = ¢~ 1/2(A")fg Ale—1/2.
Substituting Zi(Ai)J‘aAi = ¢ and cancelling the outer inverse square roots gives 1. The complete
calculation appears in Section A.1. O

Theorem 5.4.4 (Square-root trace-preserving gauge from an adjoint eigenvector).
Let o be positive definite and satisfy Zi(Ai)TaAi =ro forr > 0. Define

Bl = o'2(r 12 A1) 0712, (5.2)
Then B is trace-preserving: Y (B")TB" = 1.

Proof. Rescale A by /2. The adjoint transfer map is quadratic in the tensor, so the
eigenvector equation becomes a fixed-point equation. Theorem 5.4.3 then gives the result. O

Remark 5.4.5. [/ stmt] The right-canonical gauge of Theorem [LTC26, “Right-canonical (unital)
gauge”] and the left-canonical gauge of Theorem 5.4.2 are generally different similarity trans-
forms: one is built from a fixed point of £ 4, the other from a fixed point of the adjoint transfer
map. This section does not claim that a single gauge makes the transfer map simultaneously
unital and trace-preserving.

5.5 Perron—Frobenius eigenvector existence

This section establishes the existence of a positive definite eigenvector for the adjoint transfer
map of an irreducible MPS tensor, and uses it to construct a TP-gauge normalization. The PSD-
eigenvector step corresponds to [Woll2, Theorem 6.5] (general positive maps) and [EHKT78]; the
upgrade to positive definiteness uses the irreducible-map theory of [Wol12, Theorem 6.3]. The
TP-gauge application follows [CPGSV16, Appendix A].

Theorem 5.5.1 (Irreducibility of the transfer map of an irreducible tensor). If an
MPS tensor A is irreducible, then its transfer map & 4 is irreducible.

Proof. [/ Proof|If P is a nontrivial invariant projection for & 4, then
(1—P)A'P=0

for every 4, which is exactly a nontrivial invariant projection for the family {A’}, contradicting
irreducibility of A. O

Theorem 5.5.2 (Positive-definite adjoint eigenvector for irreducible tensors). Let
A be an irreducible MPS tensor with D > 0 and some A* # 0. Then there exist a positive definite
matriz o and a positive real v > 0 such that é’L(a) =ro.

This combines the eigenvector-existence part of [Woll2, Theorem 6.5] with the irreducible
upgrade to positive definiteness ([Woll2, Theorem 6.3(2)-(3)]); the application to the adjoint
transfer map follows [CPGSV16, Appendiz A].
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Proof. By Theorem 5.5.1, £, is irreducible, and since X 4, = £4 (the corresponding
theorem in the companion quantum-channel volume [LTC26, “Kraus-map form of the trans-
fer map”]), its Kraus map X 4 is irreducible too (the corresponding theorem in the companion
quantum-channel volume [LTC26, “Irreducibility in Kraus-map notation”]). Applying Theo-
rem [LTC26, “Positive-definite adjoint eigenvector for irreducible Kraus families”] to K; = A’

gives a positive definite o and a positive real r > 0 with Y (A")T0 A’ = ro, i.e. SL(U) =ro. O

Theorem 5.5.3 (TP-gauge existence_for irreducible tensors). Let A be an irreducible
MPS tensor with D > 0 and some A* # 0. Then there exist a positive real r, a positive definite
matriz o, and a tensor B gauge-equivalent to r—Y?A such that

B = gl/2(r 12 A1) 1/2, (5.3)

and y_ (BB =1.
This is the “spectral rescaling + TP gauge” step of [CPGSV16, Appendiz A]. The similarity
is generally non-unitary.

Proof. By Theorem 5.5.2, obtain o positive definite and r > 0 with SL(U) =ro. Set ¢ =
=12 and A" = cA*. Then é’L, (o) = 0. By the square-root trace-preserving eigenvector gauge
construction (Theorem 5.4.4), the tensor defined by (5.3) satisfies Y-, (B")TB* = 1. Lemma A.1.1
gives the required gauge equivalence to r—'/2A. O

Theorem 5.5.4 (Unital-gauge existence for irreducible tensors). Let A be an
irreducible MPS tensor with D > 0 and some A* # 0. Then there exist a positive real 7, a
positive definite matriz p, and a tensor B gauge-equivalent to 7—'/?>A such that

Bi = 125712 41 p1/2, (5.4)

and . BY(BH) =1.
This is the Perron—Frobenius unital-gauge orientation used in [PGVWCO7, Theorem 4,
lines 765-770], stated for one irreducible nonzero block.

Proof. Apply Theorem 5.5.2 to the conjugate-transposed Kraus family. Irreducibility
transfers to that family, and the nonzero Kraus hypothesis is preserved by taking adjoints.
Translating the resulting adjoint eigenvector equation back gives £4(p) = rp with p positive
definite and r > 0. The unital gauge theorem then gives the representative (5.4), and the same
square-root similarity gives gauge equivalence to r— /2 A. O
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Chapter 6

Peripheral Channel Structure and
Transfer-Operator Gaps

This chapter studies two spectral phenomena for finite-dimensional quantum channels and MPS
transfer maps, following [PGVWCO07] and [Wol12].

The first is peripheral structure: for an irreducible unital Schwarz map with a faithful adjoint
fixed point, the eigenvalues on the unit circle form a finite cyclic group (the corresponding theo-
rem in the companion quantum-channel volume [LTC26, “Peripheral eigenvalues: cyclic structure
for Kraus maps”]), and under trace preservation the order of this group divides the bond dimen-
sion D (Theorem [LTC26, “Transfer-map peripheral eigenvalues form a cyclic group”]). Remov-
ing this period by unitary conjugation and cyclic corner projections produces the periodicity-free
cyclic-sector decomposition (Theorem [LTC26, “Cyclic decomposition for irreducible finite Kraus
maps”]) used by the canonical-form reduction of Chapter 8.

The second is the mized transfer operator F 45 of two MPS tensors A and B, and its spectral
radius pgpe.(Fap). We show that py,..(Fyp) < 1 under trace-preserving normalization (Theo-
rem 6.3.1), that equality forces A and B to be gauge-phase equivalent (Theorem 6.3.4), and that
mismatched bond dimensions always force a strict gap (Theorem 6.4.2). Since the MPV overlap
O ,5(N) equals the operator trace Tr(F4};) (Theorem 6.2.1), these gaps translate directly into
the overlap-decay theorems (Theorem 6.5.5 and its rectangular and irreducible-trace-preserving
variants) used throughout the fundamental theorem. The complementary case — a single tensor
whose transfer map has a trivial peripheral spectrum away from the fixed-point projection —
gives the rank-one Perron limit Tr(é”}l) — 1 (Theorem 6.10.1) and hence primitive self-overlap
convergence O 4 4(N) — 1 (Theorem 6.10.2).

Throughout, pype.(-) denotes the spectral radius of a linear endomorphism of a finite-dimensional
matrix space: pgpe.(Fap) < 1 for a mixed transfer operator and py,.. (€4 — P) < 1 for a transfer
map after removing its fixed-point projection P. The unqualified phrase spectral gap is reserved
for the energy gap of a many-body Hamiltonian, discussed later in the full blueprint.

The algebraic mixed-transfer identities in the first two sections do not use normalization.
Starting with the spectral-radius estimates, we assume the trace-preserving normalization

> (AHfAT =1, (6.1)

2

Right-canonical (unital) and left-canonical (trace-preserving) gauges are generally different sim-
ilarity transforms of the same tensor, recorded in Remark 6.3.5; both are used below, depending
on which fixed point — of the transfer map or of its adjoint — drives the gauge.
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The proofs of the technical mixed-transfer identities, Frobenius-norm estimates, gauge-rigidity
intertwiners, spectral-radius decay estimates, the rank-one Perron projection, and the cyclic-
decomposition machinery removing peripheral periodicity are collected in Appendix B.

6.1 Mixed transfer operator

Definition 6.1.1 (Mixed transfer operator). [V stmt| The mized transfer operator (or cross
transfer operator) for two MPS tensors A and B of the same bond dimension D is the linear map

d—1
Fyp(X) =) AlX(B). (6.2)
=0

Definition 6.1.2 (Rectangular mixed transfer operator). [v stmt| For MPS tensors A of
bond dimension D; and B of bond dimension D,, possibly with D; # D,, the rectangular mized
transfer operator is the map F5' : Mp . p (C) = Mp ,p_(C) defined by

d—1
Fiegt(X) o= ATX(B)1. (6.3)
=0

The self-transfer identity Fy4 = &4, the iterated word expansion of F, 5, and the trace-
expansion lemma over matrix units are proved in Section B.1.

6.2 MPYV overlap as transfer trace

Recall from (2.15) that O4p(N) =32y 4 13w VIN)(A),VIN)(B),. This section rewrites that
scalar as the operator trace of the mixed transfer power.

Lemma 6.2.1 (Overlap equals transfer trace). For tensors A and B of bond
dimension D > 1,

O4p(N) = Tr(FYy). (6.4)

Proof. Section B.1 expands the operator trace over matrix units (Lemma [LTC26, “Trace
expansion over matrix units”]) and the transfer power by words (Lemma B.1.2); reassembling
the sums over matrix-unit indices gives

Tr(Fip) = Y te(A7)u(B7) = Y VIN(A),VIN(B), = O4p5(N).
The rectangular case, Lemma 6.2.2, is the same argument over the rectangular matrix-unit
basis. O

Lemma 6.2.2 (Rectangular overlap as transfer trace). For tensors A of bond
dimension Dy > 1 and B of bond dimension Dy > 1,

O4p(N) = Tr((Fi5)Y). (6.5)

Proof. The detailed word-index calculation is the same as the proof of Theorem 6.2.1,
over the rectangular matrix-unit basis; see Section B.1. O
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6.3 Eigenvalue bound and transfer-operator gap

The rectangular eigenvalue bound is the MPS formulation of the generic bound for trace-
preserving mixed Kraus maps. Under the identification of the rectangular mixed transfer with
the mixed Kraus map, the two tensor normalizations are precisely the trace-preserving condi-
tions. For the rigidity theorem, one gauges A and B separately using positive fixed points of their
transfer maps to obtain unital Kraus families, and then applies the Kadison—Schwarz equality
argument ([Woll2, Theorem 5.3]) to a block embedding of a mixed-transfer eigenvector.

Theorem 6.3.1 (Eigenvalue bound). [V Stmt| Let A and B be normalized MPS tensors.
Every eigenvalue p of F,p satisfies |p| < 1.

Proof. [/ Proof| This is the equal-bond-dimension case D; = D, = D of Theorem 6.3.2. The
argument uses only the trace-preserving normalization (6.1) and the general eigenvalue bound
for trace-preserving Kraus maps; it does not appeal to Perron—Frobenius theory. O

Theorem 6.3.2 (Rectangular eigenvalue bound). Let A and B be normalized MPS
tensors of bond dimensions Dy > 1 and Dy > 1. Every eigenvalue p of F'C8t satisfies |p] < 1.

Proof. This is the MPS formulation of the corresponding theorem in the companion
quantum-channel volume [LTC26, “Eigenvalue bound for a trace-preserving mixed Kraus map”]:
the map F'75' is the mixed Kraus map of the two matrix families, and the normalizations of A
and B are exactly its two trace-preserving hypotheses. O

Lemma 6.3.3 (Spectral radius bound). \v_Stmt| For normalized tensors, py,e.(Fap) < 1.

Proof. The spectral radius is the maximum of |u| over the eigenvalues, and each satisfies
|| <1 by Theorem 6.3.1. O

Theorem 6.3.4 (Spectral radius > 1 implies gauge-phase equivalence). Let A
and B be injective normalized MPS tensors. If py,e.(Fagp) > 1, then A and B are gauge-phase
equivalent.

Proof. Since pypec(Fap) < 1 by Lemma 6.3.3, the hypothesis gives an eigenvalue p with
|| = 1 and a nonzero eigenvector X satisfying F,5(X) = uX. The proof proceeds in five steps,
elaborated in Section B.4.

Step 1 (Separate gauging). Choose positive definite fixed points p, and pg of £4 and Ep
by Theorem 5.3.2. Gauge the tensors separately to unital Kraus families by Theorem [LTC26,
“Right-canonical (unital) gauge”]: A% = p;ll/zA’:pL/z and similarly for B. Set X’ = pgl/QXp;/z.

Step 2 (Block Kraus family and off-diagonal embedding). Form

(A0 (0 X’
c._<0 B) y._<0 0).

The matrices {C?} form a unital Kraus family on M, (C), and E.(Y) = uY.

Step 3 (Kadison—Schwarz equality and Kraus relations). The positive definite fixed points of
the adjoint maps give a faithful weighted trace for the block map. Applying the Kadison—Schwarz
inequality to Y and pairing its positive semidefinite gap with this fixed point shows that the gap
vanishes. The Kraus relation of the corresponding theorem in the companion quantum-channel
volume [LTC26, “KS equality implies Kraus commutation”] then gives Y(C*)' = u(C%)TY. Ap-
plying the same argument to the complementary product gives C'Y = pY C".
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Step 4 (Intertwining identity and invertibility). Expanding the block relations from Step 3
gives

X/(B)F = p(AHIX, AX = X' B,

The corresponding multiplicative identities make X't X’ and X’ X’T nonzero positive semidefinite
fixed points of the appropriate transfer maps. Injectivity upgrades them to positive definite
matrices, so X’ is invertible.

Step 5 (Skolem—Noether conclusion). The intertwining identity and invertibility of X’ give
an algebra isomorphism between the full matrix algebras generated by the two families. By
Theorem [LTC26, “Skolem—Noether”], this isomorphism is inner. Undoing the separate gauges
gives B' = X A*X ! for every i, which is the gauge-phase relation (2.6).

The gauging is applied separately to €4 and &p; the mixed transfer map F4 5 need not be
simultaneously unital and trace-preserving. O

Remark 6.3.5 (Two gauge conventions). The right-canonical gauge used here, A’" =
p Y2Ap12 makes {A”} a unital Kraus family: %A’:(A”)T = 1. The convention A* =
pY/2Aip=1/2 makes the family trace-preserving: > .(A)TA" = 1. Both conventions appear in
practice: the unital form is used in the transfer-operator gap proof above, while the trace-
preserving form is used in the canonical-form reduction of Chapter 8.

Theorem 6.3.6 (Strict transfer-operator gap). Let A and B be injective normalized
MPS tensors that are not gauge-phase equivalent. Then py,e.(Fap) < 1.

Proof. [/ ProoflLemma 6.3.3 gives pspeC(F u5) < 1. Equality would imply gauge-phase equivalence
by Theorem 6.3.4, contradicting the hypothesis. O

6.4 Transfer-operator gap — rectangular case

Lemma 6.4.1 (Rectangular intertwining forces equal bond dimension). Let A and
B be injective tensors of bond dimensions Dy and D,. If there are X € Mp, . p (C)\ {0} and
w € C such that, for every physical index 1,

X(BHY = p(AHTX, A'X = uX B, (6.6)
then Dy = D,.

Proof. [/ Proof] The first relation in (6.6) shows that ker(X) is invariant under every (B%)f: if
Xv =0, then X(B)tv = u(A")"Xv = 0. Since the { B’} span the full matrix algebra, so do the
{(B")} (conjugate transposition is a conjugate-linear bijection and therefore preserves complex
linear spans), so ker(X) is invariant under every matrix; injectivity of the resulting map forces
ker(X) = 0, giving Dy < D,. Taking adjoints of the second relation gives X (A" = (B XT,
so the same argument applied to Xt shows ker(X') is invariant under every (A%)! and hence
trivial, giving D; < D. O

Theorem 6.4.2 (Rectangular transfer-operator gap). Let A be an injective nor-
malized tensor of bond dimension D, and B an injective normalized tensor of bond dimension
Dy, with Dy # Dy. Then pg.(F55) < 1.
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Proof. [/ Proof] Theorem 6.3.2 gives |u| < 1 for every eigenvalue of F'5'. If its spectral radius
were 1, there would be a modulus-one eigenvector X € M, , p (C)\ {0}.

Gauge A and B to unital families A’ and B’ and transport X to a nonzero rectangular
intertwiner X’ satisfying (B.2). Lemma 6.4.1 would then give D; = D,, contradicting the
hypothesis. O

Theorem 6.4.3 (Rectangular transfer powers below unit spectral radius). Let
A and B have bond dimensions D, and D,, respectively. If pSpCC(F;‘eg) < 1, then, for every
X e MDIXDZ(C)7

(It (X) — 0.
This is the decay mechanism for the off-diagonal transfer operators in [CPGSV16, Appendiz B,
equations (B.3)-(B.4) and the paragraph following equation (B.6)].
Proof.

The Gelfand formula implies convergence of (F'5)™ to zero in operator norm. Evaluation
at a fixed rectangular matrix is continuous, and therefore preserves this limit. O

Theorem 6.4.4 (Rectangular overlap decay). [v smit] If Dy # Dy and both tensors are
injective and normalized, then O ,5(N) — 0 as N — oo.

Proof. [/ Proof] The gap pspec(ng) < 1 from Theorem 6.4.2 and Lemma [LTC26, “Powers vanish
below unit spectral radius”] imply operator-norm convergence (erg)N — 0, so its operator trace
tends to zero. The identity (6.5) therefore gives O 45(N) — 0. O

6.5 MPYV overlap decay

We first record two spectral-radius identities for complex normed algebras. They will also control
the scalar weights of normal fixed-point blocks in Chapter ?7.

Theorem 6.5.1 (Spectral radius under nonzero scaling). [V Stmt] Let a belong to a complex
Banach algebra and let ¢ € C\ {0}. Then

pspec(ca) = |C| pspec(a)'

Proof. Multiplication by ¢ sends the spectrum of a onto the spectrum of ca. Taking the
supremum of the moduli of the spectral values gives the formula. O

Theorem 6.5.2 (Spectral radius of a nonzero idempotent). Let a be a nonzero
element of a complex normed algebra. If a®> = a, then

Pspec (a) =1

Proof. [/ Proof] The identity a? = a gives a(a — 1) = 0. Since a # 0, the element a — 1 is not
invertible, so 1 belongs to the spectrum of a. Every spectral value \ satisfies A2 = ), hence the
spectrum is contained in {0, 1}. O

The Banach-algebra fact that powers below unit spectral radius vanish is proved in Sec-
tion B.5.

Lemma 6.5.3 (An idempotent below unit spectral radius vanishes). Let a be an
element of a complex Banach algebra with a®> = a and Pspec(@) < 1. Then a = 0.
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Proof.

Lemma [LTC26, “Powers vanish below unit spectral radius”] gives a” — 0. Idempotence
gives a™*! = a for every n, so uniqueness of limits yields a = 0. O

Theorem 6.5.4 (Transfer powers converge to zero). Let A and B be injective
normalized tensors that are not gauge-phase equivalent. Then F7} 5(X) — 0 for every X € Mp(C).

Proof. [/ Proofl The gap py,e.(Fap) < 1 from Theorem 6.3.6 and the equal-bond-dimension case
of Theorem 6.4.3 give F} 5(X) — 0 for every X. O

Theorem 6.5.5 (Overlap decay). [V stmt| Let A and B be injective normalized tensors of
the same bond dimension that are not gauge-phase equivalent. Then O ,5(N) — 0 as N — oo.

Proof. By (6.4) and the trace-expansion formula of [LTC26, “Trace expansion over matrix
units”],

Opp(N) = TY(F;]xVB) = Z(FAVB(EPQ»P(I'

p.a
Theorem 6.5.4 makes every summand tend to zero. Since the sum is finite, O 4 5(N) — 0. O

The block-separation consequences of this gap — cross-correlation decay between distinct
blocks and the persistence of self-correlation at a fixed point — used in the canonical-form
separation of Chapter 8, are recorded in Section B.5.

6.6 Transfer-operator gap under irreducible-TP hypothe-
ses

The preceding transfer-operator gap results require injectivity of both tensors. The following
variants weaken this to irreducibility together with the trace-preserving normalization (6.1),
following Cirac et al. [CPGSV16] and the irreducibility theory of [Woll2, Section 6.2]. The
argument replaces the Kraus-commutation step with a Cauchy—Schwarz rigidity argument for
the Perron—Frobenius fixed point.

Theorem 6.6.1 (Gauge-equivalence from irreducible-TP spectral radius). [Lean| [Lean] [V Stmi]
Let A and B be irreducible trace-preserving normalized MPS tensors of bond dimension D. If
Pspec(Fap) > 1, then A and B are gauge-phase equivalent.

Proof. Choose a modulus-one eigenvector as in Theorem 6.3.4. The proof follows its five
steps, with one change. Separate gauging, the block Kraus family, and the Kadison—Schwarz
equality proceed as before. The equality makes the relevant positive products of the transported
intertwiner nonzero positive semidefinite fixed points. Under irreducibility, Theorem 5.1.1 makes
these fixed points positive definite, so the transported intertwiner is invertible. Lemma B.4.1
supplies (B.2), and Lemma B.4.2 then gives gauge-phase equivalence. O

Theorem 6.6.2 (Strict transfer-operator gap (irreducible-TP)). [V stmt| Let A and B be
irreducible trace-preserving normalized MPS tensors of the same bond dimension that are not
gauge-phase equivalent. Then py,..(Fap) < 1.

Proof. [/ Proofl Lemma 6.3.3 gives pgpe.(Fap) < 1, while the contrapositive of Theorem 6.6.1
excludes equality. O
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Theorem 6.6.3 (Overlap decay (irreducible-TP)). Let A and B be irreducible trace-
preserving normalized tensors of the same bond dimension that are not gauge-phase equivalent.
Then O 5(N) — 0 as N — oo.

Proof. [ Proof] Theorem 6.6.2 gives py,o.(Fap) < 1, so Fiz — 0. The overlap-trace identity
(6.4) gives O 45(N) — 0. O

Theorem 6.6.4 (Rectangular transfer-operator gap (irreducible-TP)). Let A and
B be irreducible trace-preserving normalized tensors of bond dimensions D, and D, respectively,
with Dy # Dy. Then pg..(FiE) < 1.

Proof. Suppose instead that pspec(ng) = 1, and choose a modulus-one eigenvector
X € Mp ,p,(C)\{0}. Gauge A and B separately to unital families A" and B and transport X

to X’ # 0. The matrix X’ X’ is a nonzero positive semidefinite fixed point of the appropriate
transfer map on M, (C), so Theorem 5.1.1 makes it positive definite. Thus X’ has full row rank

and D; < D,. Similarly, X'T X" is positive definite, so X’ has full column rank and D, < D;.
Hence D; = D,, a contradiction. O

Theorem 6.6.5 (Rectangular overlap decay (irreducible-TP)). [V Stmi| If Dy # Dy and
both tensors are irreducible and trace-preserving normalized, then O ,5(N) — 0 as N — oo.

Proof. [/ Proofl Theorem 6.6.4 gives py,..(FiE") < 1, so (Fig" )N — 0. The rectangular overlap—
trace identity (6.5) gives O45(N) — 0. O

6.7 Overlap rigidity for normal blocks

The BNT matching argument ultimately turns a non-decaying mixed overlap into a gauge-phase
match. The following two results isolate that spectral step.

Lemma 6.7.1 (Mixed-transfer spectral radius from unit-modulus overlap). Let A
and B have the same bond dimension. If [(VIN)(A)|[VIN(B))|| — 1, then the mived transfer map
has spectral radius at least 1.

Proof. If the mixed-transfer spectral radius were less than 1, the iterated mixed transfer
map would tend to zero in operator norm, hence so would its trace. By (6.4), the overlap would
tend to zero, contradicting the hypothesis. O

Theorem 6.7.2 (Gauge-phase equivalence from unit-modulus overlap). Let A and
B be irreducible MPS tensors of the same bond dimension with - (A")T A" =1 and ) (B")B" =

1. IF VI VIE(B))| — 1, then A and B are gauge-phase equivalent.

Proof. By Lemma 6.7.1, the mixed-transfer spectral radius is at least 1, and Theo-
rem 6.6.1 then gives gauge-phase equivalence. O

6.8 Peripheral spectral refinements
Every result in this section concerning peripheral eigenvalues, cyclic projections, or peripheral
eigenspaces is stated for a finite Kraus map and therefore assumes complete positivity. These

results do not supply the abstract Schwarz-map case of Wolf Theorem 6.6; the restriction and
its elimination plan are documented in the scope-restriction note [con26al.
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6.8.1 Cyclic decomposition of irreducible finite Kraus maps

The construction — normalizing a peripheral eigenvalue to a unitary eigenvector, forming its
discrete Fourier (cyclic) spectral projections, and the supporting corner-algebra apparatus (re-
striction to an invariant corner, corner rank, and the compression isometry PMp(C)P = M, (C))
— is given in Section B.7.

Lemma 6.8.1.1 (Cyclic shift of the Kraus operators). [Lean| [Lean| [Lean| [V Stmt] Let Py, ..., P,,_;
be orthogonal projections summing to the identity and cyclically permuted by a Kraus map,
)% KUP,CHKE = P,.. Then the projections are mutually orthogonal, none of them vanishes, and

each Kraus operator intertwines consecutive projections:

K Py, = P,K,. (6.7)

Proof.

Compressing » | K, P, HKQ; = P, by 1 — P, exhibits a vanishing sum of positive semidefinite
matrices, so each summand vanishes: (1 — P,)K,P,,; = 0. Mutual orthogonality follows by
compressing the resolution of the identity by a fixed P,, another vanishing sum of positive
semidefinite matrices. Expanding K, P, and P, K, through the resolution of the identity, the
off-diagonal compressions vanish by orthogonality, leaving (6.7). If some projection vanished,
the cyclic action would propagate the vanishing around the cycle, contradicting the resolution
of the identity. O

Theorem 6.8.1.2 (Cyclic shift along a Kraus word). Under the hypotheses of
Lemma 6.8.1.1, a product of £ Kraus operators moves each cyclic projection back by ¢ steps. In
particular, every product of m Kraus operators commutes with every cyclic projection.

Proof. [/ Proof| Induct on the length of the word using (6.7). O

The primitivity and irreducibility of the restricted sector dynamics, the invariance of each
cyclic corner under the period, and the closure of the peripheral eigenvalues under products and
inverses are proved in Section B.7.

6.9 Self-overlap and the period-one criterion

Theorem 6.9.1 (Self-overlap along peripheral-period multiples). Let D > 0 and
m > 0. Let A be a left-canonical irreducible MPS tensor with bond dimension D, and suppose that
the peripheral eigenvalues of its transfer map are exactly {z € C: 2™ =1}. Then O 4, (mn) —
m.

Proof. [ Proof] Apply Theorem 8.11.1 to the period-m blocking A™. It gives m nonzero cyclic-
sector tensors Cy, ..., C,,,_1, each left-canonical, whose unit-weight direct sum has the same MPV
family as A™. The cyclic-sector relations make every C,, primitive and irreducible. Distinct
sectors are not gauge-phase equivalent. Hence the primitive self-overlap limit and the equal- and

unequal-dimension overlap-decay theorems give

L,
0, u##w.

U =0,

Oc,c, (n) — {
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Expanding the overlap of the unit-weight direct sum and taking the finite sum of these limits
yields

OA[m]A[m] (n) = Z Ocucv (n) —r m.

w,veL,,
Finally, blocking identifies O 4m) 4im) (1) = O 4 4 (mn), which proves the claim. O

Theorem 6.9.2 (Primitivity and normality from normalized self-overlap). Let A
be an rreducible left-canonical tensor of positive bond dimension. If O 4(N) — 1, then the
transfer map of A is primitive and A is normal.

Proof. Let m be the peripheral period. Along its multiples, O 44(mn) — m. The
assumed full limit gives O 4 4(mn) — 1, hence m = 1. The transfer map is therefore primitive,
and irreducibility and left-canonicality give normality. O

Theorem 6.9.3 (Normality from normalized self-overlap). Let A be an irreducible
left-canonical tensor of positive bond dimension. If O44(N) — 1, then A is normal.

Proof. This is the normality conclusion of Theorem 6.9.2. O

6.10 Primitive overlap convergence (complementary transfer-
map gap form)

The theorems in this section are stated directly in terms of the complementary map F — P.
This is the analytic form needed for the later overlap argument, corresponding to the primitive-
case specialization of [Woll2, Theorem 6.7] where T, » 1s a rank-one projection. For primitive
normalized transfer maps, the companion quantum-channel volume [LTC26, “Complementary
transfer-map gap for primitive maps”] supplies this complementary transfer-map input under
explicit hypotheses; the rank-one Perron projection P = P, its trace, and the concrete irreducible
instantiation of the complementary spectral-radius gap are given in Section B.6.

Theorem 6.10.1 (Complementary transfer-map gap implies trace convergence to 1).
[V stmt| Let E be trace-preserving with fixed point p, where tr(p) # 0, and let P be the fixed-point
projection of the corresponding definition in the companion quantum-channel volume [LTC26,
“Fived-point projection”]. If py,e.(E — P) <1, then Tr(E™) — 1 as n — oo.

Proof.

By the power decomposition (established in the companion quantum-channel volume [LTC26,
“Power decomposition”]), E" = P + (E — P)" for n > 1. Since pype.(E — P) < 1, the Gelfand
formula gives (E — P)" — 0, so Tr(E™) — Tr(P). Lemma [LTC26, “Trace of the fixed-point
projection”] (Section B.6) gives Tr(P) = 1. O

Theorem 6.10.2 (Self-overlap convergence from a complementary transfer-map gap).
Let A be a normalized MPS tensor with a nonzero PSD fized point p of the transfer map.
If pspec(€a4 — P) < 1, where P is the fized-point projection, then O44(N) — 1 as N — oco.

Proof. [/ Proof| By the overlap-trace identity (6.4) with A = B, one has O 4 ,(N) = Tr(&Y). By
Theorem 6.10.1, Tr(&Y) — 1. O
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Chapter 7

Wielandt Bound

This chapter proves the quantum Wielandt bounds of [SPGWC10]. For a primitive normalized
tensor, it compares the uniform vector-spreading index ¢(&4) with the first exact word length
1(A) satistying S, 4)(A) = Mp(C) and proves 1(4) < (D? —kr(A)+1)D?. The cumulative bound
Tp2(A) = Mp(C) is an intermediate step in the proof of Lemma 1.

7.1 Cumulative span

The exact-word identities used in this section are proved in Section C.1. The stabilization and
spectral linear algebra behind the cumulative estimates are collected in Section C.2.

Definition 7.1.1 (Word span). [v Sstmt| The word span at length n is the subspace
S, (A) =span {A" : |w| =n} C Mp(C).
This is [SPGWC10, Section II].

Definition 7.1.2 (Cumulative span). [/ stmt] The cumulative span at level n is T, (A) =
So(A) + S1(A) + -+ S, (A).

Definition 7.1.3 (Fixed-length vector span of an MPS tensor).
For an MPS tensor A, its fixed-length vector span is the fixed-length vector span of the
underlying finite matrix family.

7.1.1 Paper primitivity and indices

For the quantitative bounds, write d’ = dim S, (A) for the number of linearly independent Kraus
operators. The source definitions and Proposition 3 of [SPGWC10] distinguish uniform vector
spreading, eventual exact-word spanning, and spectral strong irreducibility.

Definition 7.1.1.1 (Kraus rank). [/ stmt| The Kraus rank is kr(A) = dim S, (4).

Definition 7.1.1.2 (Eventually full Kraus rank). [V stmt] The Kraus family has eventually
full Kraus rank if there is a positive integer ¢ such that S;(A) = Mp(C).

Definition 7.1.1.3 (Paper primitivity).
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The transfer map is primitive in the sense of [SPGWC10] if there is a positive integer ¢ such
that

H,(A,p)=CP (7.1)

for every nonzero ¢ € CP”. The same ¢ works for all nonzero vectors.

Definition 7.1.1.4 (Full-Kraus-rank index). [v stmt| The full-Kraus-rank indez is
t(A) =min{n >1:S5,(4) = M,(C)}.
If the set is empty, its value is defined to be zero.

Definition 7.1.1.5 (Primitivity index). [/ stmt| The primitivity indezx is
q(€4) =min{g > 1: H (A, ) = CP for every ¢ # 0}.
If the set is empty, its value is defined to be zero.

Definition 7.1.1.6 (Strengthened strong irreducibility). [v stmt] We call the tensor strongly
irreducible here if there is a matrix p > 0 such that

£A<p) =p,
ey (€4) = {1},

and & 4 is irreducible. The condition in [SPGWC10, Proposition 3(c)] requires that 1 be the only
peripheral eigenvalue and that its eigenspace be one-dimensional, generated by a positive-definite
fixed point. The definition above strengthens this condition by also requiring irreducibility
explicitly.

The next seven results use the following notation. For nonnegative integers d and D, let
K = {K'}¢-} be a finite family of D x D matrices, and let & be its Kraus map.

Theorem 7.1.1.7 (Powers of a transfer-map eigenmatrix). If E4(X) = pX, then
EN(X) = p*X for every n > 0.

Proof. This is the corresponding theorem in the companion quantum-channel volume [LTC26,
“Powers on an eigenspace”] for the eigenspace of p. O

Theorem 7.1.1.8 (Hermitian power-fixed point from a peripheral eigenvector).
Let A be a normalized MPS tensor, and suppose & 4(X) = uX with X #£0, p # 1, and p? = 1.
Then there is a nonzero Hermitian matriz H such that

Moreover, H is not positive semidefinite.

Proof.

Apply Theorem [LTC26, “Hermitian power-fixed point from a finite-order eigenmatrix”] to
the transfer channel. The resulting matrix is nonzero, Hermitian, trace zero, and fixed by
&, A nonzero positive-semidefinite matrix has positive trace, so this matrix is not positive
semidefinite. O
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Theorem 7.1.1.9 (Uniqueness of power-fixed positive matrices). Suppose there is
a length ¢ > 0 such that H, (A, p) = CP for every nonzero p € CP. Let p > 0. If p and o are
nonzero positive-semidefinite fized points of &%, then o = cp for some ¢ € C.

Proof.

This is Theorem [LTC26, “Uniqueness of power-fixed positive matrices for a Kraus map”] for
the Kraus family formed by the matrices of the tensor. O

Theorem 7.1.1.10 (Kraus-span equivalence). Under normalization, primitivity in
Wolf’s sense is equivalent to eventual full Kraus rank.

Theorem 7.1.1.11 (Combined primitivity equivalence). Under normalization,
primitivity in Wolf’s sense is equivalent to the conjunction of eventual full Kraus rank, normality,
and strong irreducibility.

Remark 7.1.1.12 (Eventually full Kraus rank and normality). [v stmt] Eventual full Kraus
rank is equivalent to normality. The remaining pairwise primitivity equivalences are stated in
Theorem 7.1.1.13.

Theorem 7.1.1.13 (Strengthened form of the primitivity equivalence). [Lean] [Lean| [Lean] [V Stmt]
Let D > 0 and suppose Zi(Ai)TAi = 1. The following are equivalent:

1. there is a positive q for which H, (A, p) = CP for every v # 0;
2. there is a positive i for which S;(A) = Mp(C);
3. &4 is strongly irreducible.

Proposition 3 of [SPGWC10] states the same equivalence with item (3) replaced by the literal
source condition: 1 is the only peripheral eigenvalue, and its one-dimensional eigenspace is
generated by a positive-definite fized point. Here item (3) includes the additional irreducibility
condition.

Proof.

If S;(A) = Mp(C) and ¢ # 0, then S;(A)p = CP, proving (2)=(1). For (1)=(3), regard
the matrices of A as a finite Kraus family. Theorems [LTC26, “Positive-definite fixed point from
vector spreading”] and [LTC26, “Primitivity from vector spreading”] give a positive-definite fixed
point and show that 1 is the only peripheral eigenvalue. Theorem [LTC26, “Irreducibility from
vector spreading”] gives irreducibility. Together these facts say that & 4 is strongly irreducible.

For (3)=(2), write &% = P, + ({4 — P,)™. The complementary powers tend to zero. If
S (A) # Mp(C) for every m, choose a nonzero matrix B orthogonal to S,,(A4). The associated
trace pairing vanishes on the left, while positive definiteness gives a lower bound c| B|?> for the
P, term and the complementary term is o(|B||?). For large m this is a contradiction. O

Theorem 7.1.1.14 (Primitive-channel specialization of the index bound). Under
the hypotheses of Theorem 7.1.1.183, paper primitivity implies

q(€4) < u(A),

Proposition 1 of [SPGWC10] states this inequality for every quantum channel; the present theorem
records its specialization under normalization and paper primitivity.

Proof. [/ Proof] By Theorem 7.1.1.13, t(A) is a positive length with S, 4)(A) = Mp(C). Therefore
H, 4 (A ) = CP for every ¢ # 0, so the defining minimum for ¢(& 4) is at most +(A). O
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Theorem 7.1.1.15 (Unique fixed points of full rank). [V Stmt| Let D > 0 and suppose
Zi(Ai)TAi = 1. If there is a positive n for which S, (A) = Mp(C), then there is a unique
positive definite density matrixz p € Mp(C) such that every fized point of & 4 is a scalar multiple
of p.

This is [Wol12, Theorem 6.15].

Proof. [/ Proof] By Theorem 7.1.1.13, the span hypothesis makes & 4 strongly irreducible, giving a
positive-definite fixed point p, together with peripheral primitivity (unique peripheral eigenvalue
1) and irreducibility of £,. Peripheral primitivity and irreducibility of £, together give the
complementary transfer-map gap at p, (Lemma C.5.5): the restriction of £, off the fixed-point
projection at p, has spectral radius strictly less than one. This gap forces every fixed point of &£ 4
to be a scalar multiple of p; rescaling p, by the inverse of its (positive) trace gives the unique
density-matrix representative p.

The source proves this instead by passing to &, showing every & (|¥)¢|) has full rank
from the span hypothesis, and ruling out a fixed-point space of dimension larger than one via
Corollary 6.5 of [Woll2]. Both routes use only Wolf’s own Chapter 6 machinery; the present
proof reuses the already-formalized Proposition 3 equivalence. O

Lemma 7.1.1.16 (Monotonicity of cumulative span). For everyn, one has T, (A) <
Tn+1 (A) :

Proof. The span T, ; includes all words of length at most n 4 1 and therefore contains
all words of length at most n. O

Lemma 7.1.1.17 (Dimension bound). [/ Stmt| For every n, one has dim T, (A) < D?.
Proof. Since T),(A) € Mp(C) and dim M, (C) = D?, the result follows. O

Theorem 7.1.1.18 (Cumulative span stabilisation). If T,(A) = T,.,(A), then
T.(A)="T,(A) for every m > n.

m

Proof. [ Proof|If T, =T, ., then S, ., C T, . Left-multiplying any element of S, by A’ gives
an element of S, ,, so S, ., € T, ., = T,. By induction, S,, C T,, for every m > n, hence
T, =T,. O

Theorem 7.1.1.19 (Dimension growth). IfT,(A) #T,,,(A), then dim T, ,(A) >
dim T, (A).

Proof. [/ Proof] The inclusion T}, < T, ,; from Lemma 7.1.1.16, together with T,, # T, ,,, gives
strict subspace inclusion and hence strict dimension growth. O

Lemma 7.1.1.20 (Word span characterises block injectivity). One has S;(A) =
Mp(C) if and only if A is L-block injective.

Proof. Both conditions assert that the span of all products of length L equals M,(C). O

Theorem 7.1.1.21 (Positive-length propagation of block injectivity). [Lean] [Lean| [Lean] [V Stmt]
For every n,

S41(A) = spanc {A'HESS, (A).

Consequently, if L > 0 and A is L-block injective, then A is m-block injective for every m > L.
This auziliary length-shift statement combines the block-injectivity discussion in [CPGSV16,
Section II] with [CPGSV16, Appendiz C.3, Lemma LJ; it is not stated there as a separate lemma.
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Proof. [/ Proof| Every word of length n + 1 factors into its first letter and a word of length n,
which proves the displayed equality by bilinearity. Write L = n + 1. Since S, (A) = M(C), one
has S,,(A) < S;(A). Hence

Mp(C) = S, (A) = spanc {A}( S, (A) < spanc{A"}1S,(A) = S (A).

Iterating this implication gives S,,(A) = M (C) for every m > L. O

7.2 Nonzero trace product

Theorem 7.2.1 (Cumulative span reaches M, (C)). [/ Stmt] Let D > 0. If A is normal,
then Tp2(A) = Mp(C). This cumulative estimate supports the proof of [SPGWC10, Lemma 1];
it is not a conclusion of source Theorem 1.

Proof. [/ Proof] This is Theorem C.2.4. O

Theorem 7.2.2 (Cumulative span reaches M (C) — sharp bound). Let D > 0.
If A is normal, then Tpe_ gy (A) = Mp(C), where d’ = dimS;(A) = kr(A). This is the
cumulative-span estimate used to prove the sharp trace conclusion in [SPGWC10, Lemma 1].

Proof. [/ Proof|If T, (A) # T,,.1(A), then the dimension strictly increases. Since S;(A) C T;(A)
and dim S;(A) = d’, one has dim T} (A) > d’. After at most D? — d’ additional strict-growth
steps, the dimension reaches D? = dim M ,(C). Stabilisation before reaching Mp,(C) contradicts
normality. Hence Tpa_ g1 (A) = Mp(C). O

Theorem 7.2.3 (Eigenvector extraction for an MPS tensor). The conclusion of
Theorem [LTC26, “Eigenvector extraction from a full cumulative span”] holds for the matriz
family of an MPS tensor whenever its cumulative span at level N is the full matrixz algebra.

Proof.
Apply the finite-family theorem to the matrices of the tensor. O

Theorem 7.2.4 (Sharp nonzero trace product for a primitive channel). Let D > 0,
suppose Zi(Ai)TAi =1, and assume that A is primitive in the sense of Definition 7.1.1.3. Then
there is a word w with

1< |w| < D? —kr(A) +1,
tr(A") # 0.

This is the sharp trace conclusion of [SPGWC10, Lemma 1].

Proof. Theorem 7.1.1.13 gives eventual full Kraus rank, hence normality. Put b =
D? — kr(A) + 1 and let V,, be the span of A¥ with 1 < |w| < n. Then S;(4) C V;, so
dimV; > kr(A). If V,, =V, for some n > 1, then V,, is closed under left multiplication by
every A*. It therefore contains every positive-length word product; normality forces V,, = M (C).
Thus, until the full matrix algebra is reached, the dimensions increase strictly, and the bound on
dim Mp(C) gives V;, = Mp(C). Express 1 as a linear combination of the positive-length words
defining Vj,. Since tr(1) = D # 0, at least one has nonzero trace. O

Theorem 7.2.5 (Sharp nonzero trace product). [v Stmt| Let D > 0. If A is normal, then
there exists a word w of length at most D? — kr(A) + 1 such that tr(A%) # 0. This normality
variant has the same sharp length bound as [SPGWC10, Lemma 1]; the source hypotheses are
stated in Theorem 7.2.4.
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Proof. By Theorem 7.2.2, the identity 1 lies in Tp2_41(A) and is therefore a linear
combination of word products of length at most D?> —d’ + 1. At least one such product has
nonzero trace. O

Theorem 7.2.6 (Sharp nonzero trace product — positive length). If A is normal
and D > 1, then there exists a word w of positive length 1 < |w| < D? —kr(A) + 1 such that
tr(AY) # 0. This strengthens Theorem 7.2.5 by requiring |w| > 1, a feature needed for the
blocking argument in the general Wielandt bound below.

Proof. [/ Proof| Define the positive-level cumulative span V,, = span.{A" : 1 < |w| < n}. The
same stabilization-or-strict-growth dichotomy shows Vpa_y. .y = Mp(C): if V,, stabilises and is
not Mp(C), then V,, is closed under left multiplication by each A%, so Sy(A) CV, # Mp(C) for
every N > 1, contradicting normality. Since Vpe_y; = Mp(C), the identity 1 lies in Vpe_y
and is therefore a linear combination of word products of positive length. At least one such
product has nonzero trace because tr(1) = D # 0 for D > 1. O

7.3 Eigenvector spreading

Definition 7.3.1 (Cumulative vector span). Given an MPS tensor A and a vector
© € CP, the cumulative vector span is

K7L<A7 (P) = span@{Aw@ : |’LU| < n} - (I:D,
This is [SPGWC10, proof of Lemma 2(a)].

Theorem 7.3.2 (Eigenvector spreading). Let A be a normal MPS tensor and let
Alo = pp, where p # 0 and ¢ # 0. Then Kp_ (A, @) = CP. This cumulative form supplies
the dimension-growth step in [SPGWC10, Lemma 2(a)].

Proof. The vector span K, is monotone and dimK, < D. If K,, = K, for some
n < D — 1, the span stabilises by Theorem C.2.7. But Tp2(A) = Mp(C) by Theorem 7.2.1, so
Lemma C.2.8 gives Kp2 (A, ) = CP, contradicting early stabilisation. Hence dim K,, grows by
at least 1 at each step, reaching D by step D — 1. O

Theorem 7.3.3 (Fixed-length eigenvector spreading for a primitive channel). Let
D > 0, suppose Zi(Ai)TAi =1, and assume that A is primitive in the sense of Definition 7.1.1.3.
If o+ 0, u+# 0, and Alop = up, then Hy (A, @) = CP. This is [SPGWC10, Lemma 2(a)].

Proof. Proposition 3, in the form of Theorem 7.1.1.13, gives eventual full Kraus rank
and hence normality. The cumulative spaces K, (4, ¢) cannot stabilise below C?, because every
matrix eventually lies in an exact word span. Their dimensions therefore reach D by n =D — 1,
giving K, ;(A,¢) = CP. Finally, the eigenvector relation pads every shorter word to length
D — 1 by a nonzero power of p, so K, 1(4,¢) = Hp_1(4, ). O

7.4 Quantum Wielandt bounds

Section C.3 proves the one-step augmentation facts used in cases (2) and (3). The blocking
identities used in the general case are proved in Section C.4.
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Remark 7.4.1 (Explicit blocking-length estimates). [/ Stmt| Theorem 7.2.1 gives the D? cumulative-
span bound. The full-rank index bound t(A4) < (D? —d’ + 1)D? ([SPGWC10, Theorem 1,
case (1)]) is proved in Theorem 7.4.8 below. The left-canonical normal blocked-injectivity es-
timate D* is proved below in Theorem 7.5.5. A sharper 3D° canonical-form block-separation

estimate, developed in the full blueprint, combines this D* estimate with the direct-sum argu-
ment of [PGVWCO07].

Theorem 7.4.2 (Wielandt case (2), one-step invertible element). Let A be an MPS
tensor with bond dimension D > 1, satisfying Zi(Ai)TAi =1, and suppose that A is primitive
in the sense of Definition 7.1.1.5. If S;(A) contains an invertible matriz X, then

SDLkr(A)H(A) = Mp(C). (7.2)

In the terminology of [SPGWC10], this is the case where the first application space S;(A) contains
an invertible operator. This is the exact word-span form of [SPGWC10, Theorem 1, case (2)].

Proof. [/ Proof] Adjoin X as an extra first Kraus operator, obtaining A. Theorem 7.1.1.13 gives
normality of A, hence normality of Z, the Kraus rank and all exact word spans are unchanged.
The first Kraus operator of A is invertible, so Theorem C.3.5 gives SDz—kr(Z)+1(;4v) = Mp(C).
Transfer this equality back to A. O

Corollary 7.4.3 (Wielandt case (2), index bound). Under the hypotheses of The-
orem 7.4.2, one has 1(A) < D?* —kr(A) + 1, where t(A) = min{n > 1: S, (A) = My(C)}.

Proof. The word-span equality (7.2) gives an admissible value in the defining minimum
for ¢(A). O

Lemma 7.4.4 (Rank-one extraction from a non-invertible eigenvector). [Lean| [Lean] [V Stmt| Let
A be a normal MPS tensor with bond dimension D > 1. Suppose that a Kraus operator A% is
non-invertible and that there exist a nonzero vector ¢ € CP and a nonzero scalar y such that

Alop = . Then, for every ¢ € CP, |p)¢| € Spa_p.1(A).

Proof. [/ Proofl Let £(M) = A% M, and choose 7 so that £" annihilates the generalized zero-
eigenspace of £; equivalently, range(£") is its stabilized nonzero-spectral part. The dimension-
growth argument gives a level n, for which

(A%)"S,, (A) = {(A")"M : M € Mp(C)}.

Since A%y = pp and p # 0, iterating gives (A%) "¢ = u"p and hence ¢ = u "(A)"p €
range((A%)"). Therefore, for every 1 € CP, |p)v| € S, +ng (4). The corresponding Fitting-index
estimate gives 7 +ny < D*> — D + 1. Since

APo|p)y| = [AfopXy| = ploXvl,

one has |p)¢| = ptA%|p)p|. Thus |p)| € S, (A) implies |p)Y| € Sy,1(A), because left
multiplication by A% maps S, (A) into Sy, (A). Iterating from k = r + ny and using r + ny <
D? — D +1 gives |pX¢)| € Sp2_pi1(A). O

Theorem 7.4.5 (Sharp rank-one extraction for a primitive channel). Let D > 0,
suppose Zi(Ai)TAi = 1, and assume that A is primitive in the sense of Definition 7.1.1.3.
Suppose A% is not invertible and A'op = up with ¢ # 0 and p # 0. Then, for every 1) € CP,

X € Spa_pi1(A).
This is the quantitative rank-one conclusion of [SPGWC10, Lemma 2(b)].
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Proof. Theorem 7.1.1.13 first gives normality. Apply the Fitting decomposition to left
multiplication £(M) = A% M. Choose r so that £ kills its generalized zero-eigenspace. Dimen-
sion growth then gives n, with

(A%)"S,, (A) = {(A")"M : M € Mp(C)},
r+mnyg<D?—D+1.

Since (A%)"p = p"p and p # 0, the vector ¢ lies in the range of (A%)". Hence |p)1)| €
Syin, (A) for every 1. The identity |} ¢| = Lt Alo|p)ap| pads this element to the exact length
D?*—D+1. O

Theorem 7.4.6 (Wielandt case (3), one-step non-invertible element). [V Setmt| Let A be
an MPS tensor with bond dimension D > 1, satisfying Zi(Ai)TAi = 1, and suppose that A is
primitive in the sense of Definition 7.1.1.3. If S;(A) contains a non-invertible matriz X with a
nonzero eigenvalue, then Sp2(A) = Mp(C). More explicitly, it is enough to have X ¢ = up with
© # 0 and p# 0. In the terminology of [SPGWC10], this is the case where the first application
space S(A) contains a non-invertible operator with a nonzero eigenvalue. This is the exact
word-span form of [SPGWC10, Theorem 1, case (3)].

Proof. [/ Proof] Theorem 7.1.1.13 gives normality. Adjoin X as an extra first Kraus operator. The
augmented tensor remains normal and has the same exact word spans as A. The eigenvector
relation for X is now a one-generator eigenvector relation. The eigenvector-spreading argument
gives full fixed-length vector span by length D—1, and Lemma 7.4.4 gives the rank-one operators
|o)X| at length D? — D+1. Multiplying these two fixed-length spans gives Sp,. for the augmented
tensor, hence for A. O

Corollary 7.4.7 (Wielandt case (3), index bound). Under the hypotheses of The-
orem 7.4.6, one has 1(A) < D?.

Proof. The equality Sp2(A) = M (C) gives an admissible value in the defining minimum
for (A). O

Theorem 7.4.8 (Wielandt’s inequality — general bound). Let A be a normalized
MPS tensor with D > 0, Zi(Ai)TAi = 1, that is primitive in the sense of Definition 7.1.1.5.
Then

L(A) < (D? —ke(A) +1)D2,

where t(A) = min{n > 1: S, (A) = Mp(C)} is the full-Kraus-rank index. This is [SPGWC10,
Theorem 1, case (1)].

Proof. Theorem 7.1.1.13 gives normality. By Theorem 7.2.4, there exists a positive-length
word w with |w| < D? —d’ 4+ 1 and tr(A*) # 0, where d’ = kr(A). The matrix A* has nonzero
trace, hence a nonzero eigenvalue p and eigenvector ¢ by Theorem [LTC26, “Nonzero trace
implies eigenvector”]. Set n = |w| and let B = A"l be the blocked tensor. Then B is normal by
Theorem C.4.1, and the encoding of w as a single block index gives Bl = AY.

1. If A" is invertible, then Sp2(B) = Mp(C), whence Spe,,(A) = Mp(C).

2. If A" is non-invertible, then the eigenvector ( spans a proper subspace, and the rank-one
extraction argument gives Sp2(B) = M (C), whence Sp2,,(A) = My (C).
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In the invertible case, the invertible Kraus operator B% allows direct dimension growth, giving
Sp2_py1(B) = Mp(C), where kg = kr(B). In the non-invertible case, the bound Sp2(B) =
Mp(C) follows from tracking indices through the rank-one extraction argument of [SPGWC10,
Lemma 2(b)]; the separate blocked support construction in Theorem C.4.6 does not supply this
explicit bound. In both cases, t(A) < D?n < D?*(D? —d’ +1). O

Remark 7.4.9 (Quantitative and qualitative Wielandt bounds). The quantitative bound
t(A) < (D? —d’ +1)D? is cited from [SPGWC10, Theorem 1, case (1)]. The later Fundamental
Theorem needs only the qualitative conclusion Sy (A) = Mp(C) for some N. The blocked
construction in Theorem C.4.6 supplies this conclusion directly from normality; the explicit
index bound is not needed there.

7.5 Fixed-length matrix spanning

The preceding sections establish the cumulative-spanning part of the Lemma 2(a) argument
from [SPGWC10]: eigenvector spreading gives a cumulative vector span K, ;(4,¢) = CP. The
next stage is to pass to a span at one fixed length, namely to find n, such that S, (A) = Mp(C)
(i.e. word products of ezactly one length span all matrices). The product-span facts used here
are proved in Section C.1; the blocked fixed-length construction is in Section C.4.

Lemma 7.5.1 (Eigenvector padding). Suppose Ao = o with u # 0. Then
K, (A, p) = H,(A,¢) for every n. In particular, if K, (A, ) = CP, then H, (A, ) = CP.

Proof. [/ Proof] Any word w with |w| < n can be padded to exact length n by appending k = n—|w|
copies of the index i,. The eigenvector relation gives A5 = kAo, so the padded vector is
a nonzero scalar multiple of the original. Hence every generator of K, lies in H,. The reverse
inclusion H,, < K,, is immediate. O

Theorem 7.5.2 (Fixed-length vector spanning implies matrix spanning). Assume:
1. H,(A,p)=CP (length-n word products applied to @ span all of CP), and
2. for each standard basis vector e;, the rank-one operator |p)e,| lies in S, (A).
Then S, ,,(A) = Mp(C).
Proof. [/ Proof] Fix a matrix unit £,;. By hypothesis (1), there exists M, € 5,,(A) with M;p = e,.
By hypothesis (2), |¢)e,;| € S,,(A). Their product satisfies
Mz'|90><€j| = |Mz'90><ej| = |€i><ej‘ = Eij'

Lemma C.1.1 therefore gives E;; € S,,,,,(A). Since the matrix units span Mp(C), S,,,,,(A) =
Mp(C). O

Lemma 7.5.3 (Block injectivity and blocked-tensor injectivity). A tensor A is
L-block injective if and only if its L-blocked tensor AX! is injective.

Proof. The blocked physical alphabet is a reindexing of words of length L. Decod-
ing blocked indices therefore identifies the two spanning families, and hence the two injectivity
conditions are equivalent. O

Lemma 7.5.4 (Blocking transfer). [V Semt) If the blocked tensor A satisfies S, (AF)) =
Mp(C), then S,,;(A) = Mp(C). In particular, A is L-block injective if and only if A is one-site
injective.
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Proof. By the blocked-tensor definition (2.13), each length-n word in the blocked al-
phabet {0,...,d" — 1} decodes to a length-nL word in the original alphabet {0,...,d — 1}, so
S, (A € S, (A). For n = 1, the d” blocked letters are indexed by the length-L words of A,
giving S, (AF) = S, (A), which proves the stated equivalence. O

Theorem 7.5.5 (Bounded injective blocking for left-canonical normal tensors). Let
A be a left-canonical normal MPS tensor with bond dimension D > 0. Then there is a positive
blocking length L < D* such that the blocked tensor A is one-site injective.

This is the blocked-injectivity form of the quantum Wielandt input used in the Fundamental
Theorem for translation-invariant tensors. It corresponds to the statement in [CPGSV16, Sec-
tion II] that every normal tensor becomes injective after at most D* blockings, using the index
estimate of [SPGWC10, Theorem 1]. The left-canonical/trace-preserving hypothesis is included
because this is the canonical-form context in which the blocked-injectivity input is used.

Proof. Normality is eventual full Kraus rank, so Theorem 7.1.1.13 gives paper primitivity.
Theorem 7.4.8 then yields

L(A) < (D? —kr(A) +1)D2.

Trace preservation gives a nonzero Kraus operator, hence kr(A4) > 1 and the right-hand side is
at most D*. Set L = 1(A). By definition, L > 0 and S, (A) = M, (C). Lemma 7.5.4 identifies
the latter equality with one-site injectivity of AF. O

Theorem 7.5.6 (Exact quantum-Wielandt blocking length). Let A be a left-
canonical normal MPS tensor with bond dimension D > 0. Then Spi(A) = Mp(C); equivalently,
A is D*-block injective.

Proof. [/ Proof| Choose L with 0 < L < D* and S, (A) = M,(C), and write D* = L + k.
Induction on k, using positive-length propagation at each step, gives S; ;. (A) = Mp(C). O

Theorem 7.5.7 (Common exact block-injectivity length). [V Stmt| Let (Aj)gzl be a finite
family of positive-bond-dimension, left-canonical normal tensors. There is a positive integer L
such that every A; is L-block injective.

Proof. Apply Theorem 7.5.5 to each block. The product of the finitely many positive
lengths is a common positive multiple, and exact block injectivity persists under positive multi-
ples. O

Corollary 7.5.8 (Uniform injective blocking for separated normal-canonical families).
Let (A,) cx be a finite separated normal-canonical family whose blocks have positive

virtual bond dimension. Then there is a positive integer L such that every blocked tensor ALCL}
is one-site injective. The same conclusion holds simultaneously for two finite separated normal-
canonical families whose blocks have positive virtual bond dimension.

Here the family is a basis of normal-canonical representatives in the sense of Definition 8.9.1.2;
the blocks are distinct and the weight moduli are non-increasing but need not be strictly ordered.
The representative family is assumed to have been selected; this statement does not reconstruct
the full CPSV sector decomposition with repeated copies inside one sector. This scope restriction
is recorded in [con26b].

Proof. Apply Theorem 7.5.5 to each block. Taking the product of the finitely many
resulting positive blocking lengths gives a common positive multiple, and injectivity persists
under positive further blocking. O
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Remark 7.5.9 (Quantitative and blocked rank-one arguments). The quantitative rank-one
statement of [SPGWC10, Lemma 2(b)] is Theorem 7.4.5. Theorem 7.5.2 turns that rank-one
conclusion and fixed-length vector spreading into matrix spanning. Section C.4 also proves
a separate blocked construction, Theorem C.4.6, which first extracts a rank-one operator in
a blocked tensor and then applies the fixed-length matrix-spanning argument; its fixed-length
conclusion is a consequence of its normality hypothesis, not the quantitative statement of source
Lemma 2(b).

Remark 7.5.10 (Use of the quantum Wielandt theorem in the Fundamental Theorem). The
cumulative estimate Tp2(A) = Mp(C) in Theorem 7.2.1 supports the proof of Lemma 1; it is
not a conclusion of source Theorem 1. The source theorem instead bounds the first positive IV
for which Sy(A) = Mp(C). This exact-length statement matches injectivity of I', and passes
through blocking by Lemma 7.5.4.

The blocked normality and rank-one constructions used below are proved in Section C.4.

7.6 Primitive MPS tensors

Definition 7.6.1 (Primitive MPS tensor). [v stmt] Assume D > 0. A tensor A together
with a matrix p € Mp(C) is primitive if

> (aniai=1,

K2

p=0, p#0,  Ealp)=p,
pspec(gA _P) < 17

where P is the fixed-point projection associated to p. When the choice of p is irrelevant, we
simply say that A is a primitive MPS tensor. This condition combines a complementary spectral
gap with a nonzero positive semidefinite fixed point. It is not the paper definition in Defi-
nition 7.1.1.3, which is the uniform spreading condition (7.1). With the additional hypothesis
p > 0, the complementary-gap condition implies strong irreducibility and hence paper primitivity
by Theorem 7.1.1.13.

7.7 Primitivity and normality

Throughout this section, primitivity means the condition of Definition 7.6.1: the tensor is in TP
gauge, it has a nonzero PSD fixed point, and the complementary map has spectral radius < 1.

7.7.1 From primitivity to normality

The primitivity condition of Definition 7.6.1 combines TP normalization, a nonzero PSD fixed
point, and a complementary transfer-map gap. It is connected to normality through the following
results.

Remark 7.7.1.1 (Complementary-gap and paper primitivity). Definition 7.6.1 assumes TP
normalization, a nonzero positive semidefinite fixed point p, and py,..(£4 — P,) < 1. Without
p > 0, these hypotheses do not imply irreducibility or normality; for example, a fixed point
supported on diag(1,0) need not see the complementary invariant subspace.

If p > 0, the transfer map is irreducible and the complementary gap gives peripheral spectrum
{1}. Thus the tensor is strongly irreducible in the sense of Definition 7.1.1.6. Proposition 3 then
gives uniform spreading and eventual full Kraus rank. This implication compares the two notions;
it does not identify Definition 7.6.1 with the paper definition.
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7.7.2 Primitive implies irreducible

Lemma 7.7.2.1 (Primitive tensors with positive-definite fixed point are irreducible).
If A is a primitive MPS tensor with PSD fixed point p and p is positive definite, then
A is an irreducible tensor. This is part of [SPGWC10, Proposition 3] (see also [CPGSV16,
Section 2.3]).

Proof. [/ Proof] By contrapositive. Assume A has an invariant projection P (P # 0, P # 1,
(1 — P)AP =0 for all i). Set o = PpP.

1. Invariance of o under £ : the projection relation (1—P)A*P = 0 implies (1—P)E% (o) =0
for all n (by induction on n).

2. Convergence: By Lemma C.5.6, &' (0) — ';;((Z;p Hence (1 — P) zzg‘;gp = 0.

3. Nonzero scalar: Since P # 0 and p is positive definite, tr(PpP) > 0, so :?EZ; =+ 0. Therefore
(1—-P)p=0.

4. Contradiction: Since p is positive definite, it is a unit in M (C). From (1 — P)p = 0 we
get 1 — P =0, i.e. P =1, contradicting P # 1.

O

7.7.3 From irreducibility to full spanning via Burnside’s theorem

The irreducibility condition (Definition 8.1.1.1) is formulated in terms of invariant projections.
For Burnside-style arguments it is more natural to work with invariant subspaces of C” under a
finite matrix family.

Definition 7.7.3.1 (Algebra span). For a finite matrix family A, let alg(A4) be
the unital C-subalgebra of M, (C) generated by the matrices {A*}¢}l: alg(A) = C(A : i =
0,..,d —1) C Mp(C).

Definition 7.7.3.2 (Invariant submodule). [/ stmt] A subspace W < CP is A-invariant if
AW C W for every i.

Definition 7.7.3.3 (Irreducible action). The matrices in A act irreducibly on CP
if every A-invariant subspace is trivial, i.e. equal to 0 or to CP.

Theorem 7.7.3.4 (Irreducible tensor implies irreducible action). If A is irre-
ducible as a tensor (Definition 8.1.1.1), then the Kraus operators act irreducibly on CP (Defini-
tion 7.7.3.3).

Proof. Let W < CP be an A-invariant subspace. In finite dimension the orthogonal
projection P onto W exists. Invariance of W implies (1 — P)A*P = 0 for all . Thus P is
a nontrivial invariant projection unless W = 0 or W = CP, contradicting irreducibility of the
tensor. O

Theorem 7.7.3.5 (Burnside’s theorem for matrix algebras). Assume D > 0.
If A acts irreducibly on CP, then the generated unital subalgebra is the full matriz algebra:
alg(A) = Mp(C). This is the complex finite-dimensional case of Burnside’s theorem (equivalently,
Jacobson’s density theorem); see [Jac09].
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Proof. [ Proof| Identify alg(A) with its image under the algebra equivalence M, (C) ~¢ Endg(CP).
The irreducible-action hypothesis makes C” a simple module for this algebra. Over the alge-
braically closed field C, Schur’s lemma identifies the endomorphisms commuting with the ac-
tion with scalars, and Jacobson density then forces the action map to be surjective onto all of
End(CP). O

Remark 7.7.3.6. [/ Stmt] This Burnside/Jacobson-density step is a substantial external algebraic
ingredient in the chapter. We use it here as the finite-dimensional complex Burnside theorem,
namely the statement that an irreducible matrix algebra action already generates the full endo-
morphism algebra.

7.7.4 From primitivity to strong irreducibility and normality

The results in this subsection remove the one-step padding assumption from the normality conclu-
sions. They connect primitivity in Definition 7.6.1, formulated via a complementary transfer-map
gap, directly to normality (eventually full Kraus rank), using the convergence of the transfer-map
iterates to the projection onto the fixed-point subspace.

Lemma 7.7.4.1 (Primitive tensors with positive-definite fixed point are strongly irreducible).
If A is a primitive MPS tensor with positive-definite fixed point p, then it satisfies the
strengthened condition in Definition 7.1.1.6: € 4 is irreducible, the fixed point p is positive definite,
and the peripheral spectrum of €4 is {1}. The source clause is [SPGWC10, Proposition 3(c)];
the definition used here records irreducibility separately.

Proof. [/ Proof] Lemma C.5.7 gives irreducibility of £ 4. The complementary-gap hypothesis gives
peripheral primitivity directly: the only eigenvalue of modulus one is 1. Together with the
positive-definite fixed point p, these are exactly the three conditions in Definition 7.1.1.6. The
complementary-gap consequences are proved in Section C.5. O

Theorem 7.7.4.2 (Primitive MPS with positive-definite fixed point is normal). If
A is a primitive MPS tensor with positive-definite fized point p, then A is normal (has eventually
full Kraus rank). No identity-in-the-one-step-span condition is needed.

This connects the complementary-gap condition in Definition 7.6.1 directly to normality.

Proof. [/ Proof] By Lemma 7.7.4.1, A is strongly irreducible. Theorem 7.1.1.13 identifies strong
irreducibility with eventual full Kraus rank, hence with normality. O

7.8 Omne-step padding and exact word spans
Cumulative spanning, T (A) = Mp(C), is weaker than exact-length spanning S; (A) = Mp(C).

If 1 € S, (A), shorter words can be padded to a common length. Section C.6 proves this conversion
and records a counterexample without the one-step padding condition.

Theorem 7.8.1 (Homogeneous word-span propagation under normalization).
Suppose

D AiANt =1, (7.3)

and S;(A) = Mp(C). Then S,,(A) = Mp(C) for every m > L. Equivalently, L-block injectivity
propagates to every larger homogeneous length.

47


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.isStronglyIrreduciblePaper_of_isPrimitiveMPS_of_posDef
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.isNormal_of_isPrimitiveMPS_with_posDef
https://sirui-lu.com/TNLean/docs/find/#doc/Kraus.wordSpan_succ_eq_top_of_unital_of_wordSpan_eq_top
https://sirui-lu.com/TNLean/docs/find/#doc/Kraus.wordSpan_eq_top_of_ge_of_unital
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.isNBlkInjective_of_ge_of_unital

Proof. [/ Proof]If S,,(A) = Mp(C), then for every X € M, (C), substituting (7.3) gives
X = (Z Ai(Ai)T) X = 3 A((A)1X) € 8,(A)8,,(A4) C S,11(A).

Indeed, (A")TX € S, (A) because S, (A) = Mp(C). Thus S, ;(A) = Mp(C). Iterating this
implication gives the result for every m > L. O

Theorem 7.8.2 (Algebra span plus one-step padding implies normality). Ifalg(A) =
Mp(C) and 1 € S;(A), then A is normal.

Proof. Since alg(A) = Mp(C), the ascending chain condition for finite-dimensional sub-
spaces gives an N such that T (A4) = Mp(C). Apply Theorem C.6.5. O

Remark 7.8.3 (Normal canonical form avoids one-step padding). The identity-in-the-one-step-
span results in Section C.6 are needed only when cumulative spanning is upgraded to exact-length
spanning. The normal-canonical theory used later in Chapters 8-9 does not pass through this
step: it works directly with irreducible TP-normalized blocks whose blocked transfer maps are
primitive and, once the corresponding weighted block data are available, places them in normal
canonical form in the sense of [CPGSV16]. There are analogous cumulative-span lemmas for
blocked irreducible tensors and eigenvector-spreading arguments, but they are not needed for
the implication stated below.

7.9 Block injectivity from TP /primitive/irreducible blocks

Theorem 7.9.1 (TP-primitive irreducible tensor is injective after blocking). Let
A be a left-canonical MPS tensor with D > 0. Suppose that A is tensor-irreducible and that its
transfer map is primitive. Then there exists a positive blocking length L such that A" is one-site
injective.

Proof. If D = 1, trace preservation gives a nonzero one-site Kraus matrix, and every
nonzero scalar matrix spans M;(C). Hence A is one-site injective, so Lemma 2.4.3 gives the
positive witness L = 1. Suppose now that D > 2. Theorem 8.11.1.1 gives a block-injectivity
witness L. If L = 0, Corollary C.1.3 would force D = 1, a contradiction. Thus L > 0, and
the blocked-chain equivalence identifies this L-block injectivity with one-site injectivity of the
blocked tensor A, O

Remark 7.9.2. Blocking preserves normality by Theorem C.4.1, proved in Section C.4.
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Chapter 8

Canonical Form Reduction

This is the first of three chapters that together prove the Fundamental Theorem of matrix
product states. Here an arbitrary translation-invariant MPS tensor is reduced to a weighted
family of primitive blocks; Chapter 9 constructs the basis of normal tensors carried by those
blocks and compares their coefficients, and Chapter 10 proves the theorem itself. The reduction
follows [PGVWCO07], [CPGSV16], [CPGSV21], and [Wol12, Chapter 6]. Its goal is to expose the
primitive blocks inside the tensor. The transfer operator of an arbitrary tensor can be reducible
and periodic. The reduction first splits invariant subspaces. For each irreducible trace-preserving
block, it then powers the transfer map, extracts the adjoint-fixed cyclic projections, compresses
to their corners, and proves that each corner is primitive and tensor-irreducible. The blocks
are returned in a fixed gauge. The periodic decomposition theorem of [PGVWCO07, Theorem 5]
gives p translated p-periodic state summands when p | N and a zero state otherwise. We
state this fixed-length decomposition below before using its blocked cyclic-sector counterpart in
Theorem 8.3.1.1.

Definition 8.1 (Periodic projector-component chain). [Lean| [Lean] [Lean] [ Stmt|Let A = (Ai)‘ii;o1
have bond dimension D, let (Q,),cz/pz be cyclic projections, and fix a starting sector u. For

each 0 < j < N, the corresponding chain of length IV has local matrices
B”LL.L,j = QquinQqujJrl? (81)

where sector indices are read modulo p. It has the same bond dimension D as A and repeats
with period p.

Theorem 8.2 (Boundary traces and component-chain coefficients). [Lean| [Lean] [V Stmt| Suppose
that the orthogonal projections satisfy > Q, = 1 and Q,A" = A'Q, ;. For a word o =
(igy--sin_1), define the boundary product

Fu (U) = QuAioQqulAil Qu+N71AiN71Qu+N‘ (82)
At every length N > 0,

Vi), = Y twF, (o) (8:3)

ue’l/pZ

If N > 0, then tr F,,(0) is the coefficient of the explicit component chain from Definition 8.1. At
N =0, the boundary product is F,,(0) = Q,,, so

tr(l) = Y tr(Q,). (8.4)

ueZ/pZ
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This is not the sum of the ordinary empty component-chain coefficients: an empty chain evaluates
to 1 and does not retain its starting projection.

Proof. [ Proof] The cyclic relation and orthogonality give F, (o) = Q, A% -+ A'~-1. Hence

tr(Afo ... Ain-1) = tr < (Z Qu> Alo --~A1N1> = Z tr F, (o). (8.5)

For N > 0, multiplying the local matrices in (8.1) gives F,, (o), proving the coefficient identity.
For N = 0, the same trace calculation reduces to (8.4). O

Theorem 8.3 (Normalized periodic state-vector decomposition). [Lean] [Lean| [Lean] [V Stmt] This
is a normalized form of the state-vector conclusion in [PGVWCO7, Theorem 5]. Let A be an
irreducible left-canonical temnsor whose peripheral transfer spectrum is the set of p-th roots of
unity. If p | N, there are orthogonal cyclic projections (Qy)yez/pz Such that 3 Q, = 1,
QA" = A'Q v, and Q.. = Q. For every ring length N > 0, its coefficients satisfy the
boundary-aware decomposition

VIM(A), = Y trF,(0). (8.6)
ue’l/pZ

For N > 0, this becomes the source’s decomposition into the p explicit component chains:

VINA) = Y [VIV(B,)). (8.7)

uel/pZ

Fach B, is a p-periodic MPS of bond dimension D with local matrices given by (8.1). At N =0,
(8.6) instead uses the boundary traces tr(Q,,) from (8.4); it does not identify them with ordinary
empty-chain coefficients. If p } N, then [VIN)(A)) = 0.

Proof. Choose the cyclic projections supplied by periodicity. If p | N, then Q,,n =
Q,,, and Theorem 8.2 gives (8.6) at every length. For N > 0, the explicit component-chain
decomposition follows by inserting Zu @, = 1 and multiplying the local corner matrices; this
proves (8.7). The separate coefficient identity in Theorem 8.2 identifies its summands with the
boundary traces. If p } N, then Q,,n # @,; cyclicity of the trace and orthogonality give
tr F,,(0) = 0 for every u and o. O

Two normalizations appear. The unital orientation ), Al (AD)T =1 is used in [PGVWCO07,
Theorem 4]; the trace-preserving (left-canonical) orientation Z:Z(A;C)TA}C = 1 is used in the
TP-gauge and after-blocking reductions below. They exchange under the conjugate-transposed
Kraus family K; := (A%)T, whose transfer map is the Frobenius adjoint of & 4.

8.1 Invariant-subspace decomposition and irreducible blocks

The block decomposition rests on one principle: a positive semidefinite fixed point of £, that
is not full rank has a proper invariant support, which block-diagonalizes the Kraus operators
without changing the MPV family. Iterating the resulting splitting decomposes any tensor into
irreducible blocks.

Lemma 8.1.1 (Lower-triangular Kraus condition implies corner invariance). Let
A be an MPS tensor and let P be an orthogonal projection. If (1— P)A*P = 0 for every physical
index i, then PE ,(PXP)P = & 4(PXP) for every X € M, (C).
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Proof. [/ Proofl Expand the transfer map using (2.4) and use (1 — P)A'P = 0 to reduce each
Kraus term to the P-corner. O

Theorem 8.1.2 (Invariant projection gives a two-block decomposition). Suppose
P is an orthogonal projection satisfying (1 — P)A'P = 0 for every physical index i. Then there
exist n,m with n +m = D and MPS tensors A, Ay of bond dimensions n and m such that A
and the two-block tensor A; ® A, generate the same MPV family in the sense of Definition 2.3.3.

Proof. [/ Proof| Diagonalize P by a unitary U. Since P? = P, the diagonal form of P has only
0- and 1-eigenvalues, so the basis splits as n +m = D. Conjugating A by U preserves the MPV
family by Theorem D.1.1. In this basis the relation (1 — P)A*P = 0 makes each letter upper
block triangular. Write the conjugated letters as

i Ali *
B‘(o Aé)'

Since B%i --- B~ is again upper block triangular, its trace satisfies
tr(Bi1 - BiN) = tr( A - AY) + tr(AZ - A, (8.8)

Hence the block-diagonal tensor A; @ A, has the same MPV coefficients as the conjugated
tensor. O

Definition 8.1.3 (Invariant projection condition). [v stmt] An MPS tensor A has an invari-
ant projection if there exists an orthogonal projection P with P #£ 0, P # 1, and (1— P)A*P =0
for all 7. A tensor is irreducible if it has no nontrivial invariant projection (Definition 8.1.1.1).

Theorem 8.1.4 (PSD fixed point gives invariant projection). Let p > 0 be a fized
point of € 4, and let P be its support projection. Then (1 — P)A*P = 0 for all i: the range of P
is invariant under every A'.

Proof. From &€,(p) = p and positivity of each summand A’p(A"), one gets (1 —
P)A’p(A")t(1—P) = 0 for each i. Since p is supported on the range of P, this forces (1—P)A'P =
0.

This is the finite-dimensional case of [Wol12, Proposition 6.10]: the support projection of any
stationary state is sub-harmonic. The equivalence between irreducibility and absence of nontrivial
invariant projections is [Wol12, Theorem 6.2]; see also [CPGSV21, Section IV.A.1]. O

Theorem 8.1.5 (Two-block decomposition). [v semi] If £ 4 has a nonzero PSD fixed point
p that is not positive definite, then there exist MPS tensors A;, Ay of smaller bond dimensions
with V(A) = V(A; @ A,).

Proof. The support projection P of p is neither 0 nor 1, since p # 0 and p is not positive
definite. Theorem 8.1.4 gives (1 — P)A*P = 0, so a unitary change of basis diagonalizing P puts
A% in upper-triangular block form with diagonal blocks B%,, Bi,. Theorem D.1.1 preserves the
MPV under the conjugation, and the trace identity (8.8) shows that deleting the off-diagonal
blocks preserves all MPV coefficients. O

8.1.1 TIterated reduction to irreducible blocks

Iterating the two-block splitting on bond dimension decomposes any tensor into irreducible
blocks; the remaining lemmas record the spectral facts about irreducible unital blocks and the
algebra-spanning input used later.
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Definition 8.1.1.1 (Irreducible tensor). [V stmt] An MPS tensor A is irreducible if it has

no nontrivial invariant projection.

Theorem 8.1.1.2 (Trreducible block decomposition). [V Stmt| Every MPS tensor A admits a
block-diagonal tensor @, _, Ay with each A, irreducible, V(A) = V(, A,,), and 22:1 D, =D.

Proof. By strong induction on D. If A is irreducible, take » = 1. Otherwise a nontrivial
invariant projection P gives the upper-triangular splitting of Theorem 8.1.5; deleting the off-
diagonal part preserves the MPV family and yields two blocks of strictly smaller bond dimension.
Apply the induction hypothesis to each block.

Both [PGVWCO07, Theorem 4] and [CPGSV21, Section IV.A.1] obtain the block decomposi-
tion by the same invariant-projection splitting. O

8.2 Nonzero blocks and the trace-preserving gauge

In an irreducible block decomposition some blocks may have all-zero Kraus operators. Such a
block contributes nothing to a matrix product vector at any positive length and is therefore
discarded. The structural direct-sum identity implies that the retained block dimensions satisfy
> « D < D without using an empty-word coefficient. Each retained block is then placed in the
trace-preserving gauge.

Theorem 8.2.1 (Blockwise TP-gauge normalization of irreducible blocks). Suppose
A generates the same MPV family as @2:1 By, where each B, is irreducible with at least one
nonzero Kraus operator. Then there are nonzero weights (p,)5._, and blocks (C)}._, such that,
for every N and every o,

ViN(4), = V) (@ Mkck> = ZH’IﬁVV(N)(Ck)U’ (8.9)
k=1 y k=1

each C,, is irreducible and left-canonical, Z:Z(C}C)TC;C =1, with positive bond dimension. This is
the blockwise form used in the arbitrary-tensor trace-preserving gauge below.

Proof. The Perron—Frobenius TP-gauge construction is applied to each irreducible block
using the gauge (5.3). Gauge equivalence preserves irreducibility and the MPV family, and the
positive scaling factors are absorbed into the weights p;,. O

8.2.1 Trace-preserving gauge for arbitrary tensors

Theorem 8.2.1.1 (TP-gauge reduction for arbitrary tensors). For any MPS tensor
A, there exist nontrivial blocks (By,)}._, with nonzero weights (p,)5_, each block irreducible, left-
canonical (Z:Z(B}C)TB}c = 1), and of positive bond dimension, such that, for every N > 1 and
every o,

VN (4) =y (@ uk3k> , (8.10)

k=1

and Z;Zl D, <D.
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Proof. Theorem D.1.3 supplies the nonzero irreducible blocks (Cy,)r_,, with VIN)(A), =
V(N>(@;:l C}), for every N > 1 and every o. Applying the Perron—Frobenius TP gauge (5.3)
to each C), gives a left-canonical block B, with weight 1, and

V(N) (@ Ck) = VW) (@ MkBk> .
k=1 k=1

The gauge preserves every block dimension, so the structural bound Zk D, < D is unchanged.
O

8.3 Blocking, period removal, and primitive blocks

Blocking by an integer p carries MPV equalities, weights, transfer maps, and identifications of
the blocked physical alphabet. For an irreducible trace-preserving block, powering first collapses
the peripheral eigenvalue set to {1}; the powered map can nevertheless split into several cyclic
corners. The reduction compresses to those corners and proves primitivity there. A later least-
common-multiple step places a finite family of the resulting sectors over one blocked alphabet.

8.3.1 Period removal by cyclic sectors

The period-removing blocking of [CPGSV16, Section 2.3] has four distinct steps. Power the
transfer map by its period, obtain the adjoint-fixed cyclic projections, compress to their corners,
and prove that each corner restriction is irreducible. Only then does the peripheral set {1} imply
primitivity of the sector maps. The cyclic projections come from [Woll2, Theorem 6.6].

Theorem 8.3.1.1 (Period removal by blocking). [V stmt| Let A be a left-canonical irreducible
tensor. Then there is a period-removing length m > 1 such that A admits:

1. left-canonical sector tensors (C},)", of nonzero bond dimension,

a unit-weight direct-sum MPV decomposition A™ ~ @Z;l Cy,
m

orthogonal projections (Py,)i", summing to 1 with & 4+ (Py) = Py,

commutation relations Py,(A™) = (AP, for every blocked letter i,

ot o R

the sector trace formula fck (o) = tr(Pk(A[m])"l (A[m])”N),

>

linear isomorphisms onto the compression corners ¢y, : Mgy, ¢, (C) = P,Mp(C)P,,

7. transfer-intertwining identities (€1 (X)) = &€ p,_awmyi (91(X)),
k

8. multiplicativity and adjoint compatibility ¢ (XY) = 0, (X)pe(Y) and ¢, (XT) = ¢, (X)T.

This is the cyclic-sector part of the period-removal step of [CPGSV16, Section 2.5]; the projections
P, come from the peripheral spectrum of the adjoint transfer map ([Woll2, Theorem 6.6]).

Proof. The peripheral cyclic-structure theorem identifies the period and its primitive
root. The cyclic decomposition of the adjoint transfer map gives projections (Py,) with & 4+ (Py1) =
P,. Tterating the cyclic relation m times gives (&€ 4+)™(P;,) = Py, and the blocked-transfer iden-
tity & amyr = (€ 41)™ identifies these with the adjoint transfer map of Al™. Apply the block
decomposition from adjoint-fixed projections. O
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Theorem 8.3.1.2 (Unconditional primitive blocked sectors). Let A be a left-
canonical irreducible tensor whose adjoint transfer map has peripheral spectrum {7 : 0 < j < m}
for a primitive mth root of unity v, with blocked cyclic-sector decomposition (C,)7 ,, (P,)m ,,
and linear isomorphisms @, : Mdimc‘“(q:) = P, Mp(C)P,. Assume explicitly that the P, are
orthogonal projections summing to 1 and satisfying & s+ (P,11) = P,, that each sector has nonzero
bond dimension, and that the compression maps satisfy

Pu ((E,CL (X)) = 5(PuA[m])T (‘pu(X))a
Pu(XY) = ¢, (X)e, (Y),
Pu(XT) = o, (X)T. (8.11)

Here P, Al™ denotes the blocked tensor with letters P, (A™)®. Then every sector tensor satisfies
0y9(Ec, ) = {1} and is tensor-irreducible.

Proof. [/ Proofl Theorem 8.4.3 gives irreducibility of (é’L)m on each corner P,. The compression
equivalences in (8.11) intertwine the adjoint transfer map of C,, with the corresponding corner

restriction of (52)’”. The peripheral spectrum of the blocked adjoint map is

ao((ET)™ = {(y)™ 0 < j < m} = {1}, (8.12)

because « is a primitive mth root of unity. Hence each nonzero irreducible corner restriction
is primitive. Primitivity and irreducibility are preserved across ¢, ; then use Theorem D.4.4 to
pass from the adjoint blocked map to the primal transfer map of C,,. O

Theorem 8.3.1.3 (Period removal with primitive irreducible sectors). Let A be a
left-canonical irreducible tensor. Then there is a period m > 1 and a unit-weight decomposition
of A" into sector blocks (CL)y, each of which is left-canonical, has primitive transfer map, is
tensor-irreducible, and has nonzero bond dimension. Equivalently, the cyclic-sector decomposition
of A" already satisfies the trace-preservation, primitivity, and irreducibility hypotheses needed
for the common-blocking step (Lemma D.5.5).

Proof. Left-canonicality makes K; := (A")" unital, irreducibility passes to the adjoint
map, and the quantum Perron—Frobenius theorem provides a positive-definite fixed point; the
cyclic peripheral-spectrum theorem and Theorem 8.3.1.1 then produce the cyclic-sector decom-
position. Keep the projections and compression equivalences, and apply Theorem 8.3.1.2 to the
sector blocks. O

Theorem 8.3.1.4 (Common blocking length for cyclic sectors). If two tensors
generate the same MPYV family at every positive length, then the cyclic-sector decompositions on
the two sides can be expressed at one common positive blocking length p. For every N > 1 and
every blocked o, each blocked tensor equals its powered nonzero part:

V(AP =y ) (@(M‘)P(Aj)[?g , (8.13)

J

k

yWN)(Blel) =y (@(ME)P(Bk)[P]> . (8.14)

The two powered nonzero parts agree:

v<N><@<u;‘>P<Aj>M> =y (@w&%mﬂﬂ) - (8.15)
k

J o
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Proof. Start from Theorem D.5.4. With p4, pp the least common multiples of the period-
removal lengths on the two sides, use p = lem(p,4, pg). The prescribed-common-multiple lemma
constructs both one-sided sector families at this length, and the positive-length blocking lemmas
carry the one-sided tensor/nonzero-part equalities over to the common alphabet, giving (8.13)
and (8.14). The two-sided blocking lemma applied to (D.16) gives (8.15). O

8.4 Cyclic-sector irreducibility

The powered map is analyzed corner by corner before the resulting sector families are placed
over a common blocked alphabet. The compression and common-alphabet identities are proved
in Section D.5.

Theorem 8.4.1 (Fixed-point upgrade on an invariant corner). [V Stmt| Let A have positive
bond dimension, suppose that €4 is irreducible, and assume Zi(Ai)TAi = 1. Let Q be an
orthogonal projection. If (€ 4+)™ preserves the corner QMp(C)Q, then

(Ea1)™(Q) = Q.

Proof. Choose a positive-definite fixed point p of £,. The weighted trace X > tr(pX)
is invariant under &£ 4+ and its powers. Corner preservation gives

Q—(€a)™(Q) = Q(£4)™(1 - Q)Q = 0.

The invariant weighted trace of this positive semidefinite difference is zero. Since p > 0, the
difference vanishes. O

Theorem 8.4.2 (Fixed-point algebra rigidity on cyclic sectors). Let A be an
irreducible MPS tensor with positive bond dimension and Zi(Ai)TAi = 1. Let (Py)rez/mz be
orthogonal projections such that

Zpk:]la Eat(Prp) = P
k

If X, Y € PLMp(C)P, are fized by (€ 4+)™, then
Ear(XY) = €41 (X)E 01 (V).

Proof. Irreducibility passes to the adjoint transfer map. The cyclic relation gives equality
in both Kadison—Schwarz inequalities:

Ear(P{Py) = €41 (P 41 (Py),
Ei(BB)) = €41 (P)E 4 (P
Hence every P, lies in the multiplicative domain, so for every Z,
Ear(PpZ) = Ea1(BL)E 41 (2),
Ear(ZPy) = Exi(Z)E o1 (By).
If X € P,Mp(C)P, is fixed by (€ 4+)™, then its orbit sum

3

Ry =) (£4)(X)
4

Il
(=}

is fixed by £4+. By Theorem 8.8.1, Ry = cl. Orthogonality of the cyclic sectors and the
multiplicative-domain identities give X = P, Ry P, = c¢P,. Similarly, Y = ¢’ P,. Since & 41 (FP,) =
P,._4, both sides of the required identity equal c¢’Py,_;. O
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Lemma 8.4.3 (Sector irreducibility for the adjoint blocked map). Let A be a left-
canonical irreducible MPS tensor with D > 0, let m be the period of its cyclic-sector decomposition,
and let (P,)", be the cyclic projections of the adjoint transfer map with & 4+(P,,,) = P, and
>, Pu=1. Then the restriction of (€ 41+)™ to each corner P,Mp(C)P, is irreducible.

u

Definition 8.4.4 (Primitive irreducible cyclic-sector decomposition). [/ stmt] A has prim-
itive irreducible cyclic sectors of period m > 1 if there is a family (C})7, with Al ~ @D, Cy
with unit weights, each C|, left-canonical, with primitive transfer map, tensor-irreducible, and of
positive bond dimension.

8.5 Translation-invariant canonical form

Definition 8.5.1 (Unnormalized positive-length PGVWCO07 witness). [V Stmt| An unnor-
malized positive-length PGVWCO7 witness for a tensor A consists of finitely many blocks (A4;)5_;
of positive bond dimensions and positive real weights (a;)},_,. Each block is unital, has only
scalar transfer-map fixed points, and has a diagonal positive-definite fixed point A, for the adjoint
transfer map. Moreover,

viN(4), =V (@ akAk) (N >0),
k=1

and the retained bond dimensions satisfy >, dim(A;) < D.

Theorem 8.5.2 (Construction of the positive-length PGVWCO7 witness). [Lean| [Lean] [Lean]
[Lean| [Lean| [/ Stmt] Every MPS tensor has an unnormalized positive-length PGVWCO7T witness.
More precisely, the construction has four stages. First, a nonzero irreducible block remains
irreducible under nonzero scalar rescaling and can be put in a unital gauge with scalar fixed-point
space and a diagonal positive-definite dual fixed point. Second, this construction is applied to each
member of a finite nonzero irreducible block family. Third, the nonzero irreducible decomposition
of an arbitrary tensor supplies that family and the total bond-dimension bound. Finally, these
blocks, weights, and fixed points form a witness in the sense of Definition 8.5.1.

Proof. Follow [PGVWCO07, Theorem 4]. The nonzero irreducible decomposition is ob-
tained by strict dimension induction. On a nonzero current block, Perron—Frobenius gives a
positive semidefinite eigenvector at a positive spectral radius. If it is singular, positivity makes
its support invariant: (1 — P)A’P = 0. After diagonalizing P, every letter is upper block
triangular and the finite-ring trace splits as

tr(Ail A1N> = tr(Ai1 A;N) + tI‘(A;1 A;N)

Discard all-zero blocks and repeat on the two strictly smaller diagonal blocks. This gives the
finite nonzero irreducible family of Theorem D.1.3.

For each retained irreducible block, divide by the square root of its positive spectral radius
and conjugate by the square root of its positive-definite Perron eigenvector. Theorem 5.5.4 gives
the unital identity

> ApApT=1.

Nonzero scalar rescaling preserves irreducibility. The proof passes from tensor irreducibility to
irreducibility of the matrix action, carries invariant subspaces through the gauge similarity, and
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returns to tensor irreducibility using Theorem 7.7.3.4 and Lemma C.2.2. Hence Theorem 8.8.1
makes every fixed point scalar. Theorem 8.10.2 then diagonalizes a positive-definite dual fixed
point by a unitary without changing unitality.

Apply this single-block construction to every member of the finite family. The square roots
of the block spectral radii become positive weights, gauge invariance preserves every positive-
length MPV coefficient, and the block dimensions are unchanged. Combining this blockwise
result with the initial decomposition yields the arbitrary-input unnormalized form and its bound
>, dim(Ay) < D. Together these conclusions give the structured witness. O

Theorem 8.5.3 (Finite normalization of a nonempty PGVWCO07 witness). [Lean| [Lean| [V Stmi]
Let W be an unnormalized positive-length witness with positive weights a;. If some positive-
length MPYV coefficient of the original tensor is nonzero, then W has at least one block. For any
nonempty witness, define

5:= max a,
1<k<r
a

vy = %
S

Then s > 0, every v, is positive, |v,| < 1, and |v,| =1 for at least one k. For every N > 0,

vIN(4), = sNV) (@ ykAk) . (8.16)
k

o

Proof. [/ Proof| If the witness had no blocks, its weighted block tensor would have zero MPV
coefficients at every positive length, contrary to the assumed nonzero coefficient. Thus r > 0.
Since the finite family (a;) is nonempty and every a, > 0, its maximum s is positive. The
definition v, = a;,/s gives 0 < v, < 1, and any maximizing index has v, = 1. Finally, a;, = sy,
for every k, so homogeneity of a length-N matrix product vector gives (8.16). O

Theorem 8.5.4 (Normalized exact form for a nonzero MPV family). Suppose that
VINI(A), # 0 for some N > 0 and some word o. Then there are a scalar s > 0 and a nonempty
finite family of positive-bond-dimension blocks (Ay),_, with positive weights (p)n_q such that
s tA and @k A have identical MPV coefficients at every positive length. The weights satisfy
|| < 1, with equality for at least one block, and

> AT =1,
D (A AAL = A, (8.17)

for a diagonal positive-definite matriz Ay,. Every fized point of &4, 1s a scalar multiple of 1, and
>, dim(4,) < D.

Proof. Choose the structured witness from Theorem 8.5.2. The assumed nonzero coef-
ficient makes its block family nonempty, so Theorem 8.5.3 supplies s > 0 and the normalized
positive weights. Equation (8.16) and homogeneity give

V(N)(SilA)o = SiNV(N)(A)U = V<N) (@ #’kAk>
k

g

The witness satisfies all required block conditions and the bond-dimension bound. O
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Theorem 8.5.5 (Zero/nonzero alternative for the normalized exact form). For
every MPS tensor A, one of the following alternatives holds:

1. V<N>(A)U =0 for every N > 0 and every word o;

2. there are a scalar s > 0 and a nonempty normalized block family satisfying all conclusions
of Theorem 8.5.4.

Proof. Split according to whether there exist N > 0 and ¢ with VIV)(A),_ # 0. In that
case apply Theorem 8.5.4. If no such pair exists, every positive-length coefficient vanishes. [

Theorem 8.5.6 (Translation-invariant canonical form). Let A be a translation-
invariant MPS representation of bond dimension D. There is a positive scalar s and a finite
family of blocks A,,, possibly empty, such that the globally rescaled tensor s~'A has the same
MPYV coefficients on every positive-length ring as EBk ukA};. The weights are positive and satisfy
1> |pgl; if the family is nonempty, then some weight has norm 1. For each block,

S ALAD =1,

D (ADTALAL = Ay (8.18)

%

Here A, is diagonal, positive, and full-rank, and each block has positive bond dimension. More-
over, the only fived points of €4 (X) =3_, AL X (AT are the scalar multiples of 1: for every
X, the identity & 4, (X) = X implies that there exists ¢ € C such that X = c1. The total bond
dimension of the decomposition is at most D.

This is the positive-length form of [PGVWCO07, Theorem 4], with the global spectral-radius
normalization step made explicit.

Proof. [/ Proof| Apply Theorem 8.5.5. If every positive-length coefficient vanishes, take s = 1 and
the empty retained family; the block conditions and bond-dimension bound are vacuous, and the
MPYV identity is the zero identity. In the nonzero branch, use the nonempty normalized family
supplied by the second alternative. O

Remark 8.5.7 (CPSV blocked canonical form (source statement)). The blocked canonical-form
reduction of [CPGSV16, Section 2.3] and [CPGSV21, Section IV.A] states that an arbitrary
translation-invariant MPS tensor becomes, after blocking, a weighted family of normal tensors,
up to a summand that vanishes on every positive-length ring. Four statements must be distin-
guished. Theorem 8.5.6 gives the unconditional PGVWCO07 normalized exact form before period
removal. Theorem 8.11.1.2 gives the prepared trace-preserving primitive-block reduction. For
a family with a nonzero positive-length coefficient, Theorem E.3.7 normalizes the weights and
Theorem 9.6.3.14 gives the normalized BNT form, including its per-site scalar. If every positive-
length coefficient vanishes, there is no nonempty family from which to choose a unit-modulus
weight; this exceptional zero family is represented by the empty retained family instead.

8.6 Normal tensors and canonical forms

This section records the CPSV definitions of normal tensor and canonical form from [CPGSV16].
The basis of normal tensors is stated in Chapter 9. Write

05(&) ={A€a(&):|A =1} (8.19)
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for the peripheral spectrum of a transfer map &, where r(&) is its spectral radius. The stronger
conditions used later (Definition 8.9.2 and the canonical-form conditions of Chapter 9) add left-
canonical normalization and spectral primitivity. The weight moduli are taken non-increasing,
not strictly decreasing; equal-modulus and repeated-copy sectors are retained and compared by
the coefficient argument of Chapter 9.

Definition 8.6.1 (CPSV normal tensor (NT)). A tensor A of physical dimen-
sion d and bond dimension D is a normal tensor if, after the spectral-radius normalization
of [CPGSV16], (i) A admits no nontrivial invariant orthogonal projection and (ii) the asso-
ciated CPM &4(X) = >, A'X (AN has spectral radius 7(€,) = 1 and peripheral spectrum
o5(Ea) = {1}.

Remark 8.6.2. Condition (i) cannot be dropped. A reducible tensor may have peripheral spec-
trum {1} while still admitting a nontrivial invariant projection, so condition (ii) alone does not
characterize normality.

Theorem 8.6.3 (Algebraically normal left-canonical tensors are CPSV normal).
Let D > 0. If A is algebraically normal and left-canonical, then

A is a CPSV normal tensor. (8.20)

Proof. Algebraic normality together with Zi(Ai)TAi = 1 makes the transfer map
strongly irreducible. It consequently has a positive-definite fixed point, no nontrivial invari-
ant projection, and peripheral spectrum {1}. The fixed-point eigenvalue and left-canonical

normalization give r(£4) = 1. Thus no scalar rescaling remains, and the two conditions in
Definition 8.6.1 hold for A itself. O

Theorem 8.6.4 (Normality and left-canonical normalization under entrywise conjugation).
[Lean| [Lean| [Lean| [Lean| [ Stmt] For a tensor or matriz, an overline denotes entrywise conjugation.
If A and B are gauge equivalent through X, then A and B are gauge equivalent through X. If
A is left-canonical, then A is left-canonical. If A is algebraically normal, then A is algebraically
normal. Independently, if A is a CPSV normal tensor, then A is a CPSV normal tensor.

Proof. [/ Proof| Entrywise conjugating B = XA'X ! gives Bi = X Ai (X)~!. Conjugating the
left-canonical identity gives

D (ANTAT =) (A)TA =T = 1. (8.21)

[ 7

Entrywise conjugation maps the span of the length-N products of A onto the span of those
of A, so it preserves positive-length block injectivity and hence algebraic normality. For the
normal-tensor assertion, the transfer map of A is the anti-linear conjugate o o €4 o o by (8.22).
By the corresponding theorem in the companion quantum-channel volume [LTC26, “Entrywise
conjugation transports peripheral eigenvalues”] this conjugation preserves the spectral radius
and primitivity, and by Theorem 8.6.6 entrywise conjugation preserves irreducibility. Hence
both clauses of Definition 8.6.1 hold for A. O

Theorem 8.6.5 (Transfer maps and positive diagonal matrices under entrywise conjugation).
[Lean| [Lean| [Lean| [ Stmt| Let o denote entrywise conjugation. For every tensor A, as operators
on the matriz space,

Ex=00E 00; (8.22)
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evaluating at X gives, for every matriz X,

Ex(X) = E4(X). (8.23)
If A is positive definite and diagonal, then
A=A (8.24)

Proof. Entrywise conjugation commutes with finite sums, matrix products, and conjugate
transposition, which gives (8.22) on every matrix, and (8.23) follows since ¢ is an involution. The
diagonal entries of a positive-definite complex matrix are real, while all off-diagonal entries of a
diagonal matrix vanish. This proves (8.24). O

Theorem 8.6.6 (Irreducibility under entrywise conjugation). If A is irreducible,
then A is irreducible.

Proof. Suppose P is a nontrivial invariant orthogonal projection for A, so (1—P) AiP=0
for every i. Conjugating entrywise gives (1 —P)A*P = 0, and P is again a Hermitian idempotent
distinct from 0 and 1. Hence P is a nontrivial invariant orthogonal projection for A, contradicting
the irreducibility of A. O

Definition 8.6.7 (CPSV canonical form). ‘Lean‘ ‘Lean‘ ‘Lean‘ ‘Lean‘ ‘Lean‘ ‘\/ Stmt‘Let A have
bond dimension D. It is in the canonical form of [CPGSV16, Section 2.3] if there are positive
integers Dy, ..., D,, normal tensors A, of bond dimension D, nonzero weights p, € C, and,

writing S =), Dy, a matrix U € C%*P such that S < D and, for every physical index 1,

At =Ut (EB ukA;) U. (CF)
k=1

Thus the complement of the retained direct sum consists literally of zero bond-space coordinates.
In particular, » = 0 is possible only when A = 0.

The convention in line 246 of [CPGSV16] is a separate normalization of these data, not part
of canonical-form membership:

lpel <1 for every k,
A#0= Tk, |ul =1 (8.25)

Every weight i, is nonzero. This is the reading of [CPGSV16, Section 2.3] adopted here: the
remark in line 219 there places the degenerate case in the block dimensions (D, = 0), and
lines 224-225 choose each i, so that the transfer map of i, A, has spectral radius one, which a
vanishing weight cannot satisfy. The reading loses nothing, since if P, =0 then Pk, A};O =0is
the zero matrix of size D), and

T

D A, = D mAL Op,, - (8:26)
k=1 kEko

so A’ is the same coisometric image of the direct sum over the remaining indices, with the Dy,
coordinates of the omitted summand moved to the zero complement. No ordering or separation
condition is imposed.

The basis-of-normal-tensors refinement is Definition 9.1.1; it is not part of canonical form
itself.
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Theorem 8.6.8 (Physical relabeling preserves CPSV normal and canonical form).
[Lean| [Lean| [Lean| ‘J' Stmt‘Let (] {0, ,d/ — 1} — {O, ,d — 1} be a bzyectzon and set

(e*A)T = AW, (8.27)

The transfer maps of A and e*A agree. In particular, physical relabeling preserves left-canonical
normalization and CPSV normality. If A has canonical-form data

.,
Al =yt (@ MkAL) U,
k=1

then e* A has the same weights and coisometry and the relabeled normal blocks:
(er Ay =UT (@ uk(e*Ak)j> U. (8.28)
k=1

Proof. A Dbijection of the physical alphabet only permutes the summands in £4(X) =
Zi A'X(AH)T. Hence the transfer map, its spectral radius, its peripheral spectrum, and its
invariant orthogonal projections are unchanged. Formula (8.28) is obtained from Formula (CF)
by replacing i with e(j). O

Theorem 8.6.9 (Transfer maps under a bond-space gauge). If B = XA' X! for
every physical index i, then there is an invertible matrix C such that

Eg(Y)=Cte (cyeh) (et
Proof. Expand both transfer maps and take C' = X . O

Theorem 8.6.10 (Gauge invariance of transfer quasi-idempotence). Let A and B
be gauge-equivalent MPS tensors and let ¢ € C. Then

Eh=clp < E4=céy.

Proof. Theorem 8.6.9 identifies the two transfer maps by an algebra automorphism. Such
an automorphism preserves composition and scalar multiplication, and therefore preserves the
displayed equation. O

Theorem 8.6.11 (Spectral radius under congruence similarity). For an invertible
matriz C, the linear maps

E and Y +— C'E(CYCH)(CH™!
have the same spectral radius.

Proof. The two maps are conjugate by the invertible linear transformation Y — CYCT,
and therefore have the same spectrum. O

Theorem 8.6.12 (Primitivity under congruence similarity). For an invertible
matriz C, a linear map E is primitive if and only if

Y s CLE(CYCh(Ch) !

s primitive.
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Proof. Congruence similarity is an algebra isomorphism on the endomorphism algebra
and hence preserves the peripheral spectrum. O

Theorem 8.6.13 (Gauge transport of CPSV normality). [v Stmt| Let X be invertible and
suppose

Bl = XA'X!
for every physical index i. If B is a CPSV normal tensor, then A is a CPSV normal tensor.
Proof. [/ Proofl With Sy (Y) = XY X', the transfer maps satisfy

Ep=8yo&, 0S5k (8.29)

Similarity preserves the spectral radius and the peripheral spectrum. For irreducibility, start
with an invariant orthogonal projection @) for one transfer map and form the support projection
of the corresponding positive congruence XQXT (using X' in the reverse direction). The
intertwining in Formula (8.29) makes this support projection invariant for the other transfer
map. Irreducibility forces its support to be zero or full, and invertibility of X then forces =0
or ¢ = 1. Thus both conditions in Definition 8.6.1 are transported across the gauge. O

Theorem 8.6.14 (Positive blocking preserves CPSV normal tensors). [Lean| [Lean| [V Stmi| Let A
be a CPSV normal tensor and let L > 1. Then the blocked tensor AL is a CPSV normal tensor.

Proof. Choose a trace-preserving gauge B° = X A*X 1. Positive blocking gives
(BENT = X (AEH x—1, (8.30)

The trace-preserving primitive and irreducible structure of B is preserved by positive blocking,
so Theorem 8.6.3 makes B!} CPSV normal. Gauge transport (Theorem 8.6.13) then gives CPSV
normality of A, O

Theorem 8.6.15 (Literal CPSV canonical form is preserved by positive blocking).
[Lean| [Lean| [v Stmt| Let A have canonical-form data

Al = Ut (@ ukA;;> U, uUt=1
k=1

For every L > 1, Al has canonical-form data with the same coisometry U, the blocked normal

tensors AECL], and the weights ué:

(A = Ut (é uﬁ(AL”)I) U. (8.31)
k=1

Proof. [/ Proof] Write I = (iy,...,4;). Since L > 1, the word I is nonempty. Repeatedly inserting
UUT =1 into A% --- AL gives
Abr ... At = Ut (EBL%AZI "'AZL) U

k=1

—ut (é u£<AL”>I> v,

k=1

The preceding theorem gives CPSV normality of every blocked block AECL], and the displayed
identity is exactly the retained direct-sum reconstruction. O
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Theorem 8.6.16 (CPSV canonical-form representative after blocking). For every
tensor A, there are a positive integer p, a bond dimension D', and a tensor B of physical
dimension dP and bond dimension D’ such that B € CF and, for every N > 1,

V(N)(A[p])a =VIN(B) (8.32)

o

Here B is another tensor generating the same positive-length MPV family. The assertion B € CF
is literal in the bond coordinates of B; no assertion is made that AlP! itself is literally in canonical
form in its original bond coordinates.

Proof. [/ Proof] Apply Theorem 8.11.1.3 to A and itself. It gives p > 1, weights p;, and left-
canonical, primitive, tensor-irreducible blocks C), such that, for every N > 1,

VN (AP =y ) (EB Mkck> . (8.33)
k

First, Theorem 8.11.1.1 makes each C}, algebraically normal. Second, Theorem 8.6.3 combines
this conclusion with the left-canonical identity to make each C}, a CPSV normal tensor. Hence

B = P mCy (8.34)
k
satisfies the literal block-diagonal equation (CF), so B € CF. Equation (8.33) gives the second
part of (8.32). O
Theorem 8.6.17 (Closed-chain expansion of CPSV canonical form). For canonical-
form data as in (CF), every positive length N and every configuration o satisfy

VIN(A), = i vIN(4y),. (8.35)
k=1

Equivalently, [VIN)(A)) = 22:1 N |[VINI(AL)). This is the identity immediately following the
canonical-form definition in [CPGSV16, Section 2.3].

Proof. [/ Proof] Induction on a nonempty physical word w of length N, using (CF) at each letter
and UUT = 14 between adjacent letters, gives

Av =yt (@ ugA;;f) U. (8.36)
k=1

Applying cyclicity of the trace and UUT = 14 to (8.36) gives

tr(AY) = tr ( (é uﬁA?) UUT> =tr (ETB u,ICVA}f) . (8.37)

k=1 k=1

Applying Theorem 2.5.9 to the right-hand side of (8.37) yields tr(A™) = 22:1 pd tr(AY), which
is (8.35). O
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Theorem 8.6.18 (BNT characterization for CPSV canonical form). Let A have
canonical-form data as in (CF), and let (Bj)gz1 have positive bond dimensions. The family
(Bj)?zl is a basis of normal tensors for A if and only if

(Vj, Bj; is normal)
A (Vh, 3, Xy by Vi, AL = 69X, BIX; L)
AN(Yj# 7, BX, ¢, Vi, Bl = XBIX). (8.38)

Each displayed conjugacy also requires the two bond dimensions to agree, and every scalar e*®
has modulus one. This is [CPGSV16, Proposition 2.7 and Appendiz A], specialized to the literal
canonical-form data.

Proof. The canonical-form data supply normality of every A, and the positive-length
identity [VM(A)) =3, ur [V (A,)). Substitution of these two facts into Theorem 9.1.4 gives
(8.38). O

The projector-closure result in Theorem 8.7.4 gives normal blocks and orthogonal ambient
embeddings under the source hypotheses. Combining these embeddings into one coisometry gives
Definition 8.6.7.

This source definition is distinct from the stronger normal-canonical-form conditions below.
The renormalization fixed-point analysis uses a separate block-injective canonical-form criterion;
it is not the CPSV canonical-form definition.

Remark 8.6.19 (Relation to the stronger conditions). A tensor A which is irreducible (Defini-
tion 8.1.1.1), has transfer map of spectral radius one, and has primitive transfer map is normal
in the sense of Definition 8.6.1. The reverse implications from the stronger conditions of Defi-
nition 8.9.2 and of Chapter 9 require the fundamental-theorem step or the algebraic-to-spectral
normality equivalence, established later.

8.6.1 Normalization conventions

Remark 8.6.1.1 (Scalar normalization conventions). The reductions use four scalar facts: scaling
preserves injectivity; the transfer map under a scalar ¢ rescales by |¢|?; unit-modulus phase
rescaling preserves Zi(Ai)TAi = 1; and the MPV of a weighted block-diagonal tensor factorizes
as MévV(AU(Ak)a = nljcv‘:uk|NV<N)<Ak)ov with . = g /|-

Left-canonical normalization is required before the blocks can be compared. Without it,
the implication V(D, pu,Ay) = V(D, mpBi) = Yk, V(A,) = V(By,) already fails for two scalar
blocks: for u = (1,2), A = (1,3/2), and B = (3,1/2), the two direct sums generate identical MPV
families but the first blocks differ at N = 1. Left-canonical normalization removes this particular
ambiguity; the sectors are then matched, up to a permutation, by the exact fixed-length linear
independence of Chapter 9, which requires no ordering of the weight moduli.

8.7 Projector criterion for canonical decomposition

Definition 8.7.1 (Invariant-projector closure). An MPS tensor A has invariant-
projector closure if every orthogonal projection P satisfying PA* = PA'P for all i also satisfies
A'P = PA'P for all i. This is the projector hypothesis in the sufficient condition for canonical
form of [CPGSV16, Section 2].
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Theorem 8.7.2 (Decomposition into irreducible corners under projector closure).
Suppose A has invariant-projector closure. Then there are isometries V..., V.. with V,:Vk =1,
pairwise orthogonal ranges, and Zk VkaT = 1, such that A"V, = V,, A% for the corner tensors
Al = VkTAin, every corner tensor Ay, is irreducible, and V(A) = V(@;Zl Ap)-

Proof. Proceed by strong induction on the bond dimension. If A is irreducible, the single
corner V = 1 suffices. Otherwise, A has a nontrivial invariant projection P, which commutes
with every A by Theorem D.2.1. Factoring P = VlVlT and 1 — P = VQVJ through support
isometries by Lemma D.2.3 splits A into two corner tensors of strictly smaller bond dimension.
For 7 = 1,2, commutation gives AiVj = Vj(VjTAiVj), and each corner inherits invariant-projector
closure by Lemma D.2.4. The two recursively obtained families are combined. Ranges from
different corners are orthogonal because

Vv, =V P - P)v,=0.
Equality of matrix product vectors follows from Lemma D.2.6. O

Definition 8.7.3 (No nontrivial periodic vectors). An MPS tensor A has no
nontrivial p-periodic vectors if, for every isometry V with VIV = 1 and AV = VB* for all 1,
with B irreducible (equivalently, for every restriction B of A to a minimal invariant subspace),
and for every p > 0 and r > 0 with £g(p) = rp, every eigenvalue of €5 of modulus r equals 7.
The eigenvalue r is the spectral radius of £z (Theorem [LTC26, “Spectral radius is the Perron
eigenvalue”]), so the condition states that no block of the invariant-subspace decomposition
of [CPGSV16, Section 2], rescaled to spectral radius one, has a peripheral eigenvalue e2mialp oL
Eigenvectors with such eigenvalues are the p-periodic vectors of [CPGSV16, Section 2].

Theorem 8.7.4 (Sufficient condition for canonical form). [Lean] [Lean] [ Stmi] Suppose A has
invariant-projector closure and no montrivial p-periodic vectors. Then there are normal ten-
sors Ay, ..., A, of positive bond dimensions Dy, ..., D,., with Zk D, < D, and nonzero weights
s e s [y SUCh that

VH(A) = P+ (@ ukAk> . (8.39)
k=1

Moreover, there are isometries Vi, : CPx — CP with pairwise orthogonal ranges such that
AV, = Vk(MkA;c),
AT ="V (i AV (8.40)
%

This is the sufficient condition for canonical form of [CPGSV16, Section 2/, with that paper’s
convention Zk D,, < D allowing zero blocks: a corner of A carrying the zero tensor cannot be
rescaled to spectral radius one and is omitted because it vanishes at every positive length.

Proof. [/ Proof] Decompose A into irreducible corners B, along isometries V;, by Theorem 8.7.2;
every matrix product vector coefficient of A is the sum of those of the corners. A corner whose
matrices all vanish contributes nothing at positive length and is dropped. Every remaining
corner has a Perron eigenpair &p, (pr) = mpp, by Lemma D.3.1. The absence of p-periodic
vectors, applied to the corner By, gives that every eigenvalue of &£ B, of modulus r;, equals 7, so
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Ay = r;l/QB,~C is normal by Lemma D.3.2. Setting p,, := 7”11@/2 gives p, A, = B, at the level of

matrices, so for every word w of positive length N the weight cancels:
w 1/2 ~1/2 w w
i tr(AR) = ()N g )N r(BY) = w(By).

Summing over k gives (8.39), while the corner reconstruction gives (8.40). The retained dimen-
sions satisfy >, D, <>, tr(VkaT) =tr(1) = D. O

Theorem 8.7.5 (Non-scalar fixed point gives a further split). [Lean] [Lean] [V Stmt| Suppose A is
unital, £ 4(1) = 1. If X is a Hermitian fized point of € 4 which is not a scalar multiple of 1, then
there is a monzero PSD fized point p which is not positive definite, and consequently A admits
a two-block MPV-equivalent decomposition with both block dimensions strictly smaller than D.
This is the fized-point shift and further decomposition step in [PGVWC07, Theorem 4].

Proof. Let A,.. be the largest eigenvalue of X. Then p := A .1 — X is positive
semidefinite, singular, and nonzero because X is not scalar. Unitality and the fixed-point equation
for X give £ ,(p) = p. Apply Theorem 8.1.5. The non-scalar hypothesis is needed because scalar
multiples of 1 are fixed by every unital map and yield no nontrivial support projection. O

8.8 Fixed points and canonical gauges of irreducible blocks

Theorem 8.8.1 (Scalar fixed points in an irreducible unital block). If A is irre-
ducible and unital, £4(1) = 1, and E4(X) = X, then X is a scalar multiple of 1. This is the
final fized-point assertion in the proof of [PGVWCO7, Theorem 4].

Proof. Tensor irreducibility gives irreducibility of the completely positive transfer map.
By Wolf’s Theorem 6.6 for irreducible unital Kraus maps, every fixed point is scalar. O

Theorem 8.8.2 (Unital gauge from a full-rank Perron—Frobenius eigenvector).
Let p be positive definite with & 4(p) = rp for some r > 0. For B* := 1~ Y2p=1/2 At p1/2

> Bi(B) =1. (8.41)

Ifr =1, then the unscaled gauge B' := p~ Y2 A'p'/? is unital and generates the same MPV family
as A. This is the spectral-radius normalization and full-rank fized-point gauge of [PGVWCO7,
Theorem 4.

Proof. The positive square root of p is invertible. Substituting B* = r—1/2p~1/24ipl/2
and using & 4(p) = rp gives

Y BB =Tl p7 28 4 (p)p 7V =1,
[

which is (8.41). For r = 1, the change from A to B is a similarity, so cyclicity of the trace gives
equality of all MPV coefficients. O

Definition 8.8.3 (CPSV canonical form IT). [Lean] [Lean] [/ Stmt|In canonical form IT of [CPGSV 16,
Appendix A], there are positive retained dimensions D,, normal tensors A, weights i, and, for
S=>,D,<D,amatrix U € C5*P such that, for every physical index 4,

At =Ut (EB ,JkA;‘c> U. (8.42)
k
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Thus omitted bond-space coordinates are literally zero. Every retained block additionally satisfies

3

gAk (Ak> = Akn

where A, is diagonal and positive definite. The two displayed equations are the only additional
blockwise conditions; no ordering, injectivity, gauges, or basis-of-normal-tensors assumptions
are included. The line-246 convention (8.25) remains a separate condition on the underlying
canonical-form data.

Theorem 8.8.4 (Canonical form admits a canonical-form-II gauge). [Lean] [Lean| [Lean] [V Stmt]
Let A be a tensor in CPSV canonical form, with ambient bond dimension D. Then there is a
tensor B of the same bond dimension and an G € GL(D, C) such that, for every physical index i,

Bi = GA'G. (8.43)

Moreover, B is in canonical form II and the total retained block dimension is unchanged. This
is the nonsingular gauge assertion of [CPGSV16, Appendiz AJ.

Proof. [ Proofl Write the retained part of the canonical-form decomposition as C? = @k ,u,cA};,
and let U € C5P satisfy UUT = 14 and A = UTC'U. For each normal block, first choose
its pure trace-preserving Perron gauge and then diagonalize its positive definite fixed point by a
unitary. This gives X, € GL(D,,, C) and blocks By, satisfying the two canonical-form-II identities.
Put X = P, X, and extend it to the omitted zero coordinates by

G=U'XU+ (1, —U'U). (8.44)
Its inverse is
Gl'=U' X"+ (1,-U'D). (8.45)

The identity UUT = 14 gives GG™! = G7'G = 1. It also gives

GU' =UX, (8.46)
and
UGt =X"1U. (8.47)
Therefore
GA'G-' =UTXC'x~'U = Ut (@ ukB;;> U, (8.48)
k
which has the same ambient reconstruction and satisfies canonical form II. O

Theorem 8.8.5 (Gauge equivalence under coisometric reconstruction). Let A and
B have common bond dimension D, and let C' and E have common retained bond dimension n.
Suppose that U, Up € C™P satisfy UAUL = UBU]E =1, and, for every physical index 1,

3

Al =UlCU,. (8.49)

Bi = ULEU. (8.50)

If C and E are gauge equivalent, then A and B are gauge equivalent.
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Proof. [/ Proof] Choose X € GL(n,C) such that, for every physical index i, E' = XC'X1.
Equality of the Gram matrices UAUj4 and U, BU}; gives a unitary W € CP*P with

UL =wui. (8.51)

Ug=U,WT. (8.52)
Extend the retained gauge through U, by
G=U\XU,+ (1p—ULU,). (8.53)
Its inverse is
Gl =UIX,+ (1, —-ULU,). (8.54)
The coisometry identity gives GUl = UI‘X and U,G~! = X~1U,. Hence, with Y = WG,
Bl = WU\EU,W = WGAIG W =Y Ay 1. (8.55)
O

Theorem 8.8.6 (Diagonal Perron normalization for an irreducible TP tensor). Let
A be an irreducible MPS tensor with Zi(Ai)TAi =1 and D > 0. Then there exist a unitary U

and a diagonal positive definite A such that, for B* :== UTA'U,

> (B)IB =1,

?

Ep(A) = A.

This proves the diagonal Perron normalization required in CFII. It does not prove that A is in
the CPSV canonical form or that its block is normal; those require the corresponding primitivity
and canonical-form hypotheses.

Proof. The TP hypothesis makes £, a channel with a nonzero PSD fixed point. Ir-
reducibility makes €, an irreducible CP map, and Theorem 5.1.1 upgrades the fixed point to
positive definite. The spectral theorem diagonalizes it by a unitary conjugation, which preserves
the TP normalization. O

8.9 Normal canonical form

This section defines the spectral normal canonical form used in the reduction. A separate block-
injective canonical-form criterion is used in the renormalization fixed-point analysis. The sup-
porting overlap consequences are collected in Section D.6 and Section 6.7.

Recall from Definition 2.7.3 and Lemma 6.2.1 that the bilinear overlap is

Oup(N) = > VIN(A),VIN(B), = Tr(Fp). (8.56)
c€{0,...,d—1}NV

This notation enters the self-overlap clause of the canonical-form conditions below.
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Remark 8.9.1 (Normalization convention). [PGVWCO07, Theorem 4] uses the unital gauge Y-, Af (A})T =

1; here the blocks are in the dual TP gauge ZZ(A@TA}c = 1. A positive-definite fixed point of
the adjoint transfer map provides the change of gauge between the two (Theorem 5.4.2).

Definition 8.9.2 (Normal canonical form conditions). Scaling factors (y;,)5_, and
block tensors (Ay);_, satisfy the normal canonical form conditions if:

1. each A, is irreducible,
2. each Ay satisfies Y (A4})TA] =1,
3. each £, is primitive (equivalently, 05(Ey, ) = {1}),

4o pg| = Jpol = > |l

5. all M # O7

6. all bond dimensions are positive.

Here “normal” is the spectral sense of [CPGSV16], which by [SPGWC10, Proposition 3] is
equivalent to the eventual block-injectivity formulation of Definition 2.4.4.

8.9.1 Separated one-copy normal canonical forms

The following specialization attaches BNT separation to the one-copy normal canonical form.
Repeated representatives and their power-sum coefficients are instead recorded by the sector
decomposition of Chapter 9.

Definition 8.9.1.1 (No gauge-phase-equivalent distinct blocks). [V stmt| A finite block
family has no gauge-phase-equivalent distinct blocks when, for any two distinct indices with the
same bond dimension, the corresponding blocks are not gauge-phase equivalent.

Definition 8.9.1.2 (Normal canonical form with BNT separation). [v stmt| This is a one-
copy canonical-form condition: each listed block is one representative and repeated copies are
not encoded as separate blocks. A family is in normal canonical form with BNT separation if
it satisfies Definition 8.9.2 and distinct blocks of the same bond dimension are not gauge-phase
equivalent. The weight moduli are non-increasing but need not be strictly decreasing, so equal-
modulus blocks are allowed; the grouping into a BNT is governed by gauge-phase equivalence,
not by distinctness of moduli. Repeated equal-modulus coples of one basis tensor are not separate
blocks here; they appear as the weights p; , in cg\, = Z u] o in the sector decomposition below.

The off-diagonal decay needed for the BNT criterion follows from the separation condition
together with the overlap-decay theorems of the preceding chapter.

Theorem 8.9.1.3 (Cross-overlap decay from explicit BNT hypotheses). Let (Aj);:1
be a family in which each A; is injective and left-canonical, Zl(Ag)TA; =1, and distinct equal-
dimension blocks are not gauge-phase equivalent. Then OAjAk (N) — 0 for every pair j + k.

Proof. [/ Proof|If the bond dimensions differ, Theorem 6.4.4 gives the decay. If the bond dimen-
sions agree, the non-equivalence hypothesis excludes gauge-phase equivalence, so Theorem 6.5.5
gives the decay. O
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Lemma 8.9.1.4 (BNT from explicit blockwise hypotheses). Let (py,, Ap)jq be
a weighted block family. Assume each Aj is injective and left-canonical, EZ(A;)TA% =1,
that Oy, 4, (N) — 1 for each k, and that distinct equal-dimension blocks are not gauge-phase
equivalent. Then the blocks form a basis of normal tensors for the block-diagonal tensor @k A

Proof. [/ Proof| Injective blocks are normal. The block-diagonal decomposition theorem gives the
MPV expansion of B, 1,4, in terms of the block MPVs. The self-overlap limits are part of the
hypotheses, and Theorem 8.9.1.3 supplies the off-diagonal decay. Therefore Lemma E.1.10 gives
the eventual linear independence required in Definition 9.1.1. O

The normal-canonical formulation encodes normality spectrally (primitive transfer map), the
BNT definition algebraically (eventual block injectivity).

Remark 8.9.1.5 (Comparing the two normality conditions). The spectral normality of Defini-
tion 8.9.2 and the algebraic normality of Definition 2.4.4 agree: the Wielandt theory of Chapter 7
supplies the implication from primitivity to eventual block injectivity used here.

Lemma 8.9.1.6 (Restricted normal-CF-BNT hypotheses give a BNT). On this
one-copy surface, if a family is in normal canonical form with BNT separation and each block
is also normal in the algebraic sense, then the blocks form a basis of normal tensors for the
associated block-diagonal tensor. The blocks here are distinct representatives.

Proof. The normal-canonical hypotheses already give the block-diagonal MPV expansion,
the self-overlap normalization, and the eventual linear independence coming from irreducible
trace-preserving overlap decay. Supplying algebraic normality for each block adds the remaining
clause in Definition 9.1.1. O

Remark 8.9.1.7. See Theorem 6.6.1 for the modulus-one eigenvalue rigidity statement for irre-
ducible trace-preserving blocks.

8.9.2 Canonical form from primitivity

A normal block needs a primitive transfer map; an irreducible TP block may still have a cyclic
peripheral spectrum. Raising the map to its period sends every peripheral eigenvalue to 1, but
eigenvalue 1 can then have several cyclic corners and need not be simple on the full powered
space. Period removal therefore proceeds in this order: power the map, obtain the adjoint-fixed
cyclic projections, compress to their corners, prove each corner irreducible, and only then infer
primitivity of the sector maps. This is the blocking step of [CPGSV16, Section 2.3].

Theorem 8.9.2.1 (Blocking yields a peripheral-spectrum primitive transfer map).
Let A be an irreducible MPS tensor with D > 0 and Zi(Ai)TAi = 1. Then there exists a blocking
length p > 0 such that oy(& 4m) = {1}.

Proof. Pass to the conjugate-transposed Kraus family K, := (A%)f, which is unital
with irreducible Kraus map. The TP fixed-point theorem for £, provides a positive definite
fixed point for the adjoint of K, so the corresponding theorem in the companion quantum-
channel volume [LTC26, “Roots of unity via adjoint fixed point”] shows that every peripheral
eigenvalue is a root of unity. Since o,(& 4) is finite (the corresponding theorem in the companion
quantum-channel volume [LTC26, “Finiteness of peripheral eigenvalues”]), the corresponding
lemma in the companion quantum-channel volume [LTC26, “Common exponent for a finite set
of roots of unity”] gives a common exponent p with u? = 1 for every p € o5(E,4), and the
corresponding lemma in the companion quantum-channel volume [LTC26, “Powering collapses
peripheral eigenvalues”] gives 0,(&%) = {1}. Blocking by p takes the pth power of the transfer
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map, so &, is primitive in the peripheral-spectrum sense of the corresponding definition in
the companion quantum-channel volume [LTC26, “Primitive map”]. The blocked map need not
remain irreducible: eigenvalue 1 may have several cyclic corners. The adjoint-fixed projections
are therefore compressed before irreducibility and primitivity are asserted sector by sector in
Theorem 8.3.1.3. This is the periodicity-removal step of [CPGSV16, Section 2.3] for an irreducible
block already in TP gauge. O

8.10 Left-canonical and dual diagonalization of irreducible
blocks

Each irreducible block in trace-preserving gauge admits a unitary normalization with diagonal
positive Perron data. This is the normalization component of CFII (Definition 8.8.3); the full
CFII assertion also requires the CPSV canonical-form and normal-block hypotheses. The full
PGVWCO07 canonical form is Theorem 8.5.6.

Theorem 8.10.1 (Diagonal Perron data for an irreducible TP block). Let A be an
irreducible MPS tensor in TP gauge, 3_.(A)T A" = 1, with D > 0. Then there exist a unitary U

%

and a diagonal positive definite A such that:
1. B :=UYA'U is TP,
2. Eg(A) = A,
3. A is diagonal and positive definite,
4. A and B generate the same MPYV family.

These are the two normalization identities in the CFII definition of [CPGSV16, Appendiz A].
The theorem does not by itself prove that A is in canonical form or that its block is normal. The
unitary conjugation is performed inside TP gauge after TP normalization.

Proof. Theorem 8.8.6 provides the unitary and the diagonal positive-definite fixed point,
and unitary conjugation preserves trace preservation and the MPV family (Theorem D.1.1). O

Theorem 8.10.2 (Dual diagonalization for irreducible unital blocks). Let A be an
irreducible MPS tensor in unital gauge ), AY(ANT =1, with D > 0. Then there exist a unitary

U and a diagonal positive definite A such that, for B* := Ut A'U,
S B -1

> (B)AB = A. (8.57)

K2

Moreover, A and B generate the same MPYV family. This is the dual-map fized-point and unitary-
diagonalization step of [PGVWCO07, Theorem 4].

Proof. [/ Proof| Apply Theorem 8.10.1 to the conjugate-transposed family i — (A%)": unitality of
A is trace preservation for this family, whose transfer map is the dual of 4. Translating back
gives (8.57). O
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8.11 Cyclic-sector isometries and primitive reduction

Theorem 8.11.1 (Spectral cyclic sectors with support isometries). Let A be a
left-canonical irreducible tensor, and suppose the adjoint transfer map & 4+ has a positive-definite
fixed point, is irreducible as a positive map, and has peripheral spectrum

0o(Ear) = {1’ 1 j € Z/mZ}, (8.58)

where v is a primitive mth root of unity and m > 1. Then the spectral cyclic-sector decomposition
of A" has compression maps which may be chosen with rectangular support isometries Vi
satisfying

Vlek = ]]-7
VkaT = By,
(X)) =V, XV, (8.59)

These isometries also realize the blocked corner letters p, (C) = Py(Amhep,.

Proof. Theorem [LTC26, “Cyclic decomposition for irreducible finite Kraus maps”],
applied to &4+, provides projections P, satisfying & 4: (Py,,) = P,. Iterating m times gives
(E4t)™(Py) = Py, and (E41)™ = & gyt shows that each Py is fixed by the adjoint transfer map
of Al™l. Applying Theorem D.5.3 to that blocked tensor gives the compressed sector tensors and
the support isometries in (8.59). O

8.11.1 Reduction to primitive blocks

This subsection completes the reduction after period removal. A TP-primitive-irreducible block
is normal, and an arbitrary tensor becomes, after a positive blocking length, a weighted family
of left-canonical primitive blocks whose total bond dimension is bounded by the original bond
dimension. For two tensors with the same MPV family, the cyclic sectors can be expressed over
one common blocked alphabet, which is the form used by the Fundamental Theorem.

Theorem 8.11.1.1 (TP-primitive irreducible tensor is normal). Let A be a left-
canonical MPS tensor with D > 0, tensor-irreducible, and with peripheral spectrum {1}. Tensor
irreducibility implies irreducibility of the completely positive transfer map, so A is normal.

Proof. The primitive peripheral spectrum, tensor irreducibility, and left-canonical nor-
malization give primitive fixed-point data. The fixed point is positive definite by Lemma D.4.8.
Theorem 7.7.4.2 then gives normality. O

An arbitrary translation-invariant tensor reduces, after blocking, to a weighted direct sum of
peripheral-spectrum primitive blocks. These globally blocked pieces need not remain irreducible;
the cyclic-sector decomposition below refines them into primitive irreducible blocks.

Theorem 8.11.1.2 (Arbitrary tensor to primitive block decomposition). For any
MPS tensor A, there exist p > 1, nonzero weights (i;,)5,_,, and blocks (By,)}_, such that, for
every blocked o of positive length N,

VN (AR =y (@ NkBk> ) (8.60)
k=1
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The retained block dimensions satisfy Z;Zl D, < D. Each block is left-canonical and primitive:
2 (BY'BL =1,

08<€Bk) ={1}.

K2

Each bond dimension is positive.

Proof. [/ Proof] Theorem 8.2.1.1 supplies the left-canonical nontrivial blocks, the positive-length
equality, and the bound Zk D, < D. Apply Theorem D.4.2 directly to this finite irreducible
family. Its proof first applies Theorem 8.9.2.1 to each block and then takes the least common
multiple of the resulting periods through Theorem D.4.1. This gives one positive length p at
which every blocked transfer map is primitive. Lemma D.4.16 keeps the blocked weights nonzero,
and Lemma D.4.14 carries the positive-length equality through blocking, giving (8.60). O

Theorem 8.11.1.3 (Unconditional common primitive block decompositions). Let
A and B have the same MPV family at every positive length. Then there is a positive blocking
length at which both blocked tensors have the same positive-length MPV family as weighted direct
sums of trace-preserving, primitive, tensor-irreducible blocks with positive bond dimensions and
nonzero weights. The two weighted nonzero-sector families have the same positive-length MPV
family.

Proof. Apply Theorem 8.3.1.4 to choose the common blocking length and the two com-
mon cyclic-sector families. For either family, write G}, for its cyclic-sector blocks and (v, C,)
for the weights and blocks of the flattened common-sector family from Lemma D.5.10. The
common-alphabet nonzero-part identity gives, for every length N and blocked word o,

yo (@ Mzaggﬂ> _y (@ c)
k x

o o

Applying this identity on the two sides of the comparison yields a positive length p and weighted
primitive block families such that, for every N > 1 and blocked word o,

V4P, = v (@ u;;‘Am) ,

g

VINI(BI), =V (@ u53y>
Y

o

The two weighted nonzero parts are equal at every positive length. The structural properties
and the nonvanishing of the weights come from the common-sector families. O
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Chapter 9

Basis of Normal Tensors

A basis of normal tensors (BNT) for an MPS tensor A is a finite family of normal blocks
{A;} whose MPV states {|V")(A;))} span [VM(A)) at every positive length and are even-
tually linearly independent. Every coefficient of a canonical form is nonzero, so equal MPV
families force a bijective gauge-phase matching B, = e+ X kAij,;17 and the sector coefficients
65@ = Zq ufq recover the per-copy weight multisets by Newton—Girard. The references are
[PGVWCO07], [CPGSV16], and [CPGSV21].

9.1 Bases of normal tensors

Definition 9.1.1 (Basis of Normal Tensors (BNT)). [/ stmt] A basis of normal tensors
(BNT) for a total tensor Ay, consists of g block tensors (Ay,...,A;) with bond dimensions

(Dy, ..., D) such that each A; is normal (Definition 2.4.4); at each system size N > 1 the MPV
of A, lies in the span of the block MPVs {|V<N)(Aj)> 9_1; and for sufficiently large N those
block MPVs are linearly independent. Here normality means eventual block injectivity, as in
Definition 2.4.4. Thus this is the algebraic form of [CPGSV21, Definition IV.2], rather than its

primitive-channel formulation. In the canonical-form characterization of [CPGSV16, Section 2.3],
a BNT is a minimal family of representatives for Aj = e**» X; A'X; ! among the normal blocks.

Definition 9.1.2 (Basis of normal tensors, coefficient form). [V stmt| The coefficient form
of a basis of normal tensors: each block A; is a CPSV normal tensor (Definition 8.6.1), the
MPV of A is given at every positive length by explicit coefficients C;N) € C with [VIN(A4)) =
25:1 c§N)|V<N>(Aj)>, and the block MPVs {|V(N)(Aj))} are eventually linearly independent.
This is the literal coefficient-form definition of [CPGSV16, Section 2.3]. It differs from Defini-
tion 9.1.1 only in the chosen normality predicate. Theorem 9.2.5 proves the implication between
the two forms.

Theorem 9.1.3 (Distinct BNT members are not gauge-phase equivalent). Distinct
members of a basis of normal tensors are not gauge-phase equivalent after identifying equal bond
dimensions.

Proof. At every sufficiently large length the matrix product vectors of the basis members
are linearly independent. A gauge-phase equivalence between two distinct members would give
[VIN(AL)) = CN\V(N)(AJ-» for a nonzero scalar (. Thus one vector would be a scalar multiple
of the other, contradicting linear independence. O
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Theorem 9.1.4 (Characterization by canonical-form representatives). [Lean| [Lean] [V Stmt| Let
A have a canonical-form MPV expansion

VI(A)) =3 uf [VNI(A))
k=1

at every positive length, where the tensors Xk are normal tensors of positive bond dimension and
every coefficient ju, is nonzero. Let (A;)7_, be tensors of positive bond dimension. Then (A;)7_,
s a basis of normal tensors for A if and only if:

1. every A; is normal;

2. for every k there are an index j, an invertible matriv X,, and a phase €'+ such that
Al = ei¢kaA§X,;1 for every physical index i;

3. no two distinct tensors A; and Aj are related in this way.

This is [CPGSV16, Proposition 2.7], read with the nonzero-coefficient convention of Defini-
tion 8.0.7.

Proof. Group the summands into the MPV phase classes of Definition 9.6.1.7, and choose
one representative from each class. By Theorem 9.1.3, eventual linear independence of a BNT
excludes gauge-phase equivalence between two distinct A;.

Suppose that some phase-class representative is not gauge-phase equivalent to any A;. Par-
tition all phase classes into the unmatched classes T and the remaining classes. Every remaining
representative is a nonzero scalar multiple of some |V<N )(Aj)) at each positive length. Distinct
unmatched representatives have vanishing mutual overlaps, and their overlaps with every A, also
vanish. Explicitly, for ¢t # ¢ in T and every j,

Ozx.x,

By Lemma E.1.7, the combined family
V(A e THU{VIV(A4)) s 1< j < g}

is linearly independent for all sufficiently large V. Comparing the canonical-form expansion with
the BN'T expansion gives a relation

g
Z CN,t|V<N><At)> + Z aN,j|V(N)(Aj)> =0.
teT =

Linear independence forces every ¢y, to vanish. Hence the coefficient of every unmatched phase
class vanishes for all sufficiently large N. For an unmatched class ¢, let ¢ range over its canonical-
form summands, write p, for the corresponding canonical-form weight, and write ¢, for the phase
relating that summand to the chosen representative. Then ¢y, = qut(gqﬂq)N. Every base (1,
is nonzero because every coefficient is nonzero. Eventual vanishing of this finite geometric sum
would imply vanishing at N = 0, where its value is the positive number of summands in the
class. This contradiction proves coverage. The normal-tensor phase theorem turns the resulting
MPYV phase relation into the stated gauge-phase relation.
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Conversely, coverage gives, for each canonical-form summand, |V )(gk» =Ny )(Aj( K))-
Hence

VIA) = ( > (Nka)N> [VIVI(4))).

J o \kij(k)=j

This is the required BNT span at every positive length. Pairwise gauge-phase distinction and
normality give eventual linear independence, completing the converse. O

9.2 Normal blocks and overlap rigidity

This section relates spectral normality to eventual block injectivity and records the overlap
dichotomy that detects bond-dimension and gauge-phase matching between normal blocks.

Theorem 9.2.1 (Normality forces positive bond dimension). Every normal tensor
has positive bond dimension.

Proof. If the bond dimension were zero, the bond-matrix space and its endomorphism
algebra would each contain only zero. The transfer operator would therefore have spectral radius
zero, contradicting the spectral-radius-one clause in the definition of a normal tensor. O

Theorem 9.2.2 (Pure Perron normalization at spectral radius one). Let A be
irreducible and suppose that the spectral radius of £ 4 is one. There is a positive definite matriz
o satisfying

> (ADloAl =0 (9.1)

?

The tensor
Bi = o1/ Aig1/2 9.2)
is left-canonical and irreducible, and A and B are related by a pure invertible similarity.

Proof. Positive-definite right and left Perron eigenvectors have the same positive eigen-
value by the trace pairing. The spectral-radius identity makes this eigenvalue equal to one. Thus
the left Perron eigenvector is an adjoint fixed point, so its square-root gauge is trace-preserving.
Similarity preserves irreducibility. O

Theorem 9.2.3 (Spectral normality gives a pure trace-preserving gauge). Let A
be a normal tensor in the sense of [CPGSV16, Section 2.2]. Its bond dimension is necessarily
positive, and there is a positive definite matriz o such that the gauge obtained from o is trace-
preserving, primitive, and irreducible. No scalar rescaling is needed.

Proof. Pure Perron normalization gives a trace-preserving gauge by a pure similarity.
Irreducibility and primitivity are invariant under this similarity. O

Theorem 9.2.4 (Spectral normality gives eventual block injectivity). Every normal
tensor in the sense of [CPGSV16, Section 2.2] is injective after blocking by some finite length;
its positive bond dimension follows from normality.

Proof. Apply Theorem 9.2.3. The trace-preserving, primitive, irreducible representative
is eventually block-injective, and gauge invariance transports this conclusion back to the original
tensor. O
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Theorem 9.2.5 (A coefficient-form BNT is an algebraic BNT). If (Aj)?:1 s a
coefficient-form basis of normal tensors for A, then (Aj>?:1 is an algebraic basis of normal tensors

for A. Only this implication from spectral normality to algebraic normality is asserted.

Proof. Every block has positive bond dimension, so spectral normality implies eventual
block injectivity for each block. The spanning identities and eventual linear independence are
unchanged. O

Theorem 9.2.6 (Non-decaying rectangular overlap determines the bond dimension).
Let A and B be irreducible trace-preserving tensors of positive, possibly different, bond
dimensions. If |O45(N)| — 1, then their bond dimensions are equal.

Proof. [/ Proof|If the bond dimensions differed, the rectangular overlap-decay theorem would give
O 45(N) — 0, and hence |O45(N)| — 0, contradicting the assumed limit. O

Theorem 9.2.7 (A normal tensor has a noONzero letter). Let A be a CPSV normal
tensor of positive bond dimension. Then A" # 0 for some physical letter i.

Proof. If every letter vanished, then the transfer map would vanish and its spectral radius
would be zero, contradicting the spectral-radius-one normalization of a CPSV normal tensor. [J

Theorem 9.2.8 (Phase-equivalent normal tensors are gauge-phase equivalent).
[Lean| [Lean| [/ Stmt]Let A and B be normal tensors of positive, possibly different, bond dimensions.
Suppose that, for some nonzero ¢ € C, [VIWN(B)) = ¢N|VIN)(A)) for N > 0. Then the bond
dimensions are equal and there is an invertible matriz X and a scalar n of unit modulus such
that B = nXA* X~ for every physical letter i. This is the gauge recovery used in [CPGSV16,
Appendiz A].

Proof. [/ Proof] Apply Theorem 9.2.3 to both tensors. Gauge invariance of matrix product vectors
preserves the phase relation, whose self-overlap identities imply unit modulus for the phase. The
resulting rectangular cross-overlap has norm tending to one. If the bond dimensions differed,
Theorem 9.2.6 would give a contradiction. Thus the bond dimensions agree, and the unit-overlap
rigidity theorem gives a gauge-phase equivalence between the trace-preserving representatives.
Conjugating by the two Perron gauges gives the asserted relation for A and B. O

Theorem 9.2.9 (Normal-tensor overlap dichotomy). [V stmt| Let A and B be normal tensors
of positive, possibly different, bond dimensions. Their self-overlaps satisfy

O44(N) — 1,

Opp(N) — 1.
Moreover, either O ,5(N) — 0, or their bond dimensions are equal; call the common value D.

Then there are X € GL(C) and ¢ € C, with |¢| = 1, such that B' = (XA* X1 for every physical
letter i. In the latter case, |O,g(N)| — 1. This is [CPGSV16, Lemma A.2].

Proof. Put both tensors in their pure trace-preserving gauges. If their bond dimensions
differ, rectangular overlap decay gives O ,5(IN) — 0. If their dimensions agree but they are not
gauge-phase equivalent, the equal-dimension overlap-decay theorem gives the same conclusion.
In the remaining case, B = (XA*X~!. By Theorem 9.2.8, |¢| = 1. Hence

O4p(N) =T 044(N),
1045(N)| = [04(N)] — 1.
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Theorem 9.2.10 (Exact phase alternative for normal tensors). Let A and B be
normal tensors of positive, possibly different, bond dimensions. Then either O ,5(N) — 0, or
there is a phase ¢ € C, with |¢| = 1, such that |V (B)) = N[V (A)) for every chain length
N. This is [CPGSV16, Corollary A.3].

Proof. Apply Theorem 9.2.9. In its second alternative, gauge-phase covariance gives
VIN(B), = ¢(NVIN)(A), for every configuration o, and hence the asserted equality of vectors. [J

Theorem 9.2.11 (Unit overlap from eventual proportionality). Let A and B
be tensors, possibly with different bond dimensions, whose self-overlaps tend to one. Suppose
that, for all sufficiently large N, there is cyy € C such that [VIN)(A)) = eny|[VINV(B)). Then
[Oap(N)| — 1.

Proof. The proportionality relation gives

Oap(N) = cyOpg(N),
Oqa(N) = ‘CNFOBB(N)'

Hence |cy|? — 1 and therefore |cy| — 1. The first identity now gives |0 45(N)| — 1. O

Theorem 9.2.12 (Geometric proportionality phase for normal tensors). Let A
and B be normal tensors of positive, possibly different, bond dimensions. Suppose that, for all
sufficiently large N, their matrix product vectors are proportional by a nonzero scalar. Then
there is a € C, with |a| = 1, such that |[VIN)(A)) = aV|VIN)(B)) for every positive N. This is
the one-normal-block consequence of [CPGSV16, Corollary A.3 and the proof of Theorem 2.10].

Proof. [/ Proof] Normality gives O, 4(N) — 1 and Ogg(N) — 1, so Theorem 9.2.11 gives
|0 45(N)| — 1. The first alternative in Theorem 9.2.10 gives O 4, g(N) — 0, hence |O 4 5(N)| — 0,
a contradiction. In the remaining alternative, |[VV)(B)) = ¢N|[VN)(A)) with [¢| = 1; take
a=(1L O

Theorem 9.2.13 (Separated normal tensors are eventually independent). Let
(Aj)?:1 be a finite family of positive-bond-dimension normal tensors, no two of which are
gauge-phase equivalent after identifying equal bond dimensions. Then the matrix product vec-
tors {\V(N)(Aj» 9_, are linearly independent for all sufficiently large N, as in [CPGSV16,

Appendiz A]. ”

Proof. Put every tensor in the pure trace-preserving gauge of Theorem 9.2.3. Distinct
gauge-phase classes have overlaps tending to zero, while each self-overlap tends to one. The finite
Gram matrix therefore tends to the identity and is invertible for all sufficiently large lengths.
Gauge invariance of matrix product vectors gives the conclusion for the original tensors. O

9.3 Block-injective consequences for BNT families
The overlap separation of normal blocks yields a simultaneous product-algebra span after block-

ing. We first state the fixed-length span condition and then apply it to coefficient-form and
sector BN'Ts.

Definition 9.3.1 (Fixed-length block-injective canonical-form condition). [Lean] [Lean| [V Stmt]
For a fixed blocked length m, the fixed-length form of the block-injective canonical-form condition
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is
g
spanf{(AY, .., A2) : [w] = m} = [[ My, (©).
G=1

Equivalently,

VX = (Xj)j € @MD<C)7 3<Cw(X>)\w\:m’ (Xj>?:1 = Z Cw(X>(A(f7 ’A;})

J
Jj=1 |w]=m
This is the fixed-length form of the block-injective canonical-form condition of [CPGSV21,
lines 2113-2117].

Theorem 9.3.2 (Gauge invariance of simultaneous fixed-length product spans).
Let (Aj)?:1 and (Bj)g:1 be tensor families with the same physical dimension and the
same bond dimension D, in each labelled block. Suppose that for every j there is an arbitrary
invertible matriz X; € GLDj(C) such that, for every physical index i,

i iy —1
Bi= X,AiX; .

Then, at every fixed length L,
g g
span{(AY, ..., A%) s jw| = L} = HMDj (C) <= span{(BY,..,BY):|w|=L}= HMD],(«:).
j=1 j=1

Both directions hold for general invertible gauges; no unitarity condition is imposed. In partic-
ular, a separation certificate proved after passing to left-canonical representatives can be trans-
ported back to a source unital gauge carrying a positive dual fixed point. This supplies only
the simultaneous-span transport; the subsequent source-gauge boundary and parent-Hamiltonian
arguments are separate.

Proof. Given a target tuple (M;);, conjugate it backwards to (Xj’leXj)j. If the word
tuples of (A;); span the product algebra, one common coefficient family (c,),, expresses this
conjugated tuple. Gauge covariance of word evaluation then gives

> e,BY =X, ( > ch;v) X;t= M, (9.3)

|w|=L |w]=L

w

for every j. Thus the (Bj) ; word tuples span the product algebra. Replacing every X, by Xj’1
proves the reverse implication. O

Lemma 9.3.3 (Direct-sum block injectivity at the source length). [Lean] [Lean] [Lean] [V Stmi]
Let (Aj)?:l be irreducible left-canonical tensors with normalized self-overlaps and with no gauge-
phase-equivalent distinct blocks. Suppose g > 2, Ly > 0, and every A; is block-injective at lengths
Ly, Ly+1, and 3(Ly+ 1). Then

g
span{ (A7, ..., A%) : [w] = 3(9 — 1)(Lo + 1)} = [ [ Mp, (©).
j=1
This is the direct-sum induction length in [PGVWCO7, lines 1346-1408].
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Proof. [/ Proof] Lemma E.3.1 gives homogeneous pair-trace separation at S = 3(L, + 1). For
a chosen anchor block, pair separation prescribes an arbitrary matrix there and zero on one
other block. Multiplying g — 1 such homogeneous combinations removes the other blocks one
at a time. Induction on the number of removed blocks therefore realizes every tuple supported
on the anchor at length (¢ — 1)S. Summing over the anchors gives the full product algebra at
3(g—1)(Ly+1). O

Theorem 9.3.4 (Simultaneous one-letter span after blocking a BNT). [Lean] [Lean| [Lean] [Lean]
Let (Aj)?zl be a basis of normal tensors, with bond dimensions D;. There is a positive
integer L such that the one-letter evaluations of the blocked tensors span the full product algebra:

g9

span { (A1), .., (4g)7) -0 < i < db} = [T Mp, (©).

J=1

Moreover, there is Ly such that, for every L > Ly, the unblocked word tuples have the simultaneous
span

g
spang {(AY, .., A9) « [w| = L} = [ [ Mp, (C).
J=1

This is the existence form of simultaneous block injectivity associated with [CPGSV16, lines 317-
345]; no numerical bound on L or Ly is asserted here.

Proof. [/ Proof| Put each BNT representative in its trace-preserving Perron gauge. The gauged
family is irreducible and left-canonical, has normalized self-overlaps, and remains gauge-phase
separated. Choose a common positive length p at which every gauged block is block-injective.
Propagation of homogeneous word spans gives block injectivity at p + 1 and 3(p + 1).

Lemma 9.3.3 gives pairwise separation at length S = 3(p + 1). Write g - 1 = max{g — 1,0}.
Multiplying one separator for each of the other blocks gives a selector of length (¢ — 1)S for
every block. Transport these selectors back from the Perron gauges. Gauge invariance also gives
block injectivity of every original block at length p. Concatenating the injective prefix with the
selectors yields the full product-algebra span at

L=p+(g-1)S=p+3(g-1)(p+1)>0.

The truncated factor makes the same construction valid for empty and singleton families. The
same span provides selectors and block injectivity at length L. For every sufficiently large n,
concatenate an (n — L)-letter injective prefix with these selectors to obtain the full product-

algebra span at length n. Finally, length-L words of A; are the one-letter evaluations of ABL],
which proves the blocked statement.

Theorem 9.3.5 (Sharp simultaneous span under a total-dimension bound). Let
(Aj)]g-zl be a basis of normal tensors with bond dimensions D;. If K >0 and Zj D; < K, then

there is a positive integer L < 3K° such that
g
spanc{(AY, ..., A7) : lw| = L} = HMDj(C).
j=1
Proof. Put every representative in its trace-preserving Perron gauge. Since D; <
Zk D, < K, quantum Wielandt and homogeneous-span propagation make every representa-

tive block-injective at K*, K*+1, and 3(K* +1). Conjugation preserves the simultaneous word
span.
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For g = 0, take L = 1; the product algebra has only its zero element. For g = 1, take L = K*.
If g > 2, the three-block separation theorem gives

L=3(g—1)(K*+1).
Positivity of the D; gives g = Zj 1< Zj D; < K, and hence L < 3(K —1)(K*+1) <3K°. O

Theorem 9.3.6 (Total dimension of the BNT representatives). [V Stmt| Let literal canonical-
form data of ambient bond dimension D have phase classes j and chosen representatives of

dimensions D;. Then
> D;<D.
J

Proof. [/ Proof|In every phase class, choose its first copy. The class-copy equivalence sends these
choices to distinct displayed block indices, and the first copy is the chosen representative. Thus
the sum of the representative dimensions is bounded by the sum over all displayed blocks, which
is at most D by the canonical-form dimension bound. O

Theorem 9.3.7 (Sharp block-injective form for literal CPSV canonical form). Let
A be in literal CPSV canonical form with positive ambient bond dimension D. There is a basis
of normal tensors (Aj)g:1 and a positive integer L < 3D° such that

spang { (A7, (Ag)7) 0 <i < db} = lg[MDjm:)

Hence A is in block-injective canonical form after blocking at most 3D° sites. This is the
proposition at [CPGSV16, lines 342-845].

Proof. Choose one representative from every matrix-product-vector phase class. These
representatives form a basis of normal tensors, and their total bond dimension is at most D by
Theorem 9.3.6. Apply Theorem 9.3.5 with K = D. A word of length L in A; is a one-letter

evaluation of AL-L}, so the resulting length-L span is exactly the asserted one-letter span. O

Let A be a tensor in canonical form, and let A;,..., A, be a basis of normal tensors of A.
For suitable coefficients y; , and invertible matrices X; Write M; = diag(p; 1, ““j,r]-) and

Ja
_ g Ty
X = Gaj:l @qul X 4~ Then

75

g
@ )11 G X AKX (9.4)
J=

g
Al = X[@ (M; ® A})
=

J

This is [CPGSV16, Section 2.3, Equations (20a)—(21)]. The decomposition (9.4) is used below
to separate the normal blocks.

9.4 Permutation rigidity for bases of normal tensors

When two bases of normal tensors generate the same MPV subspace for all sufficiently large
positive lengths, the blocks must agree up to a permutation and per-block gauge phases. The
argument turns the eventual equality of spans into an invertible change-of-basis matrix, then
analyses its asymptotics through the overlaps.

The change-of-basis matrix is now used to match the blocks. We first treat equal block counts,
then remove that restriction.
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Theorem 9.4.1 (Permutation rigidity for equal block counts). Let (Aj)§:1 and
(Bj)g:1 be injective families of positive bond dimension satisfying trace-preserving normalization,
with self-overlaps tending to 1 and off-diagonal overlaps tending to O within each family. If
the spans of the MPYV states agree for all sufficiently large system sizes N, then there is a
permutation w of {1,...,g} such that A; and B(j) have the same bond dimension and are gauge-

phase equivalent.

Proof. For large N, Lemma E.2.2 gives an invertible matrix Uy relating the two MPV
families. Fix j and write [V (B)) = 35w/ [VINI(4)). With G4(N) = (O, (V)¢ and
b;(N) = (OAiBj (N)),, this gives

Moreover,
OBij (N) = uj(N>TGA(N)uj(N>'

If all mixed overlaps OAiBj(N) tended to 0, then b;(N) — 0; since G4(N) — 1, one obtains

u;(N) — 0 and hence u;(N) — 0. Thus OBij(N) — 0, contradicting Op p. (N) — 1. Thus
each B; has a matched block Ay ;) with non-decaying mixed overlap. Theorems 6.4.4 and 6.5.5
then force equal bond dimension and gauge-phase equivalence for each match. Off-diagonal
decay within the B-family makes f injective, hence bijective, and its inverse is the required

permutation. O

Lemma 9.4.2 (Permutation rigidity with asymptotically orthonormal overlaps).
Let (Aj)§21 and (B,){2, be ty)o fqmilies of injectivg tensors of positive bond dimension satisfying
the TP normalization ZZ(A;)TA; =1 and Z:i(B}C)JVB}C = 1, whose self-overlaps converge to 1
and whose cross-overlaps within each family converge to 0. If, for all sufficiently large system
sizes N,

spang {[VIN(4))) : 1< j < gy} = spanc {[VIN(By)) : 1 <k < gp},

then g4 = gp, and there is a permutation 7 of the common block index set such that A; and
B (j) have the same bond dimension and are gauge-phase equivalent for each j.

Proof. [/ Proof] By Lemma E.1.10, both families are linearly independent for all sufficiently large
N. Choose N large enough that both families are linearly independent and the assumed span
equality holds. The common span then has the same dimension when computed from the A-
family or the B-family, so g4 = ¢gp. After identifying the two index sets, Theorem 9.4.1 yields
the permutation conclusion. O

The two preceding results obtain the block matching from the asymptotic orthonormality
of the overlaps. The same matching is obtained by the exact sector comparison of Section 9.8,
which pairs the sectors of two canonical forms through a bijection fixed by their bond dimensions
and gauge-phase equivalences. The proof of the Fundamental Theorem in Chapter 10 proceeds
through the sector comparison.

The same overlap dichotomy also shows that the MPV states of distinct normal blocks are
non-proportional at arbitrarily large lengths; this is an input to the exact sector matching later
in the chapter.
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Theorem 9.4.3 (Non-equivalent irreducible TP blocks are eventually non-proportional).

Let A and B be irreducible trace-preserving blocks whose self-overlaps converge
to 1. If they are not gauge-phase equivalent, then for every lower bound Ny there is N > N
such that [VIN)(A)) is not proportional to [VN)(B)). Consequently, in an already separated
same-dimensional BNT block family, any two distinct blocks have such non-proportional MPV
states at arbitrarily large lengths.

Proof. [ Proof] Suppose that for all sufficiently large N one had [V V) (A)) = cx|V™(B)). Then

Oqa(N) = ‘CNFOBB(N)v (9.5)
Oap(N) =cyOpg(N). (9.6)

Since O44(N) — 1 and Ogp(N) — 1, the identity (9.5) gives |cy| — 1, and hence (9.6) gives
|O 45(N)| — 1. The irreducible trace-preserving overlap decay theorem gives O 4 5(N) — 0 when
A vy, B, a contradiction. O

9.5 Newton—Girard identities and power-sum recovery
The coefficients cgf,) = Zq ué\”q that appear in the two-layer BNT expansion are power sums of the
copy weights. Recovering the individual weights from these sums is a Newton—-Girard problem:
equal power sums determine equal characteristic polynomials, hence equal multisets of roots.
The general matrix statement is the corresponding theorem in the companion quantum-
channel volume [LTC26, “Newton—Girard trace recursion”]. It identifies a characteristic polyno-
mial from the first n power-sum traces.
The matched-sector comparison below applies the power-sum identities to a single matched
pair, after the BNT permutation and phase gauges have identified which basis tensors are com-
pared: the coefficient Zq uj-\fq then equals Zq(y- %)V and Newton—Girard recovers the weight

J.q
multiset with multiplicity.

Theorem 9.5.1 (Finite-range equal power sums imply equal multisets). [Lean| [Lean] [Lean] [Lean]
v stmt| Let o, 8 {0,...,n —1} = C. If >, af = 2 BE for 1 < k < n, then the multisets {c;}
and {f;} are equal.

Two variants relax the equal-cardinality assumption. If a : {0,....,m — 1} — C and § :
{0,...,n—1} — C have no zero entries and their power sums agree for 1 < k < max(m,n), then
m = n and the multisets are equal. Without a nonzero hypothesis, the list form Zzil )\fl\fk =

zil )\{Xk for 1 < N < max(z,,x,) gives equality of the nonzero multisets; if it also holds at
N = 0 then x, = x, and the full lists agree. The nonzero variant is the one applied to the
nonzero coefficients of a canonical form, which is how [CPGSV16, Lemma A.5] is used.

Proof. Apply the finite-range Newton—Girard theorem to diag(«) and diag(/3) and extract
the roots of [[.(X —a;) and [[,(X — ;). For unequal cardinalities, pad both lists with zeros
to length max(m,n); the nonzero hypothesis makes the padded-zero counts max(m,n) —m and
max(m, n) —n, forcing m = n. Without that hypothesis, delete the zero entries first (unchanged
for positive N); the equality at N = 0 gives z, = ;. O

Corollary 9.5.2 (A nonzero finite family has a nonvanishing power sum). Let
m > 1 and let Ay, ..., \,,,_; € C be nonzero. Then there is an exponent N with 1 < N < m

such that Z:Z)l )\év #+ 0. This is the consequence of the Appendiz power-sum lemma used in the

proof of Lemma L [CPGSV16, Appendiz C.3, lines 1851-1858]; the finite-range comparison is
[CPGSV16, Appendix A, lines 1155-1163).
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Proof. Suppose that every power sum with 1 < N < m vanishes. Comparing Ay, ..., A,,_1
with the empty family in Theorem 9.5.1 gives m = 0, contradicting m > 1. O

9.6 The BNT canonical form on a sector decomposition

This section introduces the BNT canonical-form conditions of [CPGSV16, Section 2], defined on
a sector decomposition with raw sector weights u; , and coefficients CE{,) = Zq Mﬁ;; no equal-
modulus factorization is assumed.

9.6.1 Sector decompositions and phase matching

The sector decomposition and the MPV phase-equivalence relations introduced here determine
the BNT canonical-form conditions below.

Definition 9.6.1.1 (Sector weights and sector decomposition). [Lean| [Lean] [Lean] [Lean| [Lean]
[Lean| [Lean] [/ Stmt| A sector-weight tuple over g basis blocks consists of multiplicities 7; > 0,
nonzero weights p; , for ¢ € {1,...,7;}, and the sector coefficients

N J
ey = 21y (97)
q=1

A sector decomposition consists of the basis blocks (Aj)?zl together with these multiplicities and
weights. If A; has bond dimension D;, then the flattened copy family has total bond dimension

g
Dy =Y _7;D;.

J=1

Definition 9.6.1.2 (Physical blocking of a sector decomposition). Let P be a sector
decomposition with representatives A;, multiplicities r;, and copy weights y; .. Its physical p-site
blocking has the same representative and copy indices, with
[p]
A Aj ,
P
Hjq = Hjq

The two-layer decomposition is [CPGSV16, lines 283-301]. Blocking preserves the copy index
sets and bond dimensions, replaces each flattened representative by its p-site blocking, and raises
each flattened weight to the p-th power.

Theorem 9.6.1.3 (Indices, dimensions, weights, and representatives under blocking).
[Lean| [Lean| [Lean| [Lean| [Lean| [Lean] [Lean] [ Stmt| Physical blocking preserves the copy sets and
bond dimensions. On the flattened copy index, it raises the weight to the p-th power and replaces
the representative by its p-site blocking.

Proof. These identities follow directly from the definition. O

Lemma 9.6.1.4 (Sector decomposition formula). For a sector decomposition S
with associated tensor A, the MPV satisfies

g
N

V(N)(Atot)a = Zc,(s,j)V(N>(Aj>U' (98)

Jj=1
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Two blocks are identified for canonical-form purposes when their MPV families differ by a
scalar power. The next three definitions formalize this relation, the common cover it generates
between two families, and the phase classes of a single family.

Definition 9.6.1.5 (MPV phase equivalence for nonzero-weight blocks). [V stmt] Two blocks
A and B are MPV-phase equivalent if there is a nonzero scalar ¢ such that, for every positive
system size N and every physical word, VIV (B), = ¢(NVINV)(A)_. The two bond dimensions are
allowed to differ.

Definition 9.6.1.6 (Common MPV phase cover). For two finite nonzero-weight
block families, a common MPYV phase cover consists of a third finite family of blocks, a map
from each nonzero-weight block family onto that common family, and MPV-phase equivalences
between each block and its common representative. Both maps are required to be surjective, so
the common family contains no unused representative.

Definition 9.6.1.7 (MPV phase classes). [Lean| [Lean] [Lean| [Lean] [Lean| [/ Stmt|For a finite
family of blocks, put j ~ k when there is a nonzero scalar factor ¢ such that |[VWV)(B,)) =
¢V \V(N )(Bj)> for every positive length V. The associated tuple enumerates the finite quotient,
chooses one representative per class, enumerates that representative first in its class, records the
scalar relating the representative to each member, and proves that distinct representatives are
not MPV-phase equivalent. The pairs (7, ¢), with j a phase class and ¢ a copy in that class, are
in bijection with the original block indices.

Theorem 9.6.1.8 (BNT existence for CPSV canonical form). Every tensor with
literal CPSV canonical-form data admits a finite basis of normal tensors (Bj)gzp each of positive
bond dimension. The family is obtained by choosing one representative from each matriz-product-

vector phase class of the blocks A, ..., A,.

Proof. Partition the finite block family by matrix-product-vector phase equivalence.
Choose one representative from each class. The representatives are normal and have positive
bond dimensions. Distinct representatives are not gauge-phase equivalent. For every block, the
normal-tensor phase theorem identifies its bond dimension with that of its representative and
realizes their phase relation by a similarity and a unit-modulus scalar. Theorem 8.6.18 now gives
the basis-of-normal-tensors conditions. O

Theorem 9.6.1.9 (Structured BNT refinement of CPSV canonical form).

[Lean| [Lean| [Lean| [Lean| [Lean| [Lean| [Lean| [Lean| [Lean] [Lean] [Lean] [Lean| [Lean] \\/' Stmt\Let

At =yt (@ u,ﬂ;‘g) U. (9.9)
k=1

UUt =1. (9.10)

be literal CPSV canonical-form data. There are phase classes j, copy multiplicities r;, and an
equivalence

G :={(4,9) :1§q§7‘j}ﬂ{1,...,7’}. (9.11)

Each class has a representative C;. If the copy (J,q) corresponds to the block index k, then its
bond dimension equals that of C; and there are (), € C, with |(,| =1, and X, € GLp, (C) such
that

A = G X CEX (9.12)
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The copy retains the original coefficient uy,, and the representatives (Cj)j form a basis of normal
tensors for A.

Enumerate G. The induced equivalence ® between the dependent grouped block coordinates
and the original flattened listed coordinates gives

YD, = ka. (9.13)
ze§ k=1

For x = (j,q), let i, be the original weight of that copy and let E; = CmC’;, with the required
dimension identification. Define the grouped tensor by

T}, = reindexg (@ /}IB;> . (9.14)

x€eG

IfG = @k X, s the block-diagonal gauge, then, letter by letter,

P w4, = GTE,,G, (9.15)
k=1

and
Al =UGT} ,GT'U. (9.16)

Proof. Enumerate the block indices by their phase classes and choose one normal rep-
resentative in each class. The normal-tensor phase theorem gives the dimension equality, unit
phase, and invertible gauge in (9.12). The BNT characterization proves that the representatives
form a basis of normal tensors. Reindexing the dependent block coordinates gives ® and (9.13).
The exact heterogeneous block-diagonal reindexing identity identifies the grouped tensor with
the representative copies in the original retained-coordinate space. Block-diagonal conjugation
then gives (9.15); substitution into (9.9) gives (9.16) with the original coisometry U. In the
notation of [CPGSV16, Proposition 4.13], these identities are

P Ay, = GTE,,G 1, (9.17)
k=1

Al =U'GT} ,G™'U, (9.18)

UUt =1. (9.19)

O

Definition 9.6.1.10 (BNT sector presentation). [Lean| [Lean| [Lean| [Lean| [Lean] [V Stmt]A BNT
sector presentation of a tensor A is a nonempty sector decomposition P such that every repre-
sentative has a positive number of copies, every copy has nonzero weight, every representative
C; is normal, the representative matrix product vectors are eventually linearly independent, and,
for every N > 0,

VINI(A) = VIN(P). (9.20)

This records the nonzero canonical summands constructed at [CPGSV16, lines 217-246]: re-
peated copies and their weights remain explicit.

86


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.IsBNTSectorPresentation
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.IsBNTSectorPresentation.isCPSVBasisOfNormalTensors
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.IsBNTSectorPresentation.blocks_not_gaugePhaseEquiv
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.IsBNTSectorPresentation.of_sameMPV₂Pos
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.IsBNTSectorPresentation.exists_pos_mpvState_ne_zero

Theorem 9.6.1.11 (Uniqueness of BNT presentations). Two BNT presentations
of the same positive-length matriz product vector family have equally many representatives. After
a permutation, corresponding representatives have equal bond dimension and are related by an
invertible gauge and a unit-modulus phase.

Proof. [/ Proof| Apply Theorem 9.1.4 first to the direct-sum tensor of the first presentation, using
the representatives of the second as a BNT, and then with the presentations interchanged. This
gives a matching map in each direction. Eventual linear independence excludes gauge-phase-
equivalent distinct representatives, so both maps are injective. Since the index sets are finite,
they have equal cardinality, and either matching map is a bijection. Normal-tensor gauge rigidity
gives the asserted gauge-phase relation for each matched pair. O

Theorem 9.6.1.12 (Representative sector decomposition). [Lean] [Lean] [Lean] [Lean] [Lean]
\Lean\ \Lean\ \Lean\ \Lean\ \Lean\ \Lean\ \\/ Stmt\ In the notation Of Theorem 9619, let k(], q) be
the listed block corresponding to the class-copy pair (j,q). The representatives C; define a sector

decomposition P, with copy weights

Aja = Vi(,a)Skii.a)- (9.21)

Every copy weight in P, is nonzero. The representatives have simultaneous word-tuple separa-
tion at every sufficiently large length.

For every positive length N, the grouped tensor Ty, ., of Theorem 9.6.1.9 and the representative
sector tensor generate the same matriz product vector. The original tensor has the same positive-
length matriz product vectors as both:

V(T ) =VIN(P,). (9.22)
N _ (N
VI (A) =VIN(P,,,). (9.23)
Hence Py, is a BNT sector presentation of A whenever at least one listed block occurs.

Proof. The class-copy equivalence reindexes the listed blocks. (9.21) combines the orig-
inal coefficient with the unit phase relating its block to C}; both factors are nonzero. The
basis-of-normal-tensors condition and Theorem 9.3.4 give eventual simultaneous word-tuple sep-
aration for the representatives. Reindexing the finite sum by (j,q) gives (9.22). The original
coisometric reconstruction and simultaneous block gauge preserve every positive-length closed-
chain coefficient, yielding (9.23). O

Definition 9.6.1.13 (BNT canonical form). Given a sector decomposition P,
these conditions define the normalized, left-canonical, aperiodic BNT surface used below. This
is stronger than the abstract BNT of Definition 9.1.1 and the literal coefficient-form BNT of Defi-
nition 9.1.2: besides spanning and eventual linear independence, it fixes irreducible left-canonical
representatives, their self-overlap normalization, gauge-phase separation, and the canonical-form
weight normalization. It imposes no equal-modulus factorization or strict ordering on the raw
weights. Explicitly, each basis block has positive bond dimension, is irreducible, and is left-
canonical; the normalized self-overlap of every basis block converges to 1; the basis MPV family
is eventually linearly independent; distinct same-dimension basis blocks are not gauge-phase
equivalent after identifying equal bond dimensions; and the [CPGSV16, Section 2.3] canonical-
form normalization holds,

v(jaq)a ‘,Ltj’q| S 17
H(J*aq*)’ ‘:uj*,q* =1

87


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.IsBNTSectorPresentation.equiv_of_sameMPV₂Pos
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.representativeSectorDecomposition
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.representativeSectorDecomposition_basisCount
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.representativeSectorDecomposition_basisDim
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.representativeSectorDecomposition_basis
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.representativeSectorDecomposition_copies
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.representativeSectorDecomposition_weight
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.eventuallyRepresentativeWordTupleSpan
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.groupedTensor_sameMPV₂Pos_representativeSectorDecomposition
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.groupedTensor_isBNTSectorPresentation
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.source_sameMPV₂Pos_groupedTensor
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.CPSVCanonicalFormData.BNTRefinement.isBNTSectorPresentation
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.IsBNTCanonicalForm

The MPV expansion takes the raw two-layer form

g9

viV(p), =" (ZJ uﬂ) VP, (9.24)

=1

matching [CPGSV16, Section 2.3] and [CPGSV21, Definition IV.2]. The canonical-form normal-
ization admits every example of the source paper (in particular C & D, C & (—C), C @ (1/2)C,
and C & (—C) @ (1/2)C) and is not derivable from the per-block normality hypotheses alone.

Definition 9.6.1.14 (Single-sector decomposition). [V stmt|For a tensor A, its single-sector
decomposition has A as its only basis tensor, with one copy of weight 1.

Theorem 9.6.1.15 (Single-sector BNT canonical form). [v stmt| Let A have positive bond
dimension, be irreducible and left-canonical, and satisfy O 44(N) — 1. Then its single-sector
decomposition is a BNT canonical form.

Proof. The identity
04a(N) = [V (A)[ — 1 0. (9.25)

shows that V) (A) is nonzero for all sufficiently large N. A family consisting of one nonzero
vector is linearly independent. All remaining conditions are immediate from the hypotheses and
the unit weight. O

Theorem 9.6.1.16 (Normal tensors have single-sector BNT presentations). FEvery
normal tensor is gauge equivalent to a tensor whose single-sector decomposition is a BNT canon-
ical form. The original tensor and the total tensor of this decomposition generate the same
matriz product vectors at every positive length.

Proof. Choose the pure trace-preserving Perron gauge. Its tensor is irreducible and left-
canonical, and primitivity gives self-overlap converging to one. The preceding theorem supplies
the BNT canonical form. If P denotes the total tensor of its single-sector decomposition, then
gauge invariance and the sector-decomposition formula give, for every N > 0 and word o,

ViIN(A), =VIN(B), =1NVIN(B), = VN)(P),. (9.26)
O

Lemma 9.6.1.17 (Unit-modulus weight witness from the canonical-form normalization).
Under the BNT canonical form, the [CPGSV16, Section 2.3] normalization provides
indices (j,,q,) with |p; ,|=1.

Proof. This is the unit-modulus existential in the canonical-form normalization. O

Corollary 9.6.1.18 (Basis blocks of a BNT canonical form are normal). If P isin
BNT canonical form, then every basis block P; is normal in the algebraic sense of Definition 2.4.4.

Proof. Each basis block has positive bond dimension, is irreducible and left-canonical,
and has normalized self-overlap converging to 1. Theorem 6.9.3 applies to each block. O

Theorem 9.6.1.19 (A BNT canonical form determines an algebraic BNT). [V Stmt] If P
is in BNT canonical form, then its basis blocks form an algebraic basis of normal tensors for the
total tensor associated with P. Only this implication from canonical form to algebraic BNT is
asserted.
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Proof. The preceding corollary gives normality of every basis block. The sector coefficient
formula (9.8) expresses the total MPV as a linear combination of the basis MPVs at each positive
length, and the BNT sector data give their eventual linear independence. O

Theorem 9.6.1.20 (Positive blocking preserves BNT canonical form). Let P be a
BNT canonical form and let p > 1. Then the blocked sector decomposition P®' is again a« BNT
canonical form.

Proof. [/ Proof| For each representative A;, normalized self-overlap gives peripheral period one,
hence a primitive transfer map. Positive blocking therefore preserves irreducibility and left-
canonical normalization. Moreover, O i) 4w (N) = Oa,a, (Np) — 1. Let Fy be the linear

isomorphism induced by concatenating blocked words, from the blocked configuration space
at length N to the original one at length Np. For every representative, FN|V<N)(AEP])> =
|VINP)(A ;))- Hence eventual linear independence is preserved. If two blocked representatives were

gauge-phase equivalent, then for some nonzero ¢ and every N, [V (AlPhy)y — ¢Njy@ >(ABP Y.
Writing these two vectors as fj, and f; gives 1- f; = N f; in an eventually linearly independent
family, and therefore k = j. Finally, | ,ué” q\ = |p;,4/P <1, and a unit-modulus weight remains of

unit modulus after taking its p-th power. O

Theorem 9.6.1.21 (Common exact quantum-Wielandt length for BNT representatives).
Let P be a BNT canonical form of total bond dimension D, with representatives A;

of bond dimensions D;. For every 0 < j < g, the representative A; is D*-block injective:
Spa(A;) = Mp, (C).

G

Proof. The BNT hypotheses make A; irreducible and left-canonical, with O A4, (N) — 1.
The preceding theorem therefore makes A; normal, and quantum Wielandt gives S D;;(Aj) =
MDj (C). By Theorem E.2.6, D? < D*. Write D* = D;H—k and apply positive-length propagation
k times. O

Theorem 9.6.1.22 (CPSV simultaneous block-injectivity bound). [Lean| [Lean] [/ Stmi] Let P be
a BNT canonical form with total bond dimension D. There is a positive integer N < 3D% such
that its representatives have the simultaneous fized-length span

g
span{(Af,.... A2) : || = N} = [[ My, (©).
j=1

This is the block-injectivity estimate in [CPGSV16, lines 340-345].

Proof. Every representative is block-injective at D*, and homogeneous-span propagation
gives the same conclusion at D* +1 and 3(D* +1). If g = 1, take N = D*. If g > 2, apply
Lemma 9.3.3 with Ly = D* and take

N=3(g—1)(D*+1).

The positive bond dimension of every representative gives g < D. Consequently N < 3D5; the
same estimate also covers the one-block case. The unit-modulus weight required by the BNT
normalization ensures D > 0. O

The matching arguments below read off three facts from a BNT canonical form: the raw
coeflicient identity, the cross-overlap decay between distinct basis blocks, and the combined-
family linear independence.
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Lemma 9.6.1.23 (Raw two-layer sector coefficient identity). For every sector
decomposition P, length N, and basis indez 7, cg\j,> = Z;’;l /,L;Yq. This is [CPGSV16, Section 2.3].

Proof. The claim follows from the definition of the sector coefficient. O

Lemma 9.6.1.24 (Cross-overlap decay between distinct basis blocks). If Pis a
BNT canonical form and j #+ k, then Op,p, (N)—0.

Proof. Case on the bond dimensions. If they differ, the dimension-mismatch overlap-
decay theorem applies. If they agree, the basis-distinctness clause rules out gauge-phase equiva-
lence, so the equal-dimension overlap-decay theorem applies. O

Lemma 9.6.1.25 (Combined-family eventual linear independence). Let P and Q
each be a BNT canonical form, and suppose every mized overlap OPij (N) tends to 0. Then the
union family

g g
(VBT U{VVQI,
is linearly independent for all sufficiently large N. This is [CPGSV16, Appendiz A].

Proof. Feed the per-family normalized self-overlaps, the within-family cross-overlap
decay (Lemma 9.6.1.24), and the inter-family decay hypothesis into the two-family overlap-
orthonormality criterion (Lemma E.1.9). O

Ezample 9.6.1.26 (C @ (1/2)C, unequal-modulus admissibility). [/ stmt] For any tensor C,
this construction forms a single-sector, two-copy decomposition with basis tensor C' and raw
weights (1,1/2). Thus the sector data themselves allow unequal-modulus copies. If C addi-
tionally has positive bond dimension, is irreducible and left-canonical, has normalized nonzero
self-overlap, and satisfies the BNT independence clause, these data satisfy Definition 9.6.1.13;
those hypotheses are not consequences of the construction alone.

9.6.2 Single-copy sector decompositions
A weighted block sum is the one-copy case of the sector decomposition used below. Equal or
repeated sectors require the full coefficient formalism.

9.6.3 Prepared-block construction of BNT canonical forms

The construction below separates the after-blocking preparation of suitable blocks from the
normalized-weight BNT construction: the prepared blocks are trace-preserving, primitive, ir-
reducible, and injective; normalized weights then quotient gauge-phase-equivalent blocks into
sectors to produce the canonical form of Definition 9.6.1.13.

Theorem 9.6.3.1 (Prepared BNT blocks after blocking). [V Stmt| Let A be an MPS tensor.
Then there is a blocking length p > 1, nonzero weights u;, and blocks B, over the p-blocked
alphabet such that:

1. each block has positive bond dimension;
2. each block is trace-preserving, primitive, tensor-irreducible, and one-site injective;

3. APl and @D, 1, By generate the same MPV family at every positive length.

90


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.SectorDecomposition.coeff_eq_sum_weight_pow
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.IsBNTCanonicalForm.cross_overlap_basis_tendsto_zero
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.IsBNTCanonicalForm.combined_family_eventually_li
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.SectorBNT.Examples.halvedDecomp
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.exists_prepared_BNT_blocks_afterBlocking_pos

No weight-modulus normalization is asserted at this stage.

Proof. Apply the common primitive irreducible block decomposition to (A, A), giving a
positive blocking length and a nonzero weighted family of trace-preserving primitive irreducible
blocks with the positive-length MPV identity. Theorem E.3.2 supplies one common further
blocking making every block one-site injective while preserving the other hypotheses; finally
identify the iterated blocked alphabet with the direct one. O

With the prepared blocks in hand, normalized weights produce a BNT canonical form by
quotienting gauge-phase-equivalent blocks into sectors.

Theorem 9.6.3.2 (BNT canonical form of the phase-class quotient). Let (By,)5_,
have positive bond dimensions and suppose that every By is trace-preserving, primitive, and
irreducible. Assume p, # 0 and || < 1 for every k, and |, | = 1 for some k,. Partition the
blocks into matriz-product-vector phase classes, choose one representative from each class, and
retain every class member as a copy of its representative with the corresponding phase-adjusted
weight. The resulting sector decomposition is in BNT canonical form.

Proof. The chosen representatives inherit irreducibility and trace preservation, while
primitivity gives normalized self-overlap. Distinct phase classes give gauge-phase-distinct rep-
resentatives. The collapsed phase-class construction supplies the eventual linear independence
and retains every original block as one copy. Its phase multipliers have unit modulus, so the
adjusted weights preserve the assumed bounds and unit witness. These are precisely the fields
of Definition 9.6.1.13. O

Theorem 9.6.3.3 (BNT from normal blocks with normalized weights). Letr € N,
and for each k=1, ...,7 let D;, € N, p;, € C, and let By, be an MPS tensor of physical dimension
d and bond dimension D,,. Assume:

1. positive bond dimensions: D, > 0 for all k,
. TP normalization: Y (B;)'Bj =1,
. primitivity: Cg s primitive for each k,

2
3
4. trreducibility: each B, is irreducible,
5. nonzero weights: p;, #+ 0 for all k,

6

. bounded weights: |u,| <1 for all k,

7. global unit witness: |u,| =1 for some k.

Then there exists a sector decomposition P such that P and @;:1 w By, generate the same
MPYV family at every positive length, and P satisfies the basis-of-normal-tensors conditions
(Definition 9.1.2) together with the multiplicity, span, and weight-bound conditions of Defini-
tion 9.6.1.13.

Proof. [/ Proof] The phase-class quotient groups gauge-phase-equivalent blocks into sectors with
unit-modulus per-copy scalars. Under the TP, primitive, and irreducible hypotheses the phase-
class construction applies, and for distinct representatives B;, B (j # 4') the cross-overlap
decays,
hm OBJBJ (N) == 0,
J

N—oo

lim Op 5 (N) =1,
N—oo 777
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which gives the eventual linear-independence condition with no injectivity required. The resulting
sector decomposition inherits the span and multiplicity conditions, and the bounded-weight and
global-unit hypotheses give the weight-norm conditions. O

The BNT construction preserves total bond dimension because CF summands assigned to
the same BNT representative have equal bond dimension. Indeed, suppose trace-preserving
primitive irreducible NTs X and Y of positive bond dimension have MPV families related by
[VIN(Y)) = ¢NVIN(X)) with ¢ # 0. The normalized self-overlaps give |Oxy(N)| — 1. The
phase relation gives the cross-overlap identity

Oy x(N) = CNOXXUV)a
‘OYX(N)| = |C|N|OXX(N)|-

Since the same normalization forces || = 1, this gives |Oy x(N)| — 1. If their bond dimensions
differed, the rectangular overlap-decay theorem would give Oy x(N) — 0, a contradiction.

Theorem 9.6.3.4 (Gauge realization of prepared phase-equivalent NTs). Let X
andY be trace-preserving, primitive, irreducible NTs of positive bond dimensions. If their matriz-
product-vector families differ by a nonzero scalar power, then their bond dimensions are equal
and, after identifying the bond spaces, X and Y are gauge-phase equivalent. Neither positivity of
the scalar nor unitarity of the gauge is asserted.

Proof. Lemma E.3.4 identifies the bond dimensions. If the resulting same-dimensional
blocks were not gauge-phase equivalent, Theorem 9.4.3 would give a positive length at which
their matrix product vectors are not proportional. This contradicts the assumed scalar-power
relation. The normalized self-overlaps required there follow from Theorem C.5.2. O

Lemma 9.6.3.5 (Gauge realization with the fixed phase scalar). Let X andY be
trace-preserving, primitive, irreducible NTs of positive bond dimensions. Fiz ¢ € C\ {0} and
suppose that, for every positive length N and every physical word o,

VIN(Y), = NVV(X),, (9.27)

Then, after identifying the bond spaces, there exists G € GLp_ (C) such that, for every physical
index 1,

Yi=(GXIGL. (9.28)

Proof. [/ Proof] Theorem 9.6.3.4 gives an invertible G and a nonzero scalar 7 such that Y =
nGX'G~'. By Theorem 2.3.18, VIN(Y), = nNVN)(X)_ . Theorem C.5.2 gives consecutive
positive lengths M and M + 1 with nonzero coefficients of V™) (X) and VIM*+1(X). Comparing
the two scalar-power identities gives (M = nM and ¢(M*+! = n™+1 Hence ¢ = 1, which proves
(9.28). O

Theorem 9.6.3.6 (Dimension-preserving BNT form of prepared blocks). Under
the hypotheses of Theorem 9.6.5.2, there is a BNT canonical-form sector decomposition P such
that

vep)=v* (é Hk3k> )

k=1

D (P) =D, (9.29)
k=1
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Proof. Use the phase-class sector decomposition from Theorem 9.6.3.2. Its flattened
copies are in bijection with the original blocks, and phase-equivalent blocks have equal bond
dimension by Theorem 9.6.3.4. Summing the copy dimensions over this bijection gives (9.29). O

Theorem 9.6.3.7 (Exact reindexing of heterogeneous weighted block sums). [Lean| [Lean] [V Stmt]
Let e : {1,...,r} = {1,...,r"} satisfy D, = Dé(k). Let Q. be the coordinate permutation whose
rows are indexed by the primed block and whose columns are indexed by the unprimed block.
Suppose that, for every block and physical index,

AL = QL (1l Bl 1) Qe (9.30)

The induced equivalence E of flattened dependent block coordinates has a permutation matriz Q g,
with rows indexed by the primed coordinates and columns indexed by the unprimed coordinates.
For every physical indez 1,

D A = Qf (EB u23§2> Qp- (9-31)
k=1 (=1

Proof. [/ Proof| Evaluate both sides on two flattened block coordinates. When their block labels
agree, (9.30) gives the matrix entry. When the labels differ, both block-diagonal entries vanish.
This proves (9.31). O

Theorem 9.6.3.8 (Exact BNT reconstruction of prepared normal blocks). Under
the hypotheses of Theorem 9.6.3.2, there are a BNT canonical-form sector decomposition P, an
equivalence E of flattened bond coordinates, and X € GLp  (p)(C). Write Qg for the permutation
matriz whose rows are indexed by the coordinates of P and whose columns are indexed by the
original block coordinates. The first identity below holds, and the second holds for every physical
index i:

Dyt (P) = Z Dy, (9.32)
k=1
m.Bj = QL (XP'X) Qp. (9.33)
k=1

Proof. Partition the prepared blocks into matrix-product-vector phase classes. For the
copy ¢ in class j, retain the precise class scalar (; , chosen in the weight ¢; ,pt; .. The normal-
tensor phase theorem supplies an invertible G , with

i i—1
Bj,q - Cj,qu,quGqu' (9.34)
Thus the original weighted block equals the corresponding sector copy after conjugation, since
its sector weight is (; ,p1, .. Assemble the G, into a block-diagonal matrix X and apply Theo-
rem 9.6.3.7. This gives (9.33); summing the matched copy dimensions gives (9.32). O
Lemma 9.6.3.9 (Gauge equivalence of direct sums from per-block gauge equivalence).
If each pair (A, By,) is gauge equivalent, then the weighted block-diagonal tensors @k Ay
and @, 1By, are gauge equivalent.

Proof. Choose per-block gauge matrices via the hypothesis; then apply Lemma F.4.3. [
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Theorem 9.6.3.10 (Positive-length MPVs under coisometric reconstruction). Let
A and B be MPS tensors, possibly with different bond dimensions. Suppose that U satisfies
UUY =1 and A* = UTB'U for every physical index i. Then A and B generate the same matriz
product vectors at every positive length.

Proof. Multiply the reconstruction identities around a positive-length cycle. Each adja-
cent pair UUT cancels, and cyclicity of the trace removes the remaining outer factors. O

Theorem 9.6.3.11 (Sector BNT form of normalized CPSV canonical data). Let
A have CPSV canonical-form data satisfying the separate normalization condition (8.25), and
assume A # 0. Then there is a BNT canonical-form sector decomposition P such that

Vr(A) =VE(P),
Doy (P) = ka- (9.35)
k=1

Thus the dimension is the total dimension of the blocks, not the ambient bond dimension D.
This statement records positive-length MPV equality; the exact coisometric reconstruction is
stated next.

Proof. [ Proof] Apply Theorem 9.6.3.12. Its reconstruction writes A* = UTB'U, where UUT = 1
and B® = XP'X!'. Theorem 9.6.3.10 shows that A and B generate the same matrix prod-
uct vectors at every positive length. Theorem 2.3.17 gives the same conclusion for B and P.
Transitivity yields V*(A) = V*(P), while the dimension identity is already part of the exact
reconstruction theorem. O

Theorem 9.6.3.12 (Exact coisometric BNT reconstruction). [V Stmt| Let A have CPSV
canonical-form data satisfying the separate normalization condition (8.25), and assume A # 0.
There are a BNT canonical-form sector decomposition P, a coisometry U € CPuwotP)*D = qng
X € GLDM(P)(C). The first two identities below hold, and the third holds for every physical
index i:

Dy (P) =Y _ Dy, (9.36)
k=1

UUt =1, (9.37)

A =UN(XPIX ) U. (9.38)

Proof. The canonical-form data give the exact reconstruction

A=Vt (@ ukA;;) v, (9.39)
k=1
VVI=1. (9.40)

Put every normal block into a trace-preserving primitive irreducible gauge Y, and apply Theo-

rem 9.6.3.8. Let Q be the permutation matrix of its flattened coordinate equivalence, so QQt = 1.

Reindexing Y by the same equivalence gives an invertible matrix W on the bond space of P and
the identities

QY =WQ, (9.41)

Y =Qiwt. (9.42)
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If X, is the prepared-block gauge, set X = W~1X, and U = QV. Substitution in (9.39) gives
(9.38), while

UUt =Q(vvho =1.
This proves (9.37). The block enumeration gives (9.36). O

Theorem 9.6.3.13 (Equal-ambient gauge equivalence for CPSV canonical forms).
Let A and B have the same ambient bond dimension D. Suppose each tensor has CPSV canonical-
form data, both data satisfy the separate weight normalization condition (8.25), neither tensor
is zero, and VT (A) = V*(B). Then A and B are gauge equivalent: there is G € GLp(C) such
that, for every physical index 1,

Bl = GAIGL. (9.43)

Unused ambient coordinates are allowed. The conclusion requires the common ambient dimension
D and makes no claim for canonical forms with different ambient bond dimensions.

The cited sources supply the retained canonical-form comparison. The passage back from the
retained tensors to the ambient tensors is the coisometric lifting of Theorem 8.8.5.

Proof. [/ Proof]l Apply Theorem 9.6.3.12 to obtain BNT canonical forms P, @), coisometries U 4, Up,
and retained-space gauges X 4, X with

A =ULX PP XU,
Bi = ULXpQ X5'Up. (9.44)
Theorem 9.6.3.10, gauge invariance, and the hypothesis give
VH(P) =VH(A) =VH(B) =VHQ). (9.45)

Theorem 10.4.2.1 therefore identifies the retained dimensions and gives Y such that Q' =
YPY 1. After identifying the retained spaces, the two middle tensors in (9.44) are conju-
gate by XY X,!. Theorem 8.8.5 aligns the two coisometries inside the common ambient space
and yields (9.43). O

Combining the after-blocking preparation with the weight normalization of Theorem E.3.7
gives the arbitrary-input statement.

Theorem 9.6.3.14 (Normalized BNT form after blocking for a nonzero MPV family).
Let A be an MPS tensor whose matriz-product family has a nonzero coefficient at some
positive length. Then there exist a blocking length p > 1, a positive real m, and a sector
decomposition P over the blocked alphabet in the BNT canonical form of Definition 9.6.1.13,
such that for every positive length N,

VIN(APD = mN vV (P, (9.46)

The scalar m™ is the per-site normalization cost of the line-246 weight choice, which is realized
rather than assumed. The nonzero-family hypothesis is the standing convention of [CPGSV16,
Section 2.3]: the unit-modulus weight chosen there presupposes a nonempty weight family. The

normalization and the proportional-MPV comparison are documented in [con26¢].
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Proof. Choose a word w with tr(A™) # 0. For every p > 1, there is a ¢ > 1 such that
tr((A¥)P9) £ 0. Otherwise Newton—Girard applied to (A¥)P and the zero matrix would show
that (A¥)P, and hence AY, is nilpotent, contradicting tr(A"*) # 0. Repeating w exactly pq times
gives a nonzero coefficient of the p-blocked tensor. Thus the prepared family at the blocking
length supplied by Theorem 9.6.3.1 is nonempty.

Normalize its weights by their maximal modulus m (Theorem E.3.7). By the weight-scaling
identity of Lemma E.3.8,

VAl (@ M Bk) = V<N><€Bm@3k)’
A m
N) (@ P Bk) —mN VIN(P).
P m

where the last identity is the prepared supplier of Theorem 9.6.3.3 applied to the normalized
weights, which gives the BNT canonical form P. O

9.7 Coeflicient comparison and copy-weight recovery

The exact matching of Section 9.8 produces, on each matched pair, a coefficient identity. This sec-
tion turns that identity into equality of the per-copy weight multisets [CPGSV16, Appendix A].
No analytic non-decay estimate enters: the fixed-length linear independence isolates each sector
coefficient exactly.

9.7.1 Matched-sector weight multiset equality

Given a matched pair (jy, ko) and a nonzero scalar ¢ with CE{,O)(P) = CNcg\lfO)(Q) past a threshold
Ny, this section records two conclusions: the multiset equality of the per-copy weights from power-
sum recovery (Theorem E.2.5), and its upgrade to an explicit per-copy permutation. Together
they give the p,; , = v; qe“p7 recovery of [CPGSV16, Appendix A]. In the equal-MPV case,
Chapter 10 obtains this coefficient identity by expanding both total MPVs in the matched BNT
basis and applying eventual linear independence (Lemma 10.2.2). For merely proportional total
MPVs, a common length-dependent scalar remains in every matched coefficient identity and the
scalar-free comparison need not hold; see Remark 10.3.6.

Lemma 9.7.1.1 (Matched-sector weight multiset equality). Let P,(Q be sector

decompositions with weights y; , and vy, o, and fiz indices jy, %07 and a nonzero scalar ¢ € C\{0}.
Suppose that for every N > Ny,

PPy = N Q). (9.47)
Then the per-sector multiplicities agree, 7; (P) = T (Q), and the rescaled per-copy weight mul-
tisets coincide. This is [CPGSV16, Appendiz A] read on a single matched sector.
Proof. Expand both sides of the coefficient identity (9.47) into per-copy power sums
>, o and >y ka - and distribute ¢N through the right-hand sum to obtain, for every
. 0
N > N,

Do =D (¢ vy I
q

’

q
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Extend to all positive exponents and apply the unequal-cardinality multiset-recovery lemma
(Theorem 9.5.1), using ¢ # 0 together with the weight non-vanishing assumption to ensure the
input weights are nonzero. This yields the multiplicity match and the multiset equality. O

Lemma 9.7.1.2 (Matched-sector weight-permutation extractor). Under the hy-
potheses of Lemma 9.7.1.1, the per-sector multiplicities agree and there is a permutation T of
the per-copy index set identifying the individual weights up to the gauge phase: for every q,
Vierla) = ¢t Mg This is the per-copy realisation of [CPGSV16, Appendiz A]: the multiset
equality from Lemma 9.7.1.1 is upgraded to a concrete indexing between the matched P- and
Q-copies.

Proof. Invoke Lemma 9.7.1.1 to obtain the cardinality match and the multiset equality.
From this multiset-map equality extract a permutation matching the elements pointwise (proved
by induction on the cardinality). Compose with the cardinality identification and cancel ¢ via
¢ # 0 to convert the gauge factor on the right of the pointwise identity to (~! on the left. O

9.8 Strong existential matching by exact linear indepen-
dence

The exact matching reads [CPGSV16, Appendix A] as a statement at fixed length: equal MPV
families force each basis sector of one form to pair with a basis sector of the other. The non-
vanishing of the sector coefficients isolates the matched sector exactly, with no limit of a single-
sector projection.

Theorem 9.8.1 (Exact single-sector matching). [V Stmt] Let P,Q be two BNT canonical
forms with the same MPYV family (at all positive lengths). For every sector j of P there exist
a sector k of Q with matched bond dimension dimp(j) = dimg(k), a gauge-phase equivalence
after identifying the matched bond dimensions, and a non-decaying cross-overlap. No per-sector
unit-modulus hypothesis is required.

Proof. Equality at every positive length gives eventual nonzero proportionality with
scalar 1. Apply Theorem E.2.1.1 to the chosen sector. O

Theorem 9.8.2 (Strong existential matching, full-basis form). [V Stmt] Let P,Q be two
BNT canonical forms with the same MPV family at every positive length. Then for every sector
k of Q there exist a sector j of P with matched bond dimension dimp(j) = dimg(k), a gauge-phase
equivalence after identifying the matched bond dimensions, and a non-decaying cross-overlap.

Proof. Convert equality to eventual nonzero proportionality with scalar 1 and apply
Theorem E.2.1.2. O

9.8.1 Bijective matching by symmetry

Applying the exact matching once more with P and ) swapped gives the reverse direction;
the basis-distinctness clause forces injectivity both ways, so g, = g, and the source relabelling
By, = e X A; X;! holds on the full basis [CPGSV16, Appendix A].

Theorem 9.8.1.1 (Bijective matching by symmetry). Let P,Q be two BNT
canonical forms with the same MPV family at every positive length. Then there is a bijec-
tion B : J(Q) =~ J(P) such that for every k € J(Q) the bond dimensions match, the basis tensors
Py, and Q. are gauge-phase equivalent after identifying the matched bond dimensions, and the
basis cross-overlap does not tend to zero.
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Proof. Apply the full-basis matcher in both directions, using symmetry of the same-MPV
relation. Lemma E.2.1.3 converts these two families of matches into the required bijection. [
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Chapter 10

Proof of the Fundamental
Theorem

For BNT canonical forms P and @, write the weighted direct sums over normal-tensor sectors as
P = EBj . . Fj and Q"= @k . Vy.q®@%- The proportional theorem matches the normal sectors

by a bijection , unit phases (},, and invertible matrices X, satisfying
Q= (ka.Pé(k)X,;l.

It does not determine the copy weights. In the equal-MPV case, eventual linear independence
gives

(P = Q).

Finite power-sum comparison then gives vy, , = C;;lﬂﬁ(k)@(q)- Thus the sector phases do not
become equal: each phase cancels against the inverse phase in its matched copy weight. The
remaining block conjugacies assemble into X = P k(lrk ® X},), and a sector-coordinate permu-
tation yields the literal global gauge.

Throughout, “eventually” means “for all sufficiently large N”. At a fixed length in that range,
BNT linear independence detects exact coefficient equalities even when a weight of modulus less
than 1 makes its powers decay.

10.1 Matched block maps for product algebras

The Fundamental Theorem compares the simple matrix summands selected by a product-algebra
equivalence. The following tensor-network-facing statements record the component maps and
their dimension consequence.

Theorem 10.1.1 (Paired component maps for products of matrix algebras). [Lean] [Lean] [Lean]

For a ring equivalence between products of full matriz algebras, the map induced between each
pair of matched components is bijective.

Proof.
Apply Theorem [LTC26, “Paired component maps are bijections”] to the matched block

ideals. O
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Theorem 10.1.2 (Dimension preservation for matched matrix summands). An
algebra automorphism of a product of full matriz algebras preserves the dimension of every pair
of summands matched by its induced permutation.

Proof. Restrict the automorphism to the two matched summands. The resulting com-
ponent map is a bijective complex-linear map by Theorem 10.1.1. Hence the two matrix spaces
have equal complex dimensions, so their sizes have equal squares and therefore are equal. O

10.2 Coefficient identities and copy weights

Let P and @ be BNT canonical forms. Their basis sectors are normalized, left-canonical, and
aperiodic, and their raw copy weights satisfy the global normalization of Definition 9.6.1.13. This
is the normalized surface used for the proof. The literal CPSV canonical form is brought to this
surface by the reduction and normalization of Chapters 8 and 9.

The proportional statement below allows nonzero projective proportionality for all sufficiently
large lengths. The source assumption of proportionality at every positive length is a special case.
No copy-weight comparison is needed for its sector-level conclusion.

Theorem 10.2.1 (Proportional sector matching with unit phases). Let P and Q be
BNT canonical forms whose total tensors generate eventually nonzero proportional MPV families.
Then there are a bijection 8 : J(Q) =~ J(P), bond-dimension equalities dim Py, = dim Qy,
scalars ¢, € C, and block gauges X, such that |(,| = 1 and, for every sector k and physical index

2

Qj, = G X Phpy X3 (10.1)

Diagrammatically, the gauge relation (10.1) reads

i i
—— =G
Q Pg)

with every open virtual end a matriz index. FEquivalently, for every positive length N and word
0-7

V<N)<Qk)a = CIiVV(N) (Pﬂ(k))o'
This is [CPGSV16, Appendiz MPYV theorem statement, lines 1167-1170, and proof line 1182].
Proof. Theorem F.1.1 gives a bijection 8 : J(Q) =~ J(P) together with equal bond
dimensions, gauge-phase equivalence, and

oPMQk(N)Jw

for every matched pair. Its proof defines T = {j € J(P) : Op,q, (N) — 0 for every k}, substi-
tutes exact Q-sector relations for j ¢ T', applies linear independence to {P; : j € T} U{Qy : k €
J(Q)}, and reverses direction; basis separation and finiteness turn the resulting matches into /.

Unpack each matched gauge-phase equivalence to choose an invertible matrix X, and a
nonzero scalar ;. This gives Q! = (, X kP& k)X ];1 and, by taking traces around a positive-length
word,

VIN(Qy)y = NV (Py) o
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Lemma F.1.2 applies to this MPV identity. Equivalently, the normalized self-overlaps satisfy

— | 2N
Oq,a,(N) = [GI* Op, , By (V)
and both outer sequences tend to 1, which forces |(,| = 1. O

Lemma 10.2.2 (Full-basis coefficient identity from matched phases). Let P be a
BNT canonical form, let Q) be a sector decomposition, and assume P, and Q... have the same
MPYV family at every positive length. Suppose that there is a bijection 5 : J(Q) ~ J(P) and
scalars ¢, € C such that, for every k € J(Q), every positive length N, and every spin configuration
o of length N,

VW)(Qk)a = C/]cv V<N)(Pﬁ(k))a' (10.2)

Then for every k € J(Q) there is N, such that, for all N > Ny, cg\f(k»(P) = (N cg\?)(Q). This is
the coefficient-comparison step of [CPGSV16, Appendix MPV proof, lines 1187-1188] in full-basis
form.

Proof. For every N, expand the equality of total MPVs as

ST R EIvmE)) = 3 F@QIVEQ)).

jeJ(P) keJ(Q)

The phase relation (10.2) gives [VIV)(Q,)) = §,]€V\V(N>(PB(,€))>, so reindexing the @-sum by
onto the P-basis yields

> WEIWOR) = 3 el V@IVI(E)).
)

jeJ(P) jeJ(P

For all sufficiently large N the P-basis MPV family {|V¥ )(Pj)>} jes(p) 1s linearly independent,
by the BNT eventual linear independence of P. Lemma E.1.11 then extracts the coefficient
equalities cgg(k) )(P) =Y cg\];)(Q) from this eventual linear independence, for all sufficiently large

N. O

Definition 10.2.3 (Copy-weight matching for matched BNT sectors). [V stmt] Let the
sectors of two decompositions P and @ be matched by 5 : J(Q) =~ J(P), with sector phases (.
A copy-weight matching consists of copy permutations 7, such that, for all sectors k and copies
Q5 Vg = gzluﬁ(kwk(q). This is the copy-level conclusion of [CPGSV16, Appendix MPV proof,
line 1188].

Definition 10.2.4 (Copy-weight matching from matched-sector coefficient identities).
[ stmt] The construction takes as input a sector matching § : J(Q) =~ J(P), nonzero sector
phases (},, and the eventual matched-sector coefficient identities

k k
N(P) = ¢ e (Q). (10.3)
It returns the copy-weight matching obtained by choosing, in every sector, a copy permutation

7, satisfying v, = Cl;llu’ﬂ(k),rk(q)' This is the sectorwise construction in [CPGSV16, Appendix
MPV proof, line 1188].
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Proof. [/ Proof| Eventually the coefficient identity (10.3) in sector k reads
Dt = G 2y = D (G
T q q

Newton—Girard finite power-sum comparison (Lemma 9.7.1.2) applies sector by sector, producing
a copy permutation 7, with g, - () = Ce¥y,qs since ¢, # 0 thisis vy, , = Cgluﬂ(k))Tk(q>. O

Theorem 10.2.5 (Equal-case sector and copy matching with differing bond dimensions).
Let P and @ be BNT canonical forms, possibly with different sector counts and different
bond dimensions before matching. If their total tensors generate the same MPV family at every
positive length, then there is a bijection 8 : J(Q) =~ J(P) such that each matched basis pair has
equal bond dimension and is gauge-phase equivalent. The matched copy multiplicities agree, and
there are unit phases ¢, and copy bijections T, satisfying

Q. = G X Py X,
_ 1
Vi = Sk Kk, m(0)"
Only the global weight normalization in Definition 9.6.1.13 is assumed; no unit-modulus copy

is required in each sector. This is the sector-data form of [CPGSV16, Corollary 2.11 and
Appendiz A, lines 1182-1188].

Proof. First, Theorem 9.8.1.1 gives the sector bijection, the bond-dimension equalities,
and the gauge-phase relations. Choose their phases ¢, and use the normalized self-overlaps to
obtain |¢;| = 1. Second, Lemma 10.2.2 expands the equality of the two total MPVs in the
matched P-basis. Eventual linear independence gives, for every k and all sufficiently large NV,

R(P) = e (@)

Third, expand both coefficients as finite power sums. Their eventual equality determines the two
multisets of nonzero copy weights, so the multiplicities agree and a copy bijection 7;, realizes the

identity Vig = Cglﬂﬂ(k),rk(q)' -

10.3 The equal-MPYV global gauge

For equal MPV families, the sector phases occur twice: in the matched tensor relation and with
the inverse power in the matched copy weights. They therefore cancel before the block gauges
are assembled.

Definition 10.3.1 (Flattened block-diagonal gauge). [Lean] [Lean] [ Stmt| Given per-block gauges
Xy, € GLp, (C), form the block-diagonal element P, X, and then reindex the dependent block-
coordinate space with the standard bond index {0, ..., >, Dy — 1} of the assembled tensor. The
result is an element of GLZk p, ().

Theorem 10.3.2 (Global gauge from matched sectors and copy weights). Suppose
that the sectors of two sector decompositions P and Q are matched by a bijection B : J(Q) ~= J(P),
with bond-dimension equalities, copy permutations T, nonzero phases ¢, and block gauges X,.
If, for every sector k, copy q, and physical index i,

Q;e =Gk kaé(k)XE17
Vig = e HB(k) 7y (a)> (10.4)
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then, in the flattened Q-coordinates,

i _ 7 —1
Qflat - XPmatched X

k

)

This is the direct-sum gauge construction of [CPGSV16, Appendixz MPV proof, lines 1189-1192],
separated from the coefficient-comparison step that supplies the weight identities.

Proof. For each matched copy,
Vi qQk = (G Haik),m0) Cx X Py Xi ') = Haiey 0 Xn P X

Thus every flattened weighted block is conjugated by its sector gauge X,. Lemma F.4.3 combines
these block conjugacies into the direct-sum gauge X = @k‘(lrk ® X}). O

Lemma 10.3.3 (Equal-MPV matched copy-weight witnesses). Let P and @ be
BNT canonical forms whose total tensors have the same MPV family at every positive length.
Then there are a bijection B : J(Q) =~ J(P), bond-dimension equalities, unit-modulus phases ¢,
and block gauges X, such that Q' = CkaP&k)X;l. For the same phases there is a copy-weight

matching: after a permutation of the copies inside each matched sector, vy, , = (,;1/1/3(@@((1).

Proof. The full-basis matching theorem gives the bijection and block gauges. The self-

overlap comparison

(Vi (Qr), V(@) = 6PN (Vv (s, Viv (Pagry))
together with the BNT normalization limits on both sides forces |(;| = 1. The matched MPV

phase identities also give the eventual coefficient identities 055<k)>(P) = ¢ cﬁ\’;)(Q). Defini-
tion 10.2.4 applies the finite power-sum comparison in each sector and gives the copy-weight
identities. O

Theorem 10.3.4 (Full-basis global gauge in matched coordinates). Let P and Q
be BNT canonical forms whose total tensors have the same MPYV family at every positive length.
Then there exist:

o a bijection B: J(Q) ~ J(P),
* bond-dimension equalities dim Py, = dim Qu,
o copy-number equalities 15, (P) = 1,(Q) and copy permutations T,
o unit-modulus phases ;, with |(,| =1 and block gauges X,
such that, for every sector k, copy q, and physical index i,
Q= Gk XkPZ}(k)X;l,
Vg = G HAH) ()"

Moreover, if X = EBk(lrk ® X},) is the flattened block-diagonal gauge, then, for every physical
index i, the flattened @Q-coordinates satisfy

Qhoy = X P! XL

matched

This is the explicit direct-sum gauge construction of [CPGSV16, Appendiz MPV proof, lines 1189-
1192].
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Proof. Lemma 10.3.3 gives /3, the bond-dimension identifications, the phases ¢, the block
gauges X, and copy permutations 7, satisfying v, , = Clzlﬂﬁ(k),rk(q)- Theorem F.4.4 combines
the block conjugacies into the flattened direct-sum conjugation by X = P, (1, ® Xj). O

Theorem 10.3.5 (Literal equal-MPV gauge after sector-coordinate permutation).
Let P and QQ be BNT canonical forms whose total tensors have the same MPV family at every
positive length. Then the total bond dimensions agree; write their common value as D. There is

Y € GLj(C) (10.5)
such that, for every physical index i,
Qéot =Y Ptiot Y717

where Pl and Qi are both regarded as matrices in Mp(C) using the total bond-dimension
equality. This is the BNT form of [CPGSV16, Corollary 2.11 and Appendiz A, lines 1189-
1192].

Proof. Apply Theorem 10.3.4 to obtain the flattened gauge after the sectors of P have
been reindexed by the bijection between basis blocks of P and ). The sector-coordinate permu-
tation p, induced by this bijection, the copy permutations, and the bond-dimension equalities,
identifies the reindexed P-side direct sum with the total tensor P, transported along the total
bond-dimension equality. Composing the permutation gauge for p with the sector-permuted
gauge gives the single matrix Y of (10.5). O

Remark 10.3.6 (Proportional sector matching does not determine copy weights). The propor-
tional theorem determines the normal sectors, but it does not determine the copy weights or
imply conjugacy of the total tensors. Let C' be a normalized normal tensor and consider the
one-sector BNT forms

P=Ceo;C, Q=Cao3C.
Their positive-length MPV families are
VINI(P) = (1 + 2~ MVIN(C), VIN(Q) = (1+3 MV (0).
They are nonzero and proportional with

1427V
CN = ——~
N7 143N

but (cy ) is not a geometric sequence V. For a one-dimensional choice of C, the total matrices
have eigenvalue multisets {1, 1} and {1, %}, so they are not conjugate, even after multiplication
by a common phase.

Thus the scalar-free coefficient identity used in copy-weight recovery is an additional hy-
pothesis in the proportional setting, not a consequence awaiting an analytic estimate. CPSV16
Theorem 2.10 asserts the sector matching proved in Theorem 10.4.1. The copy-weight recovery
and global block gauge belong to the equal-MPV Corollary 2.11, where the proportionality scalar
is identically 1.
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10.4 The proportional and equal cases

Theorem 10.4.1 (Multi-block fundamental theorem for normal tensors). Let P

and Q be BNT canonical forms (Definition 9.6.1.13), with bases of normal tensors (Pj)§i1 and

(Qp)i,. Every listed sector has a positive number of copies, and every copy weight is nonzero.
If the total tensors P, Q.. generate eventually nonzero proportional MPV families — for all
sufficiently large N there is a nonzero scalar cyy with VWV(P,) = cx VN (Quop) — then g, = g,
After relabelling the basis of normal tensors of P by a bijection 5 : J(Q) =~ J(P), there are scalars
¢, € C with |(,] = 1 and invertible matrices Y, such that, for every k and every physical indez i,

Q;C =G Yy Pé(k) YI;l'
Thus the paired mnormal tensors have the same bond dimension (dim Py, = dim @) and the
same gauge-phase class.

Proof. [/ Proof| Apply Theorem 10.2.1. Its partition-and-substitution argument gives a bijection
B : J(Q) ~ J(P), equal bond dimensions, invertible block gauges X, and phases ¢, of unit
modulus. Taking Y, = X, gives exactly the asserted relations. O

10.4.1 Unitary gauges on normalized sectors

Lemma 10.4.1.1 (Phase normalization for an irreducible gauge). Let A and B be
left-canonical tensors of common positive bond dimension, with B irreducible. If X is invertible,
C#0, and B' = (XA X! for every i, then (| = 1.

Proof.

Let p be a nonzero positive fixed point of £, and set 0 = XpX'. Then o is nonzero and
positive, and £ (o) = |¢|?c. The map & 5 also has a nonzero positive fixed point. Its irreducibility
therefore forces ||? = 1. O

Lemma 10.4.1.2 (Unitary replacement with the same phase). Let A and B be
left-canonical irreducible tensors of common positive bond dimension satisfying B® = (XA X!
for an invertible X and a nonzero scalar . There is a unitary matriz U, with the same scalar
¢, such that |¢| =1 and B* = CUA'UT for every i.

Proof. [/ Proofl Lemma 10.4.1.1 gives |(| = 1. Substitution into the left-canonical identities gives
> ATXTX)AT = XTX.
i
Thus XTX is a positive-semidefinite fixed point of the adjoint transfer map of A. Irreducibility
gives X1 X = ¢l for some ¢ >0, so X! = ¢ !Xt and U = ¢ V/2X is unitary. Moreover,
UAUT = c 1 XAXT = XA XL,
O

Corollary 10.4.1.3 (Canonical Form II unitary refinement of proportional matching).
Under the hypotheses of Theorem 10.4.1, there exist a bijection §: J(Q) ~ J(P), unitary
matrices Uy, € U(dim Qy), and phases ¢, € C with || = 1, such that dim Py, = dim Q;, and,
for every k and every physical index 1,

Qi = G Ui Pl U;.

This is the proportional part of [CPGSV16, Corollary A.6, lines 1197-1199].
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Proof. The proportional sector-matching theorem gives a bijection (3, invertible matri-
ces X}, and unit-modulus phases ¢;, with Q} = (X kPé(k)Xgl. The matched tensors are left-

canonical and irreducible. Hence Lemma F.8.1 gives unitary matrices U, satisfying X kPé(k)X,gl =

U, Pl UL, and therefore Qf = .U, Pl UL O

10.4.2 The equal case

Theorem 10.4.2.1 (Equal BNT canonical forms are globally conjugate). Let P
and @ be BNT canonical forms (Definition 9.6.1.13) whose total tensors Py, Q.o generate the
same MPV family for every positive system size N. FEvery listed sector has a positive number of
copies and every copy weight is nonzero. Then their total bond dimensions coincide; writing the
common value as D, there is one invertible matriv X € GL(C) such that, for every physical
index 1,
Qiot = Xptlot Xﬁl'

Proof. This is Theorem 10.3.5. The BNT comparison of Chapter 9 provides the ba-
sis relabelling, the per-block gauge-phase equivalences, and the copy-weight multiset matching,
which combine into the block-diagonal global gauge. The exact linear-independence matching
needs no per-sector unit-modulus hypothesis, and the BNT canonical form needs no one-site
injectivity. O

Corollary 10.4.2.2 (Canonical Form II unitary refinement in the equal case). Let
P and @ be BNT canonical forms whose total tensors generate the same MPV family at every
positive length. Assume every listed sector has a positive number of copies and every copy weight
is nonzero, as in Definition 9.6.1.13. Their total bond dimensions agree; writing the common
value as D, there is a unitary matriz U € U(D) such that, for every physical index 1,

ont = UPtiotUT'
Proof. For each matched sector, retain the phase in both identities
Q;(; = CkUkPé(k)U]i»
_ 1
Vi = Sk Kk, ml0)-
For every matched copy (&, q),
_ 1 _
Vi,gSk = S H(k),ma) Sk = HB(K) mi(a)-
Hence Qf,, = XP!

i tenX 1. Repeating U, on its matched copies gives

X =B
k.q
XX =1.
If IT is the permutation matrix restoring the original sector and copy order, then II'II = 1. Hence
U = XII,
UtU =1,
and the permutation of matched coordinates gives

ont = UPtiotUT'
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Chapter 11

Symmetries, Physical String
Order, and Virtual-Boundary
Nondecay

This chapter collects the symmetry-theoretic consequences of the MPS Fundamental Theo-
rem [PGVWCO07], following the symmetry analysis of [PGWST08]. For injective tensors, equality
of periodic MPV families under a physical index action determines virtual gauges, and those
gauges define projective representations on the bond space. We keep this virtual covariance dis-
tinct from symmetry of an infinite physical state, and distinguish physical endpoint string order
from virtual-boundary nondecay.

11.1 Virtual Local Covariance and Projective Bond Ac-
tions

With a full group of on-site symmetries (rather than just a single unitary), the resulting gauges
determine a projective representation on the bond space.

Definition 11.1.1 (Twisted tensor). [ stmt|Given a group representation U : G — GL,4(C)
on the physical index, the g-twisted tensor is defined, for each i € {0, ...,d—1}, by

Al = "Ul(g),; AL (11.1)

Definition 11.1.2 (MPV-family invariance under physical twists). The predicate
called on-site symmetry requires V(A) = V(Eg) for every g € G, where U : G — GL,4(C) acts
on the physical index. This is equality of periodic MPV families and is the hypothesis used to
construct virtual local gauges. It is not, by itself, the source notion that every reduced density

operator of an infinite physical state is invariant under U(g)®.

Lemma 11.1.3 (Functoriality of twisting). The twisted tensor satisfies the compo-
sition law

Ay = (4Ap),; (11.2)
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i.e. twisting by gh is the same as first twisting by h and then by g.
Proof. [/ Proofl Expand both sides of (11.2) using (11.1) and U(gh) = U(g) U(h), then swap the

order of summation. O

Lemma 11.1.4 (Identity twist). Twisting by the identity group element is trivial:
A, = A.

Proof. [/ Proof| Since U(1) = 1, each component in (11.1) reduces to Zj b;; AT = A" O

Definition 11.1.5 (Blocked on-site action). For a block of L physical sites, the
induced action is the Kronecker-power representation

UlH(g) = U(g)®" € GL4w(C).

Lemma 11.1.6 (Twisting commutes with blocking). For every g € G and L > 0,

L]

= (A)H. (11.3)

Proof. [/ Proof|Decode a blocked physical index as a word of length L and use the word expansion
from Lemma G.1.1.3. Reindexing the sum over words by the blocked index gives exactly the
Kronecker-product matrix coefficients on the left of (11.3). O

Theorem 11.1.7 (MPV-family symmetry is preserved by blocking). If A has
MPV-family invariance under U, then A has MPV-family invariance under UL for every L.

Proof. Equation (11.3) identifies the twisted blocked tensor with the blocking of the
twisted tensor. Equality of MPV families is preserved by blocking, so the defining equality for
A yields the defining equality for A, O

Lemma 11.1.8 (Symmetric twists are gauge equivalent). If A is injective and
on-site symmetric under U, then for every g € G the twisted tensor A, is gauge equivalent to A.

~

Proof. On-site symmetry gives V(A) = V(A,), and the single-block Fundamental Theo-
rem turns this equality of MPV families into gauge equivalence. O

Remark 11.1.9 (Fundamental-Theorem route for injective symmetry). The injective virtual-
representation theorem is not proved from virtual-boundary nondecay. The on-site symmetry
condition first identifies A and gg as the same MPYV family; the single-block Fundamental Theo-
rem gives the gauge in Lemma 11.1.8. Gauge uniqueness and the twist composition law then give
Theorem 11.1.16. The virtual-boundary nondecay results later in this chapter use this virtual
representation as an input.

Theorem 11.1.10 (Virtual symmetry equation). [v stmt| If A is injective and on-site
symmetric under U, then for every g € G there exist an invertible matriz X (g) € GL5(C) and
a nonzero scalar o(g) € C* (in fact ¢ =1 in the single-block case) such that, for every physical
index 1,

Ag =p(g) X(g) A" X(g)". (11.4)

g

Proof. The physical action is transferred to the virtual level by the same local move that
replaces the twisted tensor by a gauge-conjugated one:
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A
Apply Lemma 11.1.8 to obtain X (g), then set ¢(g) =1 in (11.4). O

Lemma 11.1.11 (Gauge uniqueness up to scalar). Let A be an injective tensor.
If X,Y € GLp(C) both satisfy B = X A' X1 =Y A*Y ! for all i, then there exists a nonzero
scalar u € C* such that Y =u - X.

Proof. The matrix Z = Y1 X commutes with every A’. Since A is injective, { A’} spans
Mp(C), so Z lies in the centre of M;(C). By Lemma 2.1.5, Z is a scalar matrix. Since Z is
invertible, that scalar is nonzero, and ¥ = u - X. O

Theorem 11.1.12 (Gauge uniqueness from equality of MPV families). Let A be
an injective tensor and assume that A and B generate the same MPV family. If X, Y € GL(C)
both satisfy B' = X A* X1 =Y A*Y ! for all i, then there is a nonzero scalar u € C* such that
Y=u-X.

Proof. This is exactly Lemma 11.1.11; the extra MPV hypothesis specifies the setting in
which the two gauges are usually produced. O

Definition 11.1.13 (Scalar 2-cochain). [V stmt| A scalar 2-cochain on a group G is a
function w: G x G — C*.

Definition 11.1.14 (Projective representation). Given a scalar 2-cochain w, a
projective representation of G on CP is a map p : G — GL(C) satisfying, for all g,h € G,

p(g)p(h) = w(g, h)p(gh). (11.5)

Lemma 11.1.15 (Associativity forces the cocycle condition). If p is a projective
representation with factor system w and D > 0, then w satisfies the 2-cocycle identity

w(g, h)w(gh, k) = w(g, hk)w(h, k). (11.6)

Proof. [/ Proof| Expand p(g) (p(h)p(k)) and (p(g)p(h))p(k) using the projective multiplication law
(11.5) and equate the results via matrix associativity. The hypothesis D > 0 allows cancellation
of the invertible matrix factor, giving (11.6). O

Theorem 11.1.16 (Virtual representation theorem for injective MPS). [V Stmt] Let A be an
injective MPS tensor that is on-site symmetric under a group representation U : G — GL,4(C).
Then there exist:

1. a scalar 2-cochain w: G X G — C*, and

2. a map p: G — GLL(C) satisfying, for all g,h € G,

p(g)p(h) = w(g, h)p(gh).
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such that, defining the gauge matrices X(g) = p(g~'), one has, for every g € G and i €
{0,...,d—1},

Al = X(g) A X(g)7. (11.7)

In tensor-network notation, for each fixed g this is the local gauge relation

with the black node denoting the tensor named in the surrounding formula and the two red side
nodes acting on the virtual legs. In particular, p is a projective representation of G on the bond
space CP.

Proof. Since A is injective and on-site symmetric, each twisted tensor A o Is gauge equiv-
alent to A (Lemma 11.1.8). Choose X(g) € GL(C) satisfying (11.7) for all i.

By functoriality (Lemma 11.1.3), the product X (h) X(g) also intertwines A with Xgh. Since
X(gh) does the same, gauge uniqueness (Lemma 11.1.11) gives a nonzero scalar w’(h, g) such
that

X(h) X(g) = w'(h,g) X(gh). (11.8)

Defining p(g) := X (g~!) converts (11.8) to the standard law (11.5), where w(g, h) := w’(g~ 1, h71).

O

Corollary 11.1.17 (2-cocycle identity for the factor system). [v stmit| If D > 0, the factor
system w from Theorem 11.1.16 satisfies the 2-cocycle identity for all g, h, k € G:

w(g, h)w(gh, k) = w(g, hk)w(h, k).

Proof. Theorem 11.1.16 gives p and w. By Lemma 11.1.15, the cocycle identity (11.6)
follows from associativity of matrix multiplication and invertibility of the representation matrices.
O

11.2 Cohomology Classes of Virtual Symmetry Cocycles

Two cocycles may differ by a coboundary yet represent the same projective-representation class.
The following definitions and results make this precise and establish the quotient H?(G,C*).

Definition 11.2.1 (Coboundary). [V stmt] A scalar 2-cocycle w is a coboundary if there
exists p: G — C* such that, for all g,h € G,

w(g, h) = p(g)p(h)p(gh)". (11.9)

Definition 11.2.2 (Cohomologous cocycles). [v stmt] Two cocycles w, w, are cohomologous
(written w, ~ w,) if there exists ¢: G — C* such that, for all g,h € G,

wi (g, h) = @(g)e(h)p(gh)  wy(g, h). (11.10)
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Theorem 11.2.3 (Gauge independence of the cocycle class). If the bond dimension
satisfies D > 1 and two projective representations py, py (with cocycles wq,ws ) both arise as virtual
representations of the same injective MPS tensor A under an on-site symmetry U, then wy ~ wq,
and hence also wy ~ wy by symmetry.

Proof. Gauge uniqueness gives nonzero scalars f(k) with X, (k) = f(k) X, (k) for every
physical twist k. Since the projective representation is p,(g) = X,(g7!), setting k = g~ gives
p2(9) = f(g7H)p(g). Equivalently, for each fixed g the two local gauges

i i
(Xg Y )—l{ XgH) and (XY )—l{ Xog ) 1)
A A

describe the same twisted tensor, so they differ by a scalar. Set a(g) := f(g~'). Substituting
p2(9) = a(g)p;(g) into the projective law (11.5) and cancelling the invertible matrix X, ((gh)™!) =

p1(gh) yields

wy(g, h) = ag)e(h)a(gh)'w, (g, h). (11.11)

Thus wy is the coboundary multiple of w; with cochain a. This is precisely the orientation
required by (11.10) for the stated relation wy ~ w;. Equivalently,

wi(g,h) = alg)~ a(h) " algh)ws (g, h),
so the inverse cochain also gives the symmetric conclusion w; ~ ws. O

Definition 11.2.4 (Multiplicative 2-cocycle condition). [v stmt] A scalar 2-cochain w: G x
G — C* is a 2-cocycle if it satisfies, for all g, h, k € G,

w(g, h)w(gh, k) = w(g, hk)w(h, k).

Theorem 11.2.5 (A projective factor system is a cocycle). IfD>0andp:G—
GL(C) obeys p(g)p(h) = w(g, h)p(gh), then w is a C*-valued 2-cocycle.

Proof. Associativity gives the scalar identity of Lemma 11.1.15. Because the inclusion
C* < C is injective, the same identity holds in C*, which is precisely Definition 11.2.4. O

Definition 11.2.6 (Second cohomology quotient). [v stmt] The second cohomology set is
the quotient

H?(G,C*) = Z%(G,C*)/~, (11.12)
where ~ is the coboundary-equivalence relation.

Definition 11.2.7 (Agreement of factor-system cohomology classes). The relation
called projective equivalence holds precisely when the two factor systems are cohomologous. It
compares their classes in H?(G, C*); it does not assert an intertwining equivalence between the
underlying representation spaces.

Theorem 11.2.8 (Factor-system class agreement). [V stmt| Let py, py be projective repre-
sentations with factor systems wy,wy. Then

P1 ~proj P2 7 Wi~ Wo. (11.13)

Proof. This follows from the definition of projective equivalence as cohomology-class
equality for factor systems. O
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11.2.1 Non-triviality via the commutator phase

For an abelian symmetry group, the antisymmetric commutator phase is invariant under a change
of cocycle representative. A value not equal to 1 therefore witnesses non-triviality; no converse
is asserted here.

Definition 11.2.1.1 (Commutator phase). The commutator phase of a 2-cochain
w at a pair g,h is B,(g,h) := w(g,h)w(h,g)~t. Tt is defined for any C*-valued 2-cochain; the
cocycle condition is not needed.

Theorem 11.2.1.2 (The commutator phase is a class invariant). If wy ~ wy and
gh = hg, then B, (9,h) = B,, (g, h).

Proof. [/ Proof] Write wy (g, h) = p(g)p(h)p(gh)twy(g, h) for a coboundary witness . Substi-
tuting into the ratio and using gh = hg and the commutativity of C* gives

e(g)e(h)p(gh) twy(g, h)

w 7h =
Pl = )@ hg) Tl )
w2(ga h)
= ©\9h) h), 11.14
S (0h) (11.14)
where the p-factors cancel since (gh) = ¢(hg). O

Definition 11.2.1.3 (Non-trivial cohomology class). A factor system w has a
non-trivial class when it is not cohomologous to the constant cocycle 1.

Theorem 11.2.1.4 (Commutator-phase non-triviality test). [V stmt| If a commuting pair
g,h has B,(g,h) # 1, then w has a non-trivial class.

Proof. [/ Proof] The trivial cocycle has commutator phase 1 at every pair, so by Theorem 11.2.1.2
and (11.14), any cocycle cohomologous to it has 8 = 1 at every commuting pair. Contrapositively,
B,,(g,h) # 1 for one commuting pair forces w to be non-cohomologous to the trivial cocycle. O

11.3 Physical Endpoint String Order and Virtual-Boundary
Nondecay

The source notion of string order uses physical endpoint operators and a nonidentity unitary
string [PGWS108]. We also study a restricted virtual-boundary nondecay predicate and a virtual
local-covariance relation. These notions are stated separately below; equivalence with physical
state symmetry requires additional hypotheses.

Definition 11.3.1 (Twisted transfer map). [v stmt|Given an MPS tensor A and a physical-
index matrix u, the twisted transfer map is

E,(X) = (n'|uln)A, X A,. (11.15)
Diagrammatically one inserts the physical operator u on the doubled local transfer cell:

A

n
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The upper and lower black nodes denote A, and AL/, and the red node labelled u couples the
physical legs.

Definition 11.3.2 (Stationary-boundary block-twist functional). [V stmt| The stationary-
boundary block-twist functional is

Ty (A u, A) == ta(A - EE(1)). (11.16)

In tensor-network notation this is the length-L doubled chain with a copy of u inserted on each
physical rung:

|
|
|

L sites

The boundary matrix A is contracted into the virtual boundary, the red nodes labelled u sit on
the physical rungs, and the right boundary is traced.

Definition 11.3.3 (Periodic finite-chain symmetry overlap). For the periodic length-L
matrix product vector |¥; (A)), the source quantity is literally

Ry (u) = (0L (A)[u®F| WL (A)). (11.17)

Identifying this periodic overlap with the normalized stationary-boundary functional T} (A, u, A)
requires a thermodynamic-boundary and normalization hypothesis. Thus Definition 11.3.2 must
not be read as the literal source definition of R (u).

Definition 11.3.4 (Physical string correlator). For physical operators z,y €
M,;(C), atwist u € M,;(C), and boundary state A, the transfer-form string correlator of [PGWST08,
display SOPMP, lines 176-181] is

Sn(x,y,u) == t(AE, EN(E,(1))). (11.18)
This is the physical-endpoint expression corresponding to (V|2 ® u®Y ® y |¥).

Definition 11.3.5 (Fixed-endpoint physical string order). [v stmt| For fixed physical oper-
ators x,y, u, the correlator has physical string order if there is s > 0 such that |Sy(z,y, u)| — s.

Definition 11.3.6 (Physical endpoint string order). [/ stmt| A tensor has physical string
order in the sense of [PGWS108, display SOP, lines 112-122] if there exist a unitary uw # 1
and physical endpoint operators x,y for which Definition 11.3.5 holds. The comparison with
arbitrary virtual boundary matrices is a separate endpoint- realizability statement.

Lemma 11.3.7 (Twisted spectral-radius bound and peripheral rigidity). This is Lemma 1
of [PGWS"T08]. Let A represent a pure finitely correlated state in the canonical gauge € 4(1) = 1,
EY(N) = A, with A > 0 and tr(A) = 1. For every physical unitary u,

p(&,) < 1.
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Equality holds if and only if there are a unitary V and 6 € [0, 27) satisfying the following identity

for every j in an eigenbasis u = Zj 'l |j><;| :

TR
VIA; =0 A VT (11.19)
Moreover, £, has at most one eigenvalue of modulus one.

Proof. Let &,(V) = AV. Multiplication by AV, the trace, and Cauchy-Schwarz give

1/2

1/2
A tr(VAVT) < (Zu(vi}m@v*)) (Zm(ﬁjmvh@)) (11.20)
J J
= tr(VAVT).

Faithfulness of A yields |A| < 1. Equality in Cauchy—Schwarz is equivalent to (11.19); conversely
that relation makes e an eigenvalue. It also gives £ ,(V1V) = VTV. The fixed space of the pure
canonical transfer map is one-dimensional, so VIV = ¢1 for some ¢ > 0. Replacing V by ¢~ '/2V
makes it unitary without changing the intertwining relation.

If V,V’ are peripheral eigenmatrices with eigenvalues €%, eiel, respectively, the equality re-
lations give the exact identity

EL(VIV) = 00y ty,

Purity leaves only the peripheral eigenvalue 1, hence ’ = # modulo 27. The one-dimensional
fixed space then gives VIV’ € C1, proving uniqueness of the peripheral eigenvalue and its
eigendirection. O

Theorem 11.3.8 (Physical endpoint criterion for string order). This is Theorem 1
of [PGWST08]. A pure finitely correlated state has physical string order if and only if there exist
a unitary @ # 1, a unitary virtual matriz V', and physical indices n,m such that

E(V)=V, tr(VAA, AL,) #0. (11.21)

u

The transfer criteria below assume one-site injectivity. The literal physical equivalence addition-
ally requires that sufficiently long physical endpoint operators realize the needed virtual boundary
matrices.

Proof. Lemma 11.3.7 shows that a nonzero limit requires a unique peripheral eigenvalue . If
V and Y are the corresponding right and left eigenmatrices, then Y = AV, and the leading
term retains its length-dependent phase:

Sn(z,y,u) = eNt(YE, (1))t AL, (V) + o(1).

~

In the eigenbasis u = Ej ¢"i]7)(j], shift the string unitary by the peripheral phase,
o= ety = 3 (]
J

Then £;(V) = V. Choosing y = 7@ reduces nonvanishing to the second condition in (11.21); if
it holds for n, m, take & = |n)(m/|. The reverse implication follows from the same phase-retaining
factorization and the endpoint-realizability hypothesis. O
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Theorem 11.3.9 (Physical state symmetry and twisted spectral radius). This is The-
orem 2 of [PGWST08]. For a pure finitely correlated state and a unitary v # 1, the physical
state is invariant under u®N on every N-site reduced density operator if and only if

p(&,) =1.

The theorem below gives the corresponding virtual local-covariance criterion for a one-site-
injective tensor. Passing between that condition and invariance of every physical reduced state
is an additional step.

Proof. If p(&,) = 1, Lemma 11.3.7 gives a unitary V satisfying the local intertwining relation.
Substitution of that relation into the adjoint transfer map, together with EZ(A) = A, gives
EL(VAVT) = VAVT. This positive fixed point has trace one, so uniqueness gives VAV = A,
equivalently VTAV = A, which yields the physical symmetry. Conversely, physical invariance
gives, for length-independent boundary tensors L, R,

D2 < tr(g}) = tlL(E, ® £,V (R)).
Exponential decay would contradict this bound, so p(&,,) = 1. O

Definition 11.3.10 (Virtual local covariance with boundary invariance). The
virtual local-covariance predicate holds for A, u, A if there exist a unitary matrix V' and a phase
p with |u| = 1 such that VTAV = A and, for every physical index 4,

D uy A= p VATV (11.22)
J

The unitary V intertwines the physical action of u with a virtual conjugation, and the boundary
state A is invariant under V.

Definition 11.3.11 (Virtual-boundary nondecay). [v stmt| For boundary matrices X,Y €
Mp(C), set explicitly

Rp(u; X,Y) =t AXEL(Y)).

The virtual-boundary nondecay predicate holds for u and A if there exist X,Y and a positive
constant ¢ > 0 such that ¢ < |Ry (u; X,Y)| for every L. Thus some virtual-boundary sequence
does not decay to zero.

Virtual-boundary nondecay is an existence statement over the virtual matrices X,Y, for a
fixed twist u; no claim is made for any particular boundary choice. Definition 11.3.6 records the
physical-endpoint string-order notion from the source, which quantifies existentially over u, z,y
and requires a positive limit rather than a lower bound uniform in the length. That paper also
notes that the correlator for a particular endpoint choice can vanish even when the physical
symmetry is present.

Definition 11.3.12 (Local physical intertwining). The local physical intertwining
relation is Zj Uy AJ =V A' V. Locally, the physical action of u can therefore be pushed to the

virtual legs:
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Definition 11.3.13 (Transfer-map covariance). Transfer-map covariance is the
identity that the transfer map commutes with virtual conjugation:

EVXVT =V EX)VT. (11.23)

In doubled-layer notation, the virtual operators slide through the local transfer cell:

A A

Definition 11.3.14 (Commutation in the doubled transfer picture). [/ stmt|In the transfer-
map language, the commutation of the doubled transfer matrix £ = 7 A, ® A; with V@V
is

VEX)VT =& (VXVT). (11.24)

Theorem 11.3.15 (Transfer-map covariance and doubled commutation are equivalent).
Transfer-map covariance and commutation in the doubled transfer picture are equivalent
for any matriz V.

Proof. Both sides express the same local picture with opposite orientation:

A A

The two formulas are the same identity read from opposite sides. O

Theorem 11.3.16 (Local physical intertwining implies transfer-map covariance).
If V and u are unitary and the local physical intertwining relation holds, then the transfer map
s covariant.

Proof. Starting from

one inserts VIV = 1 so that each local transfer cell is written in terms of conjugated Kraus
operators, then replaces those operators using the intertwining relation. After that, the physical
u-boxes disappear by the unitary Kraus-mixing identity. O
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Theorem 11.3.17 (Transfer-map covariance implies local physical intertwining).
Assume that A is one-site injective, VVT = 1, and the transfer map is covariant. Then there is u
with vu' = 1 satisfying the local physical intertwining relation. In fact, covariance and VV1 =1
alone imply the conclusion; the injectivity hypothesis is unnecessary.

Proof. Set B :== V A* V1. The transfer-map covariance relation

A A

implies that the two d-element Kraus families B and A define the same transfer map. Rectangular
Kraus freedom (the corresponding theorem in the companion quantum-channel volume [LTC26,
“Rectangular Kraus freedom”]) converts £ = £ 4 into a unitary Kraus mixing matrix v with
B = Zj u;;AJ. O

Theorem 11.3.18 (Twisted-transfer eigenvalues have modulus at most one). Let
A be an injective MPS tensor with & ,(1) = 1, and let u satisfy uvu' = 1. If £,(X) = AX for
some nonzero X € Mp(C), then [N < 1.

Proof. By Lemma G.4.2, the twisted transfer map is the mixed transfer operator Fy g ,
as in (G.6). Because B,, is obtained from A by unitary mixing of the Kraus operators, the transfer
maps of A and B,, coincide, so the two adjoint channels share a common positive definite fixed
point. Gauging both families by that fixed point puts them in a common trace-preserving gauge.
Theorem 6.3.1 then applies to the mixed transfer operator in that gauge, and similarity preserves
the eigenvalue A. O

Theorem 11.3.19 (Modulus-one twisted eigenvalue implies gauge-phase equivalence).
[V Stmt| Let A be an injective MPS tensor with € ,(1) = 1, and let u satisfy uu® = 1. If

E (X)) =2X (11.25)

for some nonzero X € Mp(C) with |\ = 1, then A is gauge-phase equivalent to the companion
tensor B,,.

Proof. By Lemma G.4.2, the twisted transfer map is the mixed transfer operator Fy p .
Because B,, is obtained from A by unitary mixing of the Kraus operators, the transfer maps of
A and B, coincide, so the two adjoint channels share a common positive definite fixed point.
Gauging both families by that fixed point puts them in a common trace-preserving gauge. In that
gauge, (11.25) becomes a modulus-one peripheral eigenvalue for an irreducible mixed transfer op-
erator, so Theorem 6.6.1 yields gauge-phase equivalence. Undoing the common trace-preserving
gauge gives the claim for A and B,,. O

Theorem 11.3.20 (Virtual-boundary nondecay gives companion gauge-phase equivalence).
v Semt| Let A be injective, let A € M, (C), and assume uu’ = 1 and £ 4,(1) = 1. If virtual-
boundary nondecay holds for u with boundary parameter A, then A is gauge-phase equivalent to
the companion tensor B,,.
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Proof. If p(&,) < 1, Lemma G.6.1 forces every virtual-boundary sequence to decay
to zero, contradicting Definition 11.3.11. Hence p(&,) > 1. Theorem 11.3.18 shows that every
eigenvalue has modulus at most 1, so some peripheral eigenvalue has modulus exactly 1. Applying
Theorem 11.3.19 then gives the gauge-phase equivalence. O

Theorem 11.3.21 (Gauge-phase equivalence with the companion tensor yields a virtual uni-
tary). [V Stmt| Let A be injective, assume uu' = 1 and £,4(1) = 1. If A is gauge-phase
equivalent to the companion tensor B, then there exist a unitary V and a phase p with |p| =1
such that, for every physical index i,

> ugAl = p VAV (11.26)
J

Proof. Start from an invertible intertwiner X and a nonzero gauge scalar ¢ between A
and B,,. The positive matrix @ := X XT satisfies £,(Q) = |[¢|?Q. Since & 4(1) = 1, irreducibility
forces the two positive eigenvalues to agree, so |¢| = 1 and @ is a positive fixed point of &£ 4.
Uniqueness of positive fixed points for an injective normalized tensor then makes @ a positive
scalar multiple of the identity. Rescaling X by the square root of that scalar produces a unitary
V', and the original intertwining relation becomes (11.26), with |u| = 1. O

Theorem 11.3.22 (Virtual unitary gives a twisted-transfer eigenmatrix). Assume
E4(1) = 1 and that, for every physical index i, Zj uijAj = p VAV with V unitary. ThenV is
an eigenmatriz of the twisted transfer map:

&, (V) =puV. (11.27)

Proof. [/ Proof] Expand &, (V') using (11.15), insert the intertwining relation into each local term,
and use VIV = 1 together with & 4(1) = 1. O

Theorem 11.3.23 (Boundary-state invariance of the virtual unitary). Let A be
injective, assume uu! = 1, and let A be a positive definite boundary state with tr(A) = 1 and

é’L(A) =A. If V is a unitary and p a phase satisfying, for every physical indezx i,

> ugAl = p VAV, (11.28)
J

then
VIAV = A. (11.29)

Proof. [/ Proof| Relation (11.28) first shows that VAVT is another positive fixed point of the
adjoint transfer map. It has the same trace as A, so uniqueness of the normalized positive fixed
point gives VAVT = A. Multiplying by VT on the left and by V' on the right yields (11.29). [

Lemma 11.3.24 (Virtual local covariance implies virtual-boundary nondecay).
Assume tr(A) = 1 and E4(1) = 1. If A u, A satisfy virtual local covariance, then virtual-
boundary nondecay holds for u.

Proof. Choose the boundary matrices X = V! and Y = V, where V is the unitary from
the virtual local-covariance datum. By Theorem 11.3.22, one has ££(V) = ul'V. Therefore

Ry (u; VT V) = puFtr(A) = pt,

whose norm is constantly 1. O
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Theorem 11.3.25 (Virtual local covariance iff a unitary peripheral eigenmatrix exists).
(v Stmt| Let A be injective, and assume uul =1, £,4(1) = 1, A is positive definite, tr(A) = 1, and
€TA(A) = A. Then virtual local covariance holds if and only if there exist a unitary V- € Mp(C)
and a phase p with || = 1 such that £,(V) = pV. By Theorem 11.53.18, this witness form is
equivalent to the peripheral-spectrum condition p(&,) = 1.

Proof. [/ Proof] The forward direction is Theorem 11.3.22. For the reverse direction, start from
a unitary peripheral eigenmatrix. Theorem 11.3.19 gives gauge-phase equivalence with the com-
panion tensor; then Theorem 11.3.21 yields a virtual unitary and phase satisfying the local
covariance relation, and Theorem 11.3.23 gives the boundary-state invariance needed for virtual
local covariance. O

Theorem 11.3.26 (Virtual-boundary nondecay < virtual local covariance). For
an injective MPS, assume uu’ =1, £ ,(1) = 1, A is positive definite, tr(A) = 1, and EL(A) =A.
Then virtual-boundary nondecay for u holds if and only if A, u, A satisfy virtual local covariance.

Proof. [/ Proof|If virtual-boundary nondecay holds, Theorem 11.3.20 gives a gauge-phase equiva-
lence with the companion tensor. Theorem 11.3.21 extracts a virtual unitary and phase from that
equivalence, and Theorem 11.3.23 shows that the same unitary preserves the boundary state, so
one obtains virtual local covariance. Conversely, Lemma 11.3.24 turns virtual local covariance
into a nondecaying virtual-boundary sequence. O

Theorem 11.3.27 (Virtual unitary from virtual-boundary nondecay). For an
injective MPS, let A € Mp(C), and assume wu' = 1 and £,4(1) = 1. If virtual-boundary
nondecay holds for u with boundary parameter A, then there exists a virtual unitary V and a
unit-modulus scalar p such that Zj uijAj = uVAVT for all i. Diagrammatically this is the
same local intertwining relation, but only up to an overall unit scalar on the virtual side:

7
w 1
= b D
A
A

Proof. [/ Proof| Virtual-boundary nondecay first gives gauge-phase equivalence with the compan-
ion tensor by Theorem 11.3.20. Theorem 11.3.21 then normalizes the resulting intertwiner to a
unitary and produces the phase p. O

11.4 SPT Phase Labels and Virtual-Boundary Nondecay

The predicate in Definition 11.4.1 compares virtual cocycle labels. The source classification below
concerns symmetric paths that remain within the MPS and corresponding parent-Hamiltonian
framework, with the endpoint representations embedded into a common physical space as in [SPGC11].

Definition 11.4.1 (Equality of virtual cocycle labels). For tensors A, B and a
fixed physical representation U : G — GL;(C), the predicate called same SPT phase asserts the
existence of factor systems w,,wp : G x G — C* and projective bond representations p4, pp
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such that

A= palg A pug )Y, (11.30)
Bl =pplg HBipg(g") ",

exactly, and wy ~ wpg. Thus the predicate is equality of virtual factor-system classes. It neither
quantifies over Hamiltonian paths nor states physical phase equivalence.

Remark 11.4.2 (Scalar and character conventions). These factor systems take values in C*.
For unitary bond representations one may choose unit-modulus representatives and obtain the
physical classification label in H?(G,U(1)); this normalization is not an equality C* = U(1).
Moreover, Definition 11.4.1 requires exact tensor equations. A physical state symmetry may
instead act on an MPS vector by a one-dimensional character x(g), producing a scalar factor
in the local tensor equation. Exact MPV-family equality and such a character are distinct
hypotheses.

Theorem 11.4.3 (Classification along symmetric MPS parent-Hamiltonian paths).
Forp = 0,1, let A, be an injective MPS tensor whose parent Hamiltonian H,, has a unique ground
state and is symmetric under a unitary representation UP of G on J(,,. Choose the endpoint phase
gauges. After a common finite blocking, the embedded endpoints admit a continuous symmetric
MPS path with corresponding translationally invariant, finite-range parent Hamiltonians that
vary smoothly and remain uniformly gapped if and only if their virtual projective representations
determine the same class in H*(G,U(1)).

More precisely, for the forward construction there exist a path-sector Hilbert space J ), and

path

a linear representation U such that the endpoints embed into

H =TIy & Hparn, U,=U U} @ UPt,

The converse quantifies over smooth paths whose unique ground states remain MPS and whose
Hamiltonians are the corresponding parent Hamiltonians, as in [SPGC11, Section IL.F, lines 929-
953]. It does not assert invariance along an arbitrary gapped Hamiltonian path.

Proof. First deform each blocked injective MPS to its isometric form; the deformation preserves
the symmetry relation

U,P=P(V,0V,).

Along any continuous symmetric MPS path quantified in the theorem, the tensor and its induced
virtual action V vary continuously. The cohomology class is discrete, so it cannot change along
that path. This proves necessity within the MPS/parent-Hamiltonian framework.

Conversely, let the endpoint isometric forms have virtual actions Vg0 and Vg1 in the same
cohomology class. Embed their bond spaces into the direct sum and interpolate between the
maximally entangled bonds by

D, Dy+D,
W) = A=Yl +v Y i)
i—1 i=Dy+1

The commuting parent Hamiltonians along this interpolation remain gapped. Their symmetry
is

VievHe(VieV))=U2eU} e Ut (11.31)
Uptt = (Vg Vi) e (V; o).
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Equality of the cohomology classes is exactly what makes the cross-term action Urath 4 lin-
ear representation. Conjugating back by the endpoint isometries gives the common direct-sum
physical representation and the required symmetric gapped path. O

Theorem 11.4.4 (Virtual-boundary nondecay for injective MPV-symmetric tensors).
Let A be an injective tensor, symmetric under a unitary representation U. Assume
EA(1) = 1, A is positive definite, tr(A) = 1, and é’;(A) = A. Then the virtual-boundary
nondecay predicate holds for every group element g.

Proof. [ Proof] The virtual representation theorem produces p(g~!) € GL(C) satisfying Zj Ul(g);; A =
p(g~") A'p(g~")~". A direct computation using & (1) = 1 shows that &y, (p(g7")) = p(g7), s0
p(g~1) is a nonzero eigenvector with eigenvalue 1. Theorem 11.3.19 gives gauge-phase equivalence
with the companion tensor, and Theorem 11.3.21 extracts a virtual unitary and phase. By Theo-
rem 11.3.23, this unitary preserves the boundary state, so Lemma 11.3.24 gives virtual-boundary
nondecay. O

Remark 11.4.5 (Virtual-boundary nondecay does not determine the SPT label). Theorem 11.4.4
applies to every injective symmetric tensor with canonical normalisations, irrespective of its
cocycle class, so tensors in different SPT phases all satisfy virtual-boundary nondecay for every
group element. This nondecay is equivalent to virtual local covariance (Theorem 11.3.26); the

invariant that separates SPT phases is the cohomology class of the virtual representation cocycle
(Theorem 11.4.3).
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Appendix A

Perron—Frobenius Theory for
Channels and Transfer Maps:
Supporting Results

This appendix supplies the canonical-gauge calculations used in Chapter 5.

A.1 Canonical-gauge algebra

For the right-canonical gauge in Theorem [LTC26, “Right-canonical (unital) gauge”], each sum-
mand becomes

(S~1AIS)(S~LAIS)T = S~1AISST(A(ST)!
= ST Alp(AT)T(ST)~
Hence

Y AHA =571, (p) (ST = 5T (s =1

For the left-canonical gauge in Theorem 5.4.2,
(SA'S—H)T(SAIS1) = (ST)~1(AH)TSTSAIS!
(SH~1(A)TeA'S,

and therefore

K2

?

> (At = (st (Z(Ai)TaAi> St =(SHlest =1.

Finally, for the square-root gauge (5.1), self-adjointness of ol/? gives

(BB = 0~ 1/2( A1)t g1/261/2 Aig—1/2
= o 24N g Ale— 12,
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Summing, substituting the adjoint fixed-point equation, and cancelling the outer square-root
factors yields

Z(Bi)TBi =g /2 (Z(Ai)TJAi> o V2 =g 26571/2 = 1.

7

(2

Lemma A.1.1 (Square-root trace-preserving gauge is a gauge equivalence). If o
is positive definite and B is defined by (5.1), then A and B are gauge equivalent.

Proof. The gauge matrix is o'/2, which is invertible because o is positive definite. Thus
(5.1) has the form of the gauge relation (2.5). O
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Appendix B

Peripheral Channel Structure and
Transfer-Operator Gaps:
Supporting Results

This appendix supports Chapter 6. It proves the algebraic mixed-transfer identities, an auxil-
iary trace-positivity result, the peripheral intertwiners behind the gauge-rigidity theorems, the
Banach-algebra convergence facts behind the overlap-decay theorems, the rank-one Perron pro-
jection behind the primitive overlap limit, and the cyclic-decomposition machinery that removes
peripheral periodicity.

B.1 Mixed-transfer powers and overlap traces

This section proves the self-transfer identity, the word expansion of the mixed transfer operator,
and the trace identities used in Theorem 6.2.1 and Theorem 6.2.2. Recall the mixed transfer
operator F, of Definition 6.1.1 and its rectangular form F°5" of Definition 6.1.2.

Theorem B.1.1 (Self-transfer). Setting B = A recovers the ordinary transfer map:

Proof. [/ Proof| Substituting B = A into (6.2) gives Fu,4(X) = >_, ALX (AT = € ,4(X) by (2.4).

O
Lemma B.1.2 (Iterated mixed transfer). For every X € M(C) and N > 0,
Fip(X)= > A7X(B)f, (B.1)

where A7 = A1 ... A°N denotes the word evaluation of Definition 2.1.2.

Proof. [/ Proof|Induct on N. The base case is Fg p(X) = X. For the inductive step, apply F,p
to each summand in (B.1) and reindex using {0, ...,d—1}N*"1 = {0, ...,d—1} x {0, ... ,d—1}¥. O

Theorem 6.2.1 and Theorem 6.2.2 combine Lemma B.1.2 and Lemma [LTC26, “Trace ex-
pansion over matrix units”] the same way, over the square and rectangular matrix-unit bases
respectively: expanding Tr(7T') by the trace-expansion formula of [LTC26, “Trace expansion over

125


https://sirui-lu.com/TNLean/docs/find/#doc/Kraus.mixedMapLM_self
https://sirui-lu.com/TNLean/docs/find/#doc/Kraus.mixedMapLM_pow_apply

matrix units”], applying (B.1) to each T(E,,) for T = Fip or T = (Fi¢5")", and reassembling
the sums over matrix-unit indices gives

Tr(T) = > tr(A%)tr(B°) = > VINV(A),VIN(B), = 0 ,5(N).

B.2 Auxiliary trace positivity

B.3 Rectangular spectral-radius formulation

Lemma B.3.1 (Rectangular spectral radius bound). For normalized tensors of
bond dimensions Dy and Dy, pg,..(F¥5) < 1.

Proof. This is the MPS formulation of the corresponding theorem in the companion
quantum-channel volume [LTC26, “Spectral-radius bound for a trace-preserving mixed Kraus
map”]: the rectangular mixed transfer is the mixed Kraus map, and the two tensor normalization
identities are its trace-preserving hypotheses. O

B.4 Peripheral intertwiners and gauge rigidity

This section proves the intertwining relations behind Theorem 6.6.1 and Theorem 6.6.4: trans-
porting a modulus-one mixed-transfer eigenvector through separate unital gauges produces Kraus-
level intertwiners, and these intertwiners force equal bond dimension once they are invertible.

Lemma B.4.1 (Gauged peripheral eigenvector yields Kraus intertwining). Let A
be a normalized tensor of bond dimension D, and B a normalized tensor of bond dimension D,.
Suppose p 4, pg are fized points of the respective transfer maps and S 4, Sg are invertible matrices
with SASi1 =py and SBSTB = pg (for instance the positive definite Perron—Frobenius fized points
of Theorem 5.3.2 and their square roots, as in the right-canonical gauge of Theorem [LTC26,
“Right-canonical (unital) gauge”]). Gauge to unital families A’ = S;'A'S, and B'* = S5'B'Spg.
If X € Mp_p, (C)\{0} satisfies Fi5 (X) = pX with |u| = 1, then X" = SIZlX(SL)’l is nonzero,
the families A" and B’ are unital, and, for every i,

X' (B = u(AHT X, A'X = uX'B". (B.2)
Proof. Embed the gauged families and transported eigenvector into the block matrices

(A0 (0 X’
o= (5 2) v (0 %), o

on Mp, ,p (C); the matrices {C*} form a unital Kraus family, and E¢(Y) = pY. The positive
definite fixed points of the adjoint maps give a faithful weighted trace for the block map. Applying
the Kadison—Schwarz inequality to Y and pairing its positive semidefinite gap with this fixed
point shows that the gap vanishes. The Kraus relation of the corresponding theorem in the
companion quantum-channel volume [LTC26, “KS equality implies Kraus commutation”] then
gives Y(CH)' = pu(CH'Y; applying the same argument to the complementary product gives
C'Y = uY C*. Expanding these block relations gives (B.2). O

Lemma B.4.2 (Intertwining yields gauge-phase equivalence). Let A and B be
tensors of the same bond dimension. Suppose invertible gauges take them to A’ and B’, and
suppose there are an invertible matriz X' and a scalar p with |u| = 1 such that A" X’ = X’ B’
for every physical index i. Then A and B are gauge-phase equivalent.
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Proof. Compose the two gauge matrices with the intertwiner to obtain one invertible
matrix conjugating A to a scalar multiple of B. O

Combining these two lemmas proves Theorem 6.6.1: Lemma B.4.1 supplies the intertwining
relations (B.2) for the separately gauged, unital families. The Kadison—Schwarz equality used
inside its own proof makes X’X’T and X’f X’ nonzero positive semidefinite fixed points of the
gauged transfer maps; under irreducibility, Theorem 5.1.1 upgrades these to positive definite
matrices, so the transported intertwiner X’ is invertible. Lemma B.4.2 then converts the invert-
ible intertwiner, together with the two gauge matrices, into a single invertible matrix realizing
the gauge-phase relation B = uXA*X ! via the Skolem-Noether theorem (Theorem [LTC26,
“Skolem—Noether”]).

Lemma 6.4.1 gives the companion kernel-invariance argument, independent of irreducibility:
if a modulus-one rectangular intertwiner (6.6) exists between injective tensors of bond dimensions
D; and D,, then the first relation shows that ker(X) is invariant under every (B?)'; since the
{B'} span the full matrix algebra, so do the {(B?)'}, so ker(X) is trivial and D, < D,. Taking
adjoints of the second relation and applying the same argument to X' shows that ker(XT) is
invariant under every (A%) and hence trivial, giving D; < D,. Combined with Lemma B.4.1,
this proves p .. (F4%5') < 1 whenever A and B are injective tensors of unequal bond dimension,
which is exactly Theorem 6.4.2.

B.5 Spectral-radius decay and overlap limits

This section collects the Banach-algebra convergence facts underlying Theorem 6.5.4, Theo-
rem 6.5.5, and the block-separation consequences of the transfer-operator gap.

Theorem 6.4.3 applies Lemma [LTC26, “Powers vanish below unit spectral radius”] to the
rectangular mixed transfer operator and then evaluates its powers at a fixed matrix. The-
orem 6.5.4 combines the gap py,c.(Fap) < 1 of Theorem 6.3.6 with the equal-bond-dimension
specialization of this rectangular decay theorem. Since Tr is continuous on the finite-dimensional
matrix-endomorphism algebra, this gives Tr(F AVB) — 0 term by term over the finitely many
matrix-unit entries in the trace-expansion formula of [LTC26, “Trace expansion over matrix
units”]; combined with the overlap—trace identity (6.4), this proves Theorem 6.5.5.

Theorem B.5.1 (Cross-correlation decay). If A and B are injective normalized
tensors that are not gauge-phase equivalent, then tr(F/JlVB(X)) — 0 as N — oo for every X €
Mp(C).

Proof. Theorem 6.5.4 gives F AVB(X ) — 0 in operator norm, and continuity of the trace
gives the conclusion. O

Theorem B.5.2 (Self-correlation persists). [ st If p is a fized point of &4, then
tr(EN(p)) = tr(p) for every N > 0. In particular, this applies to the distinguished Perron—
Frobenius fized point from Theorem 5.5.2.

Proof. Since € 4(p) = p, one has &Y (p) = p for every N. Taking the trace proves the
claim. O

B.6 Rank-one Perron projection

This section proves the rank-one Perron limit (Theorem 6.10.1) underlying the primitive overlap
convergence (Theorem 6.10.2). Let E : M(C) — M, (C) be trace-preserving with a fixed point
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p # 0, tr(p) # 0. Write P := P, for the fixed-point projection of the corresponding definition in
the companion quantum-channel volume [LTC26, “Fixed-point projection”],

P(X) = MA
tr(p)
and N := E — P for the complementary part. The power decomposition (the corresponding
theorem in the companion quantum-channel volume [LTC26, “Power decomposition”]) gives
E" =P+ N"™ forn > 1.

Under the hypothesis pg,e.(V) < 1 of Theorem 6.10.1, Lemma [LTC26, “Powers vanish
below unit spectral radius”] gives N — 0, so Tr(E™) = Tr(P) + Tr(N") — Tr(P) = 1 by
Lemma [LTC26, “Trace of the fixed-point projection”]. This is exactly the mechanism recorded
in Theorem 6.10.1.

When E = £, is the transfer map of a normalized MPS tensor and p is its Perron-Frobenius
fixed point (Theorem 5.3.2, Chapter 5), the overlap—trace identity (6.4) with A = B gives
O44(N) =Tr(&Y), so Theorem 6.10.1 yields the primitive self-overlap limit of Theorem 6.10.2.
The hypothesis pgpe. (V) < 1 is exactly the complementary transfer-map gap that the comple-
mentary spectral-radius theorem for primitive maps (the corresponding theorem in the compan-
ion quantum-channel volume [LTC26, “Complementary transfer-map gap for primitive maps”])
supplies: for a primitive E all eigenvalues bounded by 1 in modulus and no trace-zero fixed
point, every eigenvalue of N = E — P has modulus strictly less than 1, and since Mp(C) is
finite-dimensional this bounds the spectral radius pgpe.(IN) itself.

Theorem B.6.1 (Complementary spectral-radius gap for irreducible primitive tensors).
[V stmi] Let A be an irreducible normalized MPS tensor whose transfer map € 4 is primitive. Then
there is a monzero positive semidefinite fized point p of £ 4 with tr(p) # 0 such that, for P := P,
and N :=E 4 — P, popec(N) < 1.

Proof. The channel fixed-point existence theorem (Theorem 5.3.1) supplies a nonzero
positive semidefinite fixed point p. Apply Theorem [LTC26, “Complementary gap at a prescribed
fixed point”] to £ 4 and p. O

This concretely instantiates the hypothesis of Theorem 6.10.1 and, via Theorem 6.10.2, gives
the primitive self-overlap limit for every irreducible peripherally primitive normalized MPS ten-
Sor.

B.7 Periodicity removal

This section proves the cyclic-decomposition machinery of Theorem [LTC26, “Cyclic decom-
position for irreducible finite Kraus maps”] and the divisibility statements of Theorem [LTC26,
“Transfer-map peripheral eigenvalues form a cyclic group”] and Theorem [LTC26, “Transfer-map
period divides bond dimension”]: normalizing a peripheral eigenvector to a unitary, forming its
discrete Fourier (cyclic) spectral projections, and tracking how the channel shifts the resulting
corners.

Combining these lemmas proves Theorem [LTC26, “Cyclic decomposition for irreducible finite
Kraus maps”]: Lemma [LTC26, “Normalized peripheral unitary”] supplies a unitary generator of
exact order m for a primitive m-th peripheral root, and Lemma [LTC26, “Cyclic projections from
a peripheral unitary”] builds the m Fourier projections out of its powers, using Lemma [LTC26,
“Powers on a peripheral-unitary orbit”] to identify how the channel shifts them.
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B.7.1 Cyclic corners and restricted primitivity

Corner preservation, the associated corner subspace, irreducibility of the restricted map, and cor-
ner rank are defined in the companion quantum-channel volume [LTC26, “Corner preservation”
and the following corner definitions]. We use those definitions here in the MPS periodicity-
removal argument.

B.7.2 Group structure and divisibility

Theorem [LTC26, “Peripheral eigenspaces are one-dimensional”] follows the same pattern: given
a peripheral unitary eigenvector U for v (Lemma [LTC26, “Peripheral unitary eigenvector”]),
the multiplicative-domain identity gives E(XUT) = XUT for any 7-eigenvector X, so the scalar
fixed-point lemma for irreducible unital maps (Lemma [LTC26, “Scalar fixed points for irreducible
unital maps”]) gives XUT = ¢1, hence X = cU and the eigenspace is one-dimensional.

The divisibility statements of Theorem [LTC26, “Transfer-map peripheral eigenvalues form a
cyclic group”] and Theorem [LTC26, “Transfer-map period divides bond dimension”] follow from
Lemma [LTC26, “Cyclic projections from a peripheral unitary”] and Theorem [LTC26, “Rank
equals trace for an orthogonal projection”]: the m cyclic Fourier projections P, ..., P, ; sum
to 1 and are cyclically permuted by E, so trace preservation gives tr(P,,,) = tr(P,) for every

k, hence D = tr(1) = ZZ:Ol tr(P,,) = m tr(P,). Since the trace of an orthogonal projection is a
natural number (Theorem [LTC26, “Rank equals trace for an orthogonal projection”]), m | D.

This periodicity-removal chain — unitary normalization, Fourier projections, cyclic Kraus
shift (Lemma 6.8.1.1), the blocked cyclic corners of this section, and restricted primitivity — is
exactly the machinery behind the period-removing blocking theorems of Chapter 8: [Woll12, The-
orem 6.6] supplies the cyclic peripheral spectrum of the adjoint transfer map, and Theorem 8.3.1.1
(Section 8.3.1) and Theorem 8.11.1 apply it to realize the cyclic-sector decomposition of a blocked
irreducible tensor with rectangular support isometries.
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Appendix C

Wielandt Bound: Supporting
Results

This appendix supports Chapter 7. It collects exact-word, cumulative-span, augmentation, block-
ing, complementary-gap, and one-step padding results used by the main quantitative argument.

C.1 Exact-word and block-injectivity support

This section proves the exact-word identities and low-dimensional facts used in Lemma 7.1.1.20,
Theorem 7.1.1.21, Theorem 7.5.2, and Theorem 7.9.1.

Lemma C.1.1 (Word span products). One has S,,(A)S,(A) C S, .(A): the

product of word spans at lengths m and n is contained in the word span at length m + n.

Proof. [/ Proof| Every product A%t A*2 with |w;| = m and |w,| = n equals A*1%2 where |w,w,| =
m+n. O

Lemma C.1.2 (Zero-length word span). [V Sstmit] If D > 2, then Sy(A) £ Mp(C).

Proof. The zero-length products consist only of the identity, so Sy(A) = spanc{1} has
dimension 1. Since dim M, (C) = D? > 4, this span cannot equal Mp(C). O

Corollary C.1.3 (0-block injectivity). [v stmt| If D > 1 and A is 0-block injective, then
D=1.

Proof. [/ Proof] By Lemma 7.1.1.20, 0-block injectivity gives Sy(A) = Mp(C). Lemma C.1.2
excludes D > 2, so the nonzero bond dimension must be 1. O

Lemma C.1.4 (Exact words around a nonzero middle matrix). If A is L-block
injective and X # 0, then

span {A"X A" : |u| = |[v| = L} = Mp(C).

Proof. [/ Proof] By L-block injectivity, the length-L word products span M (C). Bilinearity of
(R, S) = RXS reduces the claim to Lemma [LTC26, “Two-sided span from one nonzero matrix”],
with R and S chosen among those word products. O
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C.2 Cumulative-span and spectral linear algebra

This section supplies the finite-dimensional stabilization and spectral facts used in Theorem 7.2.2,
Theorem 7.3.2, and Theorem 7.4.8.

The next two lemmas connect irreducible matrix actions with the cumulative word span used
throughout Chapter 7.

Remark C.2.1 (Burnside input for cumulative spanning). The passage from irreducible tensors
to full algebra spanning first passes through the irreducible action on CP. Burnside’s theorem
then says that the resulting irreducible subalgebra of M (C) is all of M (C). Once the algebra
span is full, finite-dimensionality gives a single cumulative span that already equals M (C).

Lemma C.2.2 (Irreducible action gives an irreducible tensor). If the letters of A
act irreducibly on CP, then A has no nontrivial invariant orthogonal projection.

Proof. If P were a nontrivial invariant orthogonal projection, then its range would be
invariant under every letter of A. Irreducibility of the action forces this range to be either 0 or
all of CP, so P must be 0 or 1, a contradiction. O

Lemma C.2.3 (The algebra span reaches a finite cumulative span). If the generated
unital algebra satisfies alg(A) = M (C), then there exists N such that Ty(A) = Mp(C).

Proof. Every element of alg(A) lies in some cumulative span T, (A): the generators lie
in T' (A), scalar multiples of the identity lie in T((A), and the family {7,(A)}, ¢ is closed under
addition and under multiplication with lengths adding. Since M (C) is finite-dimensional, the

ascending chain T,(A) C T;(A) C - stabilizes, so one can choose a single N with T (A4) =
Mp(C). O

Theorem C.2.4 (Cumulative span reaches M (C) — explicit bound). Let D > 0.
If A is normal, then Tp2(A) = Mp(C).

Proof. [/ Proof| By Theorem 7.1.1.19, if T,, # T,, 4, then dim7,,,; > dim7T},. Since dim 7, < D?
by Lemma 7.1.1.17, after at most D? steps either T,, = M,(C) or T, has stabilised. Stabilisation
before reaching M (C) contradicts normality, which requires S, = Mp(C) for some L, and

hence T, = Mp(C). O

Theorem C.2.5 (Nonzero trace product). Let D > 0. If A is normal, then there
exists a word w of length at most D? such that tr(AY) # 0. This is the weaker D? corollary of
[SPGWC10, Lemma 1]. The sharp source statement is Theorem 7.2.}.

Proof. By Theorem 7.2.1, 1 € Tp2(A), so 1 is a linear combination of word products of
length at most D?. At least one has nonzero trace because tr(1) = D # 0. O

Theorem C.2.6 (Eigenvalue extraction). [v stmi| Let D > 0. If A is normal, then there
exist a word wy with |w,| < D?, a nonzero scalar pu # 0, and a nonzero vector o #+ 0 such that

A"op = pep.

Proof. [ Proof] By Theorem C.2.5, there is a word w, with tr(A%) # 0 and |w,| < D?. By
Theorem [LTC26, “Nonzero trace implies eigenvector”], A*o has a nonzero eigenvector. O

Theorem C.2.7 (Vector span stabilisation). Vst If K, (A,¢) = K, (A, @), then
K, (A ¢)=K,(A, o) for every m > n.

Proof. The argument is the same as for Theorem 7.1.1.18: left multiplication by A
cannot escape the stabilised span. O
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Lemma C.2.8 (Vector span from matrix span). If Ty (A) = Mp(C) and ¢ # 0,
then Ky (A, p) = CP.

Proof. [/ Proof] Every matrix M € Mp(C) lies in T (A), so in particular every rank-one matrix
sending ¢ to any target vector v lies in T(A). Applying such matrices to ¢ recovers all of CP. [

C.3 One-step augmentation

This section proves the one-step augmentation results used in Theorem 7.4.2 and Theorem 7.4.6.

Definition C.3.1 (One-step augmentation). [V stmt]Let A be an MPS tensor with Kraus

family {A%}9-4 and let X € M,(C). The one-step augmentation of A by X is the tensor A with
physical dimension d 4+ 1 whose first Kraus operator is X and whose remaining Kraus operators
are those of A:

A = x,
Al = AL
Lemma C.3.2 (Kraus operators lie in the one-step span). FEvery Kraus operator
A" belongs to the one-step span Sy(A).

Proof. This is the length-one word with letter i. O

Lemma C.3.3 (Redundant one-step augmentation). [Lean| [Lean| [Lean] [/ Stmt| Let X € S, (A),
and let A be the one-step augmentation of A by X. Then S, (A) = S,,(A) for every n > 0.

Proof. [/ Proof] The new generator X is already in S;(A), and each original generator remains in
the augmented family. Hence the one-step spans agree. Multiplying word spans and arguing by
induction on the word length gives equality at every length. O

Lemma C.3.4 (Normality and Kraus rank under one-step augmentation). [Lean| [Lean| [V Stmt]
Let X € S;(A), and let A be the one-step augmentation of A by X. If A is normal, then A is
normal, and kr(A) = kr(A).

Proof. Since all exact word spans are unchanged by Lemma C.3.3, eventual full word
span for A gives eventual full word span for A. The equality of Kraus ranks is the equality of
the dimensions of the common one-step span. O

Theorem C.3.5 (Wielandt case (2), invertible generator). [Lean| [Lean| [/ Stmt| Let A be a normal
MPS tensor with bond dimension D > 0, and suppose that some Kraus operator A% is invertible.
Then

SDLkr(A)H(A) = Mp(C),
t(A) < D? —kr(A) + 1.

Proof. The dimensions of the exact word spans cannot decrease, because left multipli-
cation by the invertible Kraus operator is injective. If this dimension growth stopped before
the full matrix algebra was reached, the same argument at every later length would contradict
normality. Since dim S;(A) = kr(A) and dim M, (C) = D?, the full algebra is reached by length
D? —kr(A) + 1. The index bound follows from the definition of +(A). O
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Corollary C.3.6 (Wielandt case (2), invertible Kraus operator). [Lean| [Lean| [ Stmt| Let A be
an MPS tensor with bond dimension D > 1, satisfying Zi(Ai)TAi = 1, and suppose that A is

primitive in the sense of Definition 7.1.1.3. If some Kraus operator A is invertible, then

SDLkr(A)H(A) = MD(C)7
t(A) < D?* —kr(A) + 1.

Proof. [/ Proofl Apply the one-step case to X = A% which belongs to S, (A4) by Lemma C.3.2. [

Corollary C.3.7 (Wielandt case (3), non-invertible Kraus operator). [Lean| [Lean] [V Stmi] Let A
be an MPS tensor with bond dimension D > 1, satisfying ZZ.(Ai)TAi = 1, and suppose that A
is primitive in the sense of Definition 7.1.1.3. If some Kraus operator A% is non-invertible and
has an eigenvector ¢ # 0 with nonzero eigenvalue p, then

Sp2 (A) = MD(C)a
L(A) < D2

Proof. [/ Proofl Apply the one-step case to X = A%, which belongs to S; (A4) by Lemma C.3.2. [

C.4 Blocking and fixed-length spanning

This section proves the blocking and fixed-length constructions used in Theorem 7.4.8, Theo-
rem 7.5.5, and Theorem 7.9.1.

Theorem C.4.1 (Blocking preserves normality). If A is normal and L > 0, then
the blocked tensor AL is also normal.

Proof. [/ Proof] Choose N with Sy (A) = Mp(C). Then 1 € Sy(A). For any M € Sy(A), write
1=7> ¢ A with each |w,| = N. Then

M=M1=Y c,MA® € Sy(A)Sy(A) C Syy(A). (C.1)

By Lemma C.1.1, iterating (C.1) gives Sy (A4) C S;n(A) for every k > 1. Taking k = L yields
Mp(C) = Sy(A) C Sy (A). By Lemma C.4.2, Sy (A) C Sy (A, so Sy(AH) = M, (C). O

Lemma C.4.2 (Chunking: word span embeds into blocked word span). One has
S, (A) C S, (A for alln, L.

Proof. Every length-nL word in the original alphabet can be split into n consecutive
chunks of length L, each of which is a single blocked Kraus operator by (2.13). The claim follows
by induction on n, using Lemma C.1.1. O

Theorem C.4.3 (Word eigenvector gives blocked eigenvector). If A%op = gy for
a word wy of length L, then (A[L])jmp = i, where j, is the encoded blocked index corresponding
to wy.

Proof. [/ Proof] By (2.13), (All)do = Ao, O

Theorem C.4.4 (Blocked fixed-length matrix spanning). Suppose A has bond
dimension D > 0, is normal, and L > 0, and we have:
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1. a word wy of length L with eigenvector Ao = pp (u+0, ¢ #0),
2. a word T, of length L with transpose eigenvector (A7) Ty =vip (v +£0, 1 £0),
3. a rank-one element o7 € S, (AlF)) for some m.

Then there exists N such that Sy(A) = Mp(C).
Remark. The proof gives the explicit bound N = ((D—1) + m + (D—1))L; the theorem states
only the existential conclusion.

Proof. Set B = AW which is normal by Theorem C.4.1. The word eigenvectors transfer
to single-index eigenvectors of B and BT by Theorem C.4.3. Eigenvector spreading and padding
then give HD71<Ba 90) = HDfl(BTa qzb) = CD'
For each standard basis vector e;, choose R; € Sp_1(BT) with R = e;. Reversing each
word after transposition shows that R;‘F € Sp_1(B), and therefore (gm/)T)R;‘»F = goe;fr belongs
to S,,.p_1(B). Theorem 7.5.2, applied with n = D —1 and m’ = m + D — 1, now gives
S(p—1)4m+(p-1)(B) = Mp(C). Finally, Lemma 7.5.4 transfers this identity to S p_1)1m+(p-1))(4) =
D O

Theorem C.4.5 (Rank-one extraction for blocked tensor). Suppose A has bond
dimension D > 0, is normal, and Ny > 1 with Sy (A) = Mp(C). Then there exist words o,
of length N, nonzero vectors @,v, nonzero scalars p,v, and m € N such that:

1. A%0¢ = pp,
2. (A7) = vy,
3. YT € S, (AN]).

Proof. [ Proofl Set B = AlNol, By (2.13) and Sy, (A) = Mp(C), one has S, (B) = Mp(C). Hence
1 € S;(B), so not all blocked generators can have trace zero. Choose j, with tr(B%) # 0. By
Theorem [LTC26, “Nonzero trace implies eigenvector”], B’c has a nonzero eigenvector ¢ with
eigenvalue p # 0. Writing j, as the blocked index corresponding to a word o of length N, gives
A% ¢ = pp. Applying the same argument to the transpose blocked tensor gives a word 7, of
length N, a nonzero vector ¢, and v # 0 with (A7) = v1). Since A is normal and N, > 1, the
blocked tensor B is normal by Theorem C.4.1. Therefore there exists M with S,,;(B) = M(C).
In particular, 7 € S,,(B). Taking m = M proves (3). O

Theorem C.4.6 (Fixed-length word-span saturation via blocking). [v Stmt| If A is a normal
MPS tensor with bond dimension D > 0, then there exists N such that Sy(A) = Mp(C). This is
a blocked fized-length construction under the stated normality hypothesis. The quantitative result
of [SPGWC10, Lemma 2(b)] is Theorem 7.4.5.

Proof. By normality, some N > 0 has Sy, (A) = Mp(C). Theorem C.4.5 produces eigen-

vectors and a rank-one element @i)” € S, (AlNol). Theorem C.4.4 then gives S(D-1)4m+(D-1)N, (A) =
Mp(C). O

C.5 Complementary-gap consequences

This section proves the complementary-gap consequences used in Lemma 7.7.2.1, Lemma 7.7.4.1,
and Theorem 7.7.4.2.
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Theorem C.5.1 (Primitive overlap convergence). [V Stmi| If A is a primitive MPS tensor,
then OAA(N> — 1.

Proof. The claim follows from the self-overlap convergence under a complementary
transfer-map gap (Theorem 6.10.2). O

Theorem C.5.2 (Peripheral primitivity and irreducibility give normalized overlap).
Let A have positive bond dimension and satisfy Zi(Ai)TAi =1. If A is tensor-irreducible
and the transfer map is primitive, then O 4 4(N) — 1.

Proof. [/ Proof| Irreducible Perron—Frobenius theory supplies a nonzero positive fixed point. Pe-
ripheral primitivity gives a strict spectral-radius bound on the complementary transfer map.
Thus A is a primitive MPS tensor, and Theorem C.5.1 applies. O

Lemma C.5.3 (Primitive MPS tensors have nonzero word products). If Ais a
primitive MPS tensor, then for every n > 0 there exists a word w of length exactly n with A™ # 0.

Proof. [/ Proofl The PSD fixed point p of £ 4 satisfies 7 (p) = p # 0. Since &' (p) = Z‘w‘:n AV p( AT,

at least one summand is nonzero, hence some A" # 0.

Lemma C.5.4 (Iterated transfer does not vanish). [v stmt| If A is a primitive MPS tensor,
then &7 # 0 for allm > 0.

Proof. By Lemma C.5.3, there exists a word w of length n with AY £ 0. The expan-
sion &% (1) = Z‘u‘:n A"(A")T contains the nonzero positive semidefinite summand A (A")f, so

En(1) # 0. O

Lemma C.5.5 (Fixed-point uniqueness from a complementary transfer-map gap).

If A is a primitive MPS tensor with PSD fized point p, then every fized point o of &, is

; . o tr(o)
proportional to p: o = tr(p) P

Proof. [/ Proof|Set 0’ = o— giggp Then tr(0’) = 0 and (£ 4,—P,)(0”) = o’. If 0’ # 0, then 1 is an

eigenvalue of £ y — P,, contradicting the complementary transfer-map gap py,e.(E4—P,) < 1. O

Lemma C.5.6 (Complement powers tend to zero). [v stmt| If A is a primitive MPS tensor
with PSD fized point p, then (4 — P,)™ — 0 in operator norm.

Proof. The spectral radius of £, — P, is strictly less than 1 by the complementary
transfer-map gap hypothesis. Apply the general result that powers of an operator with spectral
radius < 1 tend to zero. O

Lemma C.5.7 (Primitive tensors with positive-definite fixed point have irreducible transfer
map). [V stmit| If A is a primitive MPS tensor with positive-definite fized point p, then the
transfer map & 4 is irreducible.

The proof uses fized-point uniqueness (Lemma C.5.5): every PSD fized point is proportional
to p, so Wolf’s criterion for irreducibility (a positive-definite fized point together with uniqueness
of positive fized points implies irreducibility) applies directly.

Proof. [/ Proof] By Lemma C.5.5, if ¢ > 0 and £ 4(0) = o, then o = zi(g))p. Since p > 0, Wolf’s
uniqueness criterion for irreducibility applies. O
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C.6 Identity in the one-step span

This section proves the one-step padding conversions used in Theorem 7.8.2. It also records why
cumulative spanning alone does not imply normality.

Remark C.6.1 (Identity-in-the-one-step-span condition). [/ Stmt] The one-step padding condition
is 1 € S;(A): the identity matrix lies in the span of the Kraus operators {A?}¢-4. This is an
additional hypothesis. The normalization Zi(Ai)TAi = 1 gives a quadratic identity and does
not imply 1 € S;(A). Theorem 7.7.4.2 obtains normality from a positive-definite fixed point and

a complementary gap without this padding condition.

Remark C.6.2 (Counterexample: cumulative spanning does not imply normality). [/ Stmt] In
M,(C), let A° = E,, and A' = E,; be the off-diagonal matrix units. Then alg(A) = M,(C)
and T,(A) = M,(C), but the word spans alternate: S,,(A) contains only off-diagonal matrices
for odd n and only diagonal matrices for even n. Hence S,,(A) # M,(C) for every n, and A is
not normal. The one-step padding condition fails because 1 ¢ S;(A) = span {E},, o }.

Theorem C.6.3 (Word-span monotonicity from one-step padding). If1 € 5,(A),
then S,,(A) < S, .1(A) for every n.

Proof. [/ Proof|For any M € S,,(A),onehas M = M1 € S,(A)S;(4) C S,.,(A) by Lemma C.1.1.
O

Theorem C.6.4 (Cumulative span equals word span under one-step padding). If
1€ S5,(A), then T, (A) = S,,(A) for every n.

Proof. [/ Proof| By Theorem C.6.3, the word spans form the chain S,(A) < S;(A) <-- < S, (A).
Therefore their sum 7, (A) = Sy(A) + -+ S,,(A) equals the largest term S,,(A).

D\./

Theorem C.6.5 (Cumulative spanning plus one-step padding implies normality).
If Ty(A) = Mp(C) and 1 € S;(A), then A is normal.

O

Proof. [/ Proofl Theorem C.6.4 gives Sy (A) = Ty (A) = Mp(C).
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Appendix D

Canonical Form Reduction:
Supporting Results

This appendix supports Chapter 8. It collects the projection, gauge, blocking, compression, and
reindexing arguments used by the main reduction while keeping the source-named canonical-form
statements and the principal reductions in the chapter.

Throughout, & 4(X) =), A'X(AHT, APl denotes blocking by p, and VIV (A), = tr(A%1 - A7w),
Weighted direct sums are written P, Ay

D.1 Similarities, strict splitting, and zero blocks

Similarity invariance and strict dimension decrease justify the induction used in Theorem 8.1.1.2;
the final result removes blocks that vanish at every positive length.

Theorem D.1.1 (Unitary conjugation preserves the MPV family). If U is a unitary
matriz, then A and UTAU generate the same MPV family.

Proof. [/ Proof| By cyclicity of the trace, tr((UTALU) ... (UTANU)) = tr(A% ... Alv). O

Theorem D.1.2 (Nontrivial invariant projection gives strict two-block reduction).
Under the hypotheses of Theorem 8.1.2, assume in addition that P # 0 and P #+ 1. Then there
exist n,m with n +m = D, n < D, and m < D, together with block tensors Ay, A,, such that A
and A, ® A, generate the same MPYV family in the sense of Definition 2.3.3.

Proof. Apply Theorem 8.1.2. In the diagonal form of P, the l-eigenspace is nonempty
because P # 0, and the 0-eigenspace is nonempty because P # 1. Hence both block sizes are
positive. Since n + m = D, this implies n < D and m < D. O

Theorem D.1.3 (Nonzero irreducible block decomposition). Every MPS tensor A
admits a finite family of nonzero irreducible blocks (By)},_,, each with at least one nonzero Kraus
operator and positive bond dimension. For every N > 1 and every o,

VIN(4), = V) (é Bk) . (D.1)
k=1

Moreover, 22:1 D, <D.
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Proof. Apply the irreducible block decomposition (Theorem 8.1.1.2) and retain the blocks

having a nonzero Kraus operator. For every all-zero irreducible block C; and every N > 1,
1740 >(C’j)a = 0, so (D.1) holds. The dimension inequality follows by restricting the structural
identity Ej D; = D to the retained subset. O

D.2 Projector closure and isometric corner decompositions

The results below turn reducing projections into support isometries, compress tensors to their
corners, and reconstruct closed-chain traces from an orthogonal family of corners. They support
Theorem 8.7.2 and Theorem 8.7.4.

Theorem D.2.1 (Invariant projections are reducing under projector closure).
Suppose that A has invariant-projector closure and that P is an orthogonal projection satisfying

(1 — P)A'P =0 for all i. Then P reduces every tensor matriz: PA* = A'P for all i.

Proof. [/ Proofl The lower-corner relation gives (1—P)A* = (1— P)A*(1— P). Applying projector
closure to 1 — P gives A*(1 — P) = (1 — P)A*(1 — P), hence the upper corner PA*(1 — P) also
vanishes. Therefore PA* = PA'P = A'P. O

Theorem D.2.2 (Invariant-projector closure gives a reducing projection). If A
has invariant-projector closure and admits a nontrivial invariant projection, then it admits a
nontrivial orthogonal projection commuting with every A".

Proof. [/ Proof| Apply Theorem D.2.1 to the projection supplied by Definition 8.1.3. [

Lemma D.2.3 (Support isometry of an orthogonal projection).
Every orthogonal projection P on CP factors through an isometry: there are n € N and
V € CP*" such that

ViV =1,
VvV =P,
n = tr(P). (D.2)

Proof. Since P is Hermitian and idempotent, its eigenvalues are 0 and 1. Writing n =
tr(P), unitary diagonalization gives

P = U diag(1,...,1,0,...,0)U".

n

The matrix V € CP*" formed by the first n columns of U satisfies (D.2). O

The rectangular Gram-equality criterion that turns B'B = AfA into a unitary U with
B = UA is a generic algebra fact, proved in the companion quantum-channel volume [LTC26,
“Rectangular Gram equality gives a unitary”].

Lemma D.2.4 (Corner tensors inherit projector closure). Let A have invariant-
projector closure, and let V be an isometry, VIV = 1, whose range projection VV'T commutes
with every A*. Then the corner tensor B* = VT AV again has invariant-projector closure.
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Proof. Let @ be an orthogonal projection with QB = QB’Q for all i. Then VQVT is an
orthogonal projection. Commutation of VVT with each A* gives VT A? = B'VT, so left-invariance
of @ yields

(VQVH A =VQBVI =VQBIQVT = (VQVHA(VQVT).

Projector closure for A yields A(VQVT) = (VQVT)AY(VQVT), and compressing both sides
between V1 and V returns B'Q = QB'Q. O

Lemma D.2.5 (Transfer map of an intertwined corner). [Lean] [Lean] [/ Stmt| Let V' satisfy
AW = VB for alli. Then, for every X,

EAVXVH) =VELX)VT. (D.3)
If moreover VIV = 1, then every eigenvalue of g is an eigenvalue of € 4.

Proof. [/ Proofl Expanding the left-hand side of (D.3) termwise, the intertwining A’V = V B and
its adjoint V(AT = (B)TVT move both factors past V and V. For the eigenvalue statement,
if £5(X) = pX with X # 0, then £,(VXVT) = pVXVT and VXV # 0 because compression
with the isometry gives VH(VXVTV = X. O

Lemma D.2.6 (Matrix product vectors split along an isometric partition). Let
Vi,...,V, be isometries, V,JVk =1, with ), VkaJr = 1, and suppose A"V, = V,Bi for some
tensors By, ..., B,. Then V(A) = V<@£:1 B,).

Proof. [/ Proofl The intertwining relation propagates from letters to words, so AV, =V, B}’ for
every word w. Inserting the partition of unity ) i VkVJ = 1 into the trace and cycling gives

tr(Av) =Y tr(ViAvY,) = w(BY),
k=1

k=1

which is the matrix product vector of the direct sum. O

Lemma D.2.7 (Canonical inclusion of a dependent direct summand). [Lean| [Lean| [Lean| [Lean]

[Lean] [Lean] [Lean] [Lean] [/ Stmt| Let E, : H, — @l H, be the canonical inclusion and let
B = EBl B,. For distinct k and ¢, the corresponding inclusions have orthogonal ranges. The
identities are

ElE, =1,
ElE, =0,
BE), = Ey By,
E\B = BB,
EIZBEk = Bkv
B=Y E,B,El. (D.4)
k

In particular, B commutes with the range projection EkE,JL

Proof. The identities in (D.4) follow directly from the defining block-diagonal entries.
The relations BE),, = E,,B;, and E,ZB = BkE,i imply that B commutes with EkE};. O
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Lemma D.2.8 (Canonical hypotheses descend to dependent direct summands).
Suppose that, after a change of coordinates, A is the dependent direct sum of tensors By,. If A has
invariant-projector closure and no nontrivial periodic vectors, then every By, has both properties.
The assertion also applies to summands of dimension zero.

Proof. Conjugate the canonical inclusion of the k-th summand back to the original bond
coordinates of A. This is an isometry which intertwines B; with A on both sides, and its
range projection commutes with every letter of A. Projector closure therefore descends by exact
compression. A periodic vector of B, would embed through the same isometry as a periodic
vector of A. O

Lemma D.2.9 (Closed-chain equality from an exact isometric decomposition).
Suppose that isometries V,, satisfy

V;:Ai = (Mszi)V;J,
A =3V BV (D.5)
k

Then A and @, p, By, have the same matriz product vectors at every positive length.

Proof. [/ Proof| Expand the first letter by the reconstruction formula in (D.5). In each summand,
move the remaining word through VkT using the intertwining relation. Cyclicity of the trace
places V,: Vi, = 1 next to the weighted block word, leaving precisely its closed-chain trace. O

D.3 Perron gauges and preservation under conjugation

This section records the positive Perron eigenpair, its spectral normalization, and the behavior
of irreducibility and eigenvalues under the corresponding gauge.

Lemma D.3.1 (Perron eigenpair of a nonzero irreducible tensor). Let B be an
irreducible MPS tensor of positive bond dimension, not all of whose matrices vanish. Then there
are p >0 and r > 0 with Eg(p) = rp.

Proof.

Irreducibility of the tensor makes the transfer map an irreducible completely positive map,
and a nonzero matrix makes it nonzero, so it does not annihilate any nonzero PSD matrix. The
Perron—Frobenius theorem for positive maps (Theorem [LTC26, “Positive-eigenvalue specializa-
tion”]) gives a nonzero PSD eigenvector with eigenvalue r > 0, and irreducibility upgrades it to
a positive-definite one ([Wol12, Theorem 6.3(2)—(3)]). O

Lemma D.3.2 (Spectral normalization of an irreducible block). Let B be an
irreducible MPS tensor of positive bond dimension with £g(p) = rp for some p > 0 and r > 0,
and suppose every eigenvalue of €5 of modulus r equals r. Then r~Y/2B is a normal tensor.

Proof. [ Proof| The rescaling identity &,-125(X) = r 1E5(X) gives &,-125(p) =rtrp=p,sop
is a positive-definite fixed point of £, 12 5. The rescaled map remains irreducible and completely
positive, so Theorem [LTC26, “Spectral radius is the Perron eigenvalue”] identifies its spectral
radius with the eigenvalue one. The eigenvalues of modulus one of £, 1,25 are the eigenvalues of
&y of modulus r, divided by r; by hypothesis the only such eigenvalue is one, so the peripheral
eigenvalue set is {1}. Irreducibility is unchanged by a nonzero rescaling. O

140


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.projectorClosure_and_noPeriodicVectors_block_of_reindex_eq_blockDiagonal
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.sameMPV₂Pos_toTensorFromBlocks_of_reconstruction
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.exists_posDef_transferMap_eigenvector_of_irreducible
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.isNormalTensor_invSqrt_smul_of_unique_peripheral

Lemma D.3.3 (Range factorization of the support projection). [Lean| [Lean| [Lean] [/ Stmt]

The support projection 7 of a positive semidefinite matrix p factors as m = pW for a spectral
pseudo-inverse W, witnessing that the range of w is the range of p. For a rectangular matriz
Y, the support projection @ of YY1 fizes Y, 7Y =Y ; and whenever AY =Y G for some matriz
G—that is, A maps the range of Y into itself—the one-sided invariance (1 — m)Am = 0 holds.

Proof.

In the spectral decomposition p = U diag(A\)UT, take W = U diag(A*)UT, where A* inverts
the positive eigenvalues and vanishes on the kernel. Then pW = U diag(1,.,)U’ = 7. From
7(YYT) = YYT, the matrix (1 —7)Y)((1 — m)Y)T vanishes, hence 7Y = Y. Finally,

(1—mAr = (1 —7)AY(YTW) = (1 —-7)Y GYTW) =0.
O

Theorem D.3.4 (Irreducibility under rescaled conjugation). Let B be an irreducible
tensor, let X be invertible, and let ¢ # 0. Then the rescaled conjugated tensor with letters
cX'BYX is drreducible. In particular, the rescaled unital gauge of an irreducible tensor is
irreducible; this is the normalization of [CPGSV16, Section 2.3] applied to an irreducible corner.

Proof. An invariant orthogonal projection P ¢ {0,1} of the conjugated tensor makes
the columns of Y = X P span a subspace invariant under every letter of B: B'Y =Y G,,, where
G, = X 'B"XP. The support projection of YY1 is then a nontrivial invariant orthogonal
projection of B by Lemma D.3.3: it is nonzero because Y # 0, and it is not the identity because
any nonzero vector in the kernel of P transports through (XT)~! to the kernel of YYT. This

contradicts irreducibility of B. O

Theorem D.3.5 (Unital Schwarz data for an irreducible corner). Let B be an
irreducible tensor with a positive definite transfer eigenvector, g(p) = rp, where p > 0 and
r > 0. Then the rescaled unital gauge K* = r—/2p=12B?p1/2 js a unital Kraus family, is an
irreducible tensor with an irreducible transfer map, and its adjoint map has a positive definite
fixed point. These are the hypotheses of the cyclic decomposition of the peripheral spectrum,
[Wol12, Theorem 6.6].

Proof. Unitality is Theorem 8.8.2; irreducibility is Theorem D.3.4. The adjoint of a
unital family is trace-preserving, so its transfer map is a channel and has a positive semidefinite
fixed point by the Cesaro argument; irreducibility of the adjoint map upgrades the fixed point
to a positive definite one. O

Lemma D.3.6 (Eigenvalue transport to the unital gauge). In the setting of Theo-
rem D.3.5, every transfer eigenvalue p of B becomes the transfer eigenvalue p/r of the rescaled
unital gauge: the gauge conjugates the transfer map by the congruence with p'/? and divides it
by r. In particular, the peripheral eigenvalues e*™/P described in [CPGSV16, Section 2.3] arise
from the transfer eigenvalues of modulus r.

Proof. [ ProoflIf Eg(Z) = puZ, then Z' = p~ Y2 Zp~1/? is nonzero and satisfies ;- (Z') = (u/r) 2’
by direct computation. O
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D.4 Blocking identities and primitive stability

These identities control transfer-map powers, weighted direct sums, and positive-length MPV
equalities under repeated blocking. They are used in the common-length reduction of Theo-
rem 8.3.1.4.

Blocking by a length p commutes with weighted direct sums up to the pth power of each
weight: for nonzero weights () and blocks (By,),

[p]
(@ MkBk> ~ ED MISBED]? (D.6)
k k

where ~ is equality of MPV families. When two block families are reblocked to a common length
p = myey, the p-blocked alphabet is identified with the e;-fold tensor power of the my-blocked
alphabet, so each sector reblocked through its own period agrees with the directly p-blocked
block.

Theorem D.4.1 (Common blocking period for a block family). Let (By,)},_, be a
finite family of positive-bond-dimension MPS tensors, each admitting a blocking period p;, making

its transfer map primitive. Then p = lem(py, ..., p,) is a common period: & g is primitive for
k
every k.
Proof. Each p,, divides p, so primitivity of &£ BlPK] carries over to & iy via the divisibility
k k
identity for transfer-map powers. O

Theorem D.4.2 (Common primitive blocking for irreducible left-canonical blocks).
Let (By,);,_, be a finite family of positive-bond-dimension, left-canonical, tensor-irreducible MPS
tensors. Then there is a single blocking length p > 0 such that & gy is primitive for every k.

k

Proof. [/ Proof] Apply Theorem 8.9.2.1 to each block, then apply Theorem D.4.1 to the resulting
finite family of positive periods. Their least common multiple is positive and makes every blocked
transfer map primitive. O

Theorem D.4.3 (Quasi-idempotence under physical blocking). Let A be an MPS
tensor and let c € C. If

&% =céa,
then, for every integer L > 0,
‘9,24@\ = CLC(:A[L].
Proof. [ Proof] The transfer map of Al is & L. Therefore
(EX)? = (EDF = (c€a)F = chER,

which is the required identity. O

Lemma D.4.4 (Adjoint primitivity equivalence). [Lean| [Lean| [ Stmi| Let E be a linear endomor-
phism of a finite-dimensional complex inner product space. Then E is primitive if and only if its
adjoint EY is primitive. Equivalently, the eigenvalues \ of E with |\ = 1 form the singleton {1}
if and only if the same holds for ET, because adjunction sends every eigenvalue to its complex
conjugate.
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Lemma D.4.5 (Primitivity under blocking by a multiple). Let A have positive
bond dimension and let py,p > 1 with py | p. If € 4we1 s primitive, then & g is primitive.

Theorem D.4.6 (Left-canonical normalization under blocking). If a finite matriz
family satisfies

D o(AHtAl =1,

3
then every blocked family satisfies the same identity.

Proof. Expand the blocked matrices as products indexed by words and sum one letter
at a time. m

Theorem D.4.7 (Irreducibility from a faithful fixed point).
Let E be a channel with a positive-definite fized point. If all nonzero positive semidefinite
fixed points of E are proportional, then E is irreducible.

Proof. [/ Proof] A nontrivial invariant projection would produce a positive semidefinite fixed point
not proportional to the faithful one. O

Lemma D.4.8 (Fixed-point criteria for irreducibility after primitive blocking).
[Lean| [Lean| [Lean| [v Stmt| Let A be left-canonical, tensor-irreducible, and have primitive transfer
map. Then A has primitive fized-point data (p,Pp,N) with p > 0 and N — 0. For every
blocking length P, the tensor AP} is left-canonical, its transfer map is Ei, and p is fized by this
blocked map. For everyn > 1,

&% =P, + N". (D.7)

Finally, a channel with a positive-definite fixed point whose positive semidefinite fized points are all
proportional is irreducible as a map; trreducibility of a transfer map implies tensor irreducibility.

Proof. [/ Proof| Peripheral primitivity, tensor irreducibility, and left-canonical normalization first
give primitive fixed-point data, and tensor irreducibility makes its positive semidefinite fixed
point positive definite. Blocking preserves the left-canonical identity, replaces the transfer map
by its positive power, and therefore preserves the fixed point. The defining complementary-power
identity gives (D.7). The channel fixed-point criterion then gives map irreducibility from unique-
ness of positive semidefinite fixed points, and the final implication converts map irreducibility to
tensor irreducibility. O

Theorem D.4.9 (Blocking preserves irreducibility for primitive irreducible blocks).
Let A be left-canonical, irreducible, primitive, of positive bond dimension. For every P > 0, the
blocked tensor AP is irreducible: there is no orthogonal projection Q with Q #+ 0, Q # 1 such
that (1 — Q)(APN2Q =0 for every P-blocked index a.

Proof. Lemma D.4.8 gives primitive fixed-point data with p > 0. In particular, if
P,(X) =tr(X)p/tr(p) and N := &4 — P, then

C(:A - Pp + ]V7

N"™ — 0.

The primitive fixed-point theorem supplies this complementary-power convergence.
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The blocked transfer map is the corresponding positive power:
Eair (X) = E4(X). (D.8)

Hence p remains a positive-definite fixed point after blocking. Let o > 0 be any fixed point of
E i, set

(=

(o)
tr(p)’
o =o—cp.

C

Then tr(c’) = 0, so P,(¢’) = 0, while £%(0") = ¢’. Since the fixed-point projection and the
complement annihilate one another, iteration gives, for every k > 1,

o' =E&RF (") = NFPF(o').

But NP*(¢’) — 0 as k — 0o, hence 0/ = 0. Thus every positive semidefinite fixed point of the
blocked map is proportional to p.

Blocking preserves the left-canonical identity, so Theorem 4.2.6 makes the blocked transfer
map a channel. Its positive-definite fixed point and the uniqueness just proved imply map
irreducibility by Lemma D.4.8. The final implication in that lemma then shows that A is
tensor-irreducible. O

Theorem D.4.10 (Extra blocking of primitive irreducible sector blocks). Let A
have positive bond dimension and be trace-preserving, primitive, and tensor-irreducible. For
every k > 0,

> (Ao =1,
o5(E am) = {1}, (D.9)

and A¥ is tensor-irreducible. This k is a later common-refinement or injectivity length, distinct
from the period-removal length that produced the sector block.

Proof. Trace preservation follows from blocking a trace-preserving tensor, primitivity
from the transfer-power identity (D.8), and irreducibility from Theorem D.4.9. O

Lemma D.4.11 (Blocking the weighted block sum). For nonzero weights (1u,)5_y
blocks (By,),_y, and any p > 1, the blocking identity (D.6) holds, where ~ denotes generation of
the same MPYV family at every length.

Lemma D.4.12 (Positive-length equality survives blocking). If two tensors have
the same MPYV coefficients at every positive length, then so do their blocked tensors after any
positive blocking length.

Theorem D.4.13 (Eventual nonzero proportionality survives blocking). If two
tensors have eventually nonzero proportional MPV coefficients, then so do their blocked tensors
after any positive blocking length.

Proof. [/ Proof|If proportionality holds from length N, onward, a blocked chain of length N > N,
expands to an original chain of length Np > N,. Use the original proportionality scalar at length
Np. O
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Lemma D.4.14 (Positive-length blocking of a weighted block sum). If A and
@D, 111 By, have the same MPV coefficients at every positive length, then after any positive blocking

length p, AP) and D, u,fBEf] have the same MPV coefficients at every positive length.

Lemma D.4.15 (Positive-length equality of powered block sums). If @j ,u;‘Aj
and P, uB B, have the same MPV coefficients at every positive length, then after any positive

common blocking length p, @j(uf)pAg.p] and @k(pkB)pBLp] have the same MPYV coefficients at
every positive length.

Lemma D.4.16 (Nonzero weights survive blocking). [v Stmt| If u € C is nonzero andp > 1,
then pP #+ 0; blocking preserves the nonzero-weight hypothesis of a weighted block decomposition.

Lemma D.4.17 (Iterated blocking at the transfer-map level). For any MPS tensor
A and m,n >0,

5(A[m])[n] = & gimn). (D.10)

D.5 Support compression and cyclic-sector families

Support isometries first realize the cyclic corners. The remaining results place finitely many
cyclic-sector families over one blocked alphabet and identify their weighted nonzero parts.

Theorem D.5.1 (Supported corner compression with a support isometry).
Let A be a tensor normalized on the support of an orthogonal projection P, so that PA'P = A*

and Y (A")T A" = P. Then there are a corner tensor C, a linear isomorphism ¢ : Mg, o(C) =
PMp(C)P, and a rectangular isometry V : CH™C — CP such that

Viv =1,
Vvt =P,
o(X) =VXVT. (D.11)
Moreover, o(C*) = A® for every physical letter, and for every word o = (0y,...,0x),
VIN(C), = ti(PA%L ... A7N). (D.12)

Proof.
Apply Theorem [LTC26, “Compression of a supported finite Kraus family”] to the family

(AY),. Tt gives C, ¢, and V satisfying (D.11) and ¢(C?) = A’. It remains to identify the
coefficients of the associated words. For each word o = (oy,...,0y), cyclicity of the trace and
VVT = P give

V<N)(C)J = tr(C7 - CoN) = tr(VIA%1 ... ATNV) = tr(PA% - AON),
which proves (D.12). O

Theorem D.5.2 (Commuting projections give sector isometries). Let a left-
canonical tensor A commute with a family of orthogonal projections (P,,) summing to 1. Then
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A decomposes into compressed sector tensors (C},), with a unit-weight direct-sum MPV decom-

~

position, corner isomorphisms ¢, : My, ¢, (C) — PyMp(C)Py, and rectangular isometries V,
satisfying

Viv, =1,
vV, Vi =P,
(X)) =V, XV, (D.13)

The sector letters obey ¢, (CL) = P A'P,.

Proof. [/ Proof| Apply Theorem D.5.1 to the compression of A on each sector P,. Orthogonality
and ), P, = 1 give the direct-sum decomposition. For every word o = (0, ..., 0 ), the partition
of unity and (D.12) give

VWKMUM<<§:&>AQWA%Jz)mﬂA%mAWJE:Wm«%%
k k

k
This is the unit-weight matrix-product-vector identity. O

Theorem D.5.3 (Adjoint-fixed projections give sector isometries). Let A be left-
canonical and let (Py,) be orthogonal projections summing to 1 and fixed by the adjoint transfer
map. Then the same sector decomposition and support isometries of Theorem D.5.2 exist. In
particular, the adjoint fixed-point condition é’L(Pk) = P, gives P A" = A'P,, which gives the
corner-letter identity ¢, (C}) = P, A'P,.

Proof. [/ Proof| The fixed-point identity & L(Pk) = P,, together with left-canonicality Zi(Ai)TAi =
1, places P, in the multiplicative domain of & TA, forcing P, A* = A'P, for every letter A*. The
result then follows from Theorem D.5.2. O

Theorem D.5.4 (Cyclic sectors after removing zero blocks). If A and B generate
the same MPYV family at every positive length, then after removing the all-zero blocks and applying
the trace-preserving gauge there are weighted nonzero-block tensors @j quj and P, uB B, such

that, for every N > 1 and o,

WMM%_VW<G%¢%>, (D.14)

g

VN(B), = V) (@ M;’f&) . (D.15)
k

The two nonzero parts agree:

WMOEMMJ :VW(€%$&>. (D.16)
J k

g [od
Each nonzero block has primitive irreducible cyclic sectors: for each j, there is m; > 1 with a

. . .y [m ] m; A ..
unit-weight sector decomposition A; 7" ~ D, C5’» and similarly for By,.
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Proof. Apply Theorem 8.2.1.1 separately to A and B. Its positive-length conclusion gives
(D.14) and (D.15). Chaining these identities through ¥*(A) = V*(B) gives (D.16). Finally apply
Theorem 8.3.1.3 to every trace-preserving irreducible nonzero-weight block. O

Lemma D.5.5 (Common reblocking of cyclic-sector families). Given a finite family

(By)h—1, each with primitive irreducible cyclic sectors, there is a common blocking length p such

that each BLP] admits a unit-weight direct-sum decomposition over a single common blocked
alphabet dP! into left-canonical blocks with primitive transfer maps, tensor irreducibility, and
positive bond dimensions.

Lemma D.5.6 (Common reblocking at a prescribed multiple). With hypotheses as
in Lemma D.5.5, and given any common multiple p of the per-block period-removal lengths (my,),
the common reblocking can be performed at the prescribed length p.

Lemma D.5.7 (Structural properties of the common reblocked sectors). Fach
sector tensor in the common reblocked cyclic-sector family of Lemma D.5.5 is trace-preserving,
>, (BB = 1, has primitive transfer map, 04(Eg) = {1}, is tensor-irreducible, and has positive

bond dimension.

Lemma D.5.8 (Common-alphabet flattening). With p = mye,, for each k, the

iterated blocked tensor (BLm’“])[ek} agrees with Bgf] in MPYV family, after the canonical identification
of the p-blocked alphabet dIP) with the e, -fold tensor power of the m,-blocked alphabet dI™+!.

Lemma D.5.9 (Direct blocking in the common alphabet). For every original block
By, direct blocking at the common length p = mye, agrees, as an MPV family, with the same
block transported to the common blocked alphabet. Write B, for this common-alphabet image.
Then

V(B = VIN(B,),.

Lemma D.5.10 (Reindexed nonzero-part identity). The powered monzero-part

decomposition D, M,;B%)] carries over under the common-alphabet identification of Lemma D.5.8:

the common-alphabet sectors have the same nonzero-part decomposition as the direct p-blocked
tensors.

D.6 Prepared normal-form consequences

The first theorem derives the overlap condition from a prepared primitive family. The second
does not construct primitive blocks from an arbitrary tensor: it only orders a family that al-
ready satisfies all primitive, irreducible, trace-preserving, nonzero-weight, and positive-dimension
hypotheses.

Theorem D.6.1 (Self-overlap is derived in normal canonical form). If (g, Ag)
satisfies the normal canonical form conditions, then O 4 4, (N) — 1 for every block k.

Proof. Fix a block k. Irreducibility and the TP normalization give a nonzero positive
semidefinite fixed point p of £, with fixed-point projector P; primitivity gives the complemen-
tary gap pypec(€4, — P) < 1 (the corresponding theorem in the companion quantum-channel
volume [LTC26, “Complementary transfer-map gap for primitive maps”]). Theorem 6.10.2 then
yields Oy 4, (N) — 1. O
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Theorem D.6.2 (Reordering prepared primitive blocks into normal canonical form).
Suppose A generates the same MPV family as @k Ui Ay, and that each Ay is irreducible,
satisfies X:i(A};)TA}'C = 1, and has primitive transfer map, all p, # 0, and all bond dimensions
are positive. Then there exist a blocking length p > 0, weights (v,,), and blocked tensors (B,,) such
that AP generates the same MPV family as D, vi By, and (v, By) satisfies the normal canonical
form conditions. The weight moduli need not be distinct; equal-modulus blocks are allowed.

Proof. The given blocks are already primitive, so take p = 1. Reorder the blocks by
non-increasing weight modulus, with ties allowed, and set v}, := p;, and B;, := A, in that order.
Irreducibility, TP normalization, primitivity, nonzero weights, and positive bond dimensions are
preserved, so the reordered family satisfies Definition 8.9.2 and generates the same MPV family
as A. O

Remark D.6.3 (Scope of Theorem D.6.2). Theorem D.6.2 assumes all six block hypotheses in
advance and produces the normal canonical form by reordering. It is not the arbitrary-input exis-
tence theorem of [CPGSV16, Section 2.3]; that primitive-block reduction, including its structural
bond-dimension bound, is Theorem 8.11.1.2 in Section 8.11.1.
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Appendix E

Basis of Normal Tensors:
Supporting Results

This appendix supports Chapter 9. It proves the elementary normal-tensor consequences, Gram-
matrix criteria, finite-dimensional change-of-basis facts, sector-blocking identities, direct-sum
separation lemmas, and prepared-family bookkeeping used by the main BNT characterization,
matching, and block-injectivity results.

E.1 Elementary normal-tensor and Gram-matrix support

Throughout this section, VN >(A) denotes the length-N matrix product vector of a tensor A,
and O 4 5(N) denotes the corresponding mixed overlap. We first record elementary consequences
of the two notions of normality used in Chapter 9, and then prove the finite-family linear-
independence criteria used in the BNT characterization and matching arguments.

Lemma E.1.1 (Positive bond dimensions in a coefficient-form BNT). FEvery block
in a coefficient-form basis of normal tensors has positive bond dimension.

Proof. Eventual linear independence makes the matrix product vector of each block
nonzero at some positive length. A tensor with zero bond dimension has zero matrix product
vector at every length, which is a contradiction. O

Lemma E.1.2 (Bond dimension one implies irreducibility). Every tensor with a
one-dimensional bond space is irreducible.

Proof. The only orthogonal projections on a one-dimensional complex vector space are
zero and the identity. O

Lemma E.1.3 (Normality in bond dimension one). A tensor with one-dimensional
bond space and identity transfer map is a normal tensor.

Proof. [ Proof| Irreducibility follows from the preceding lemma. The identity transfer map has
spectral radius one, and its only eigenvalue is one. O

Lemma E.1.4 (Perron gauges preserve primitivity). Let o be positive definite. The
transfer map of the Perron gauge determined by o is primitive if and only if the original transfer
map 1S primitive.
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Proof. The two transfer maps are similar through the invertible congruence X
o 12Xo" Y2, Similar linear maps have the same spectrum, so the condition that 1 is the only
eigenvalue on the unit circle is unchanged. O

Lemma E.1.5 (Preservation of an algebraic BNT under positive-length MPV equality).
[V Stmt| Let A and A’ have the same matriz product vectors at every positive length. If (Aj)?zl i
a basis of normal tensors for A, then the same family is a basis of normal tensors for A’.

Proof. Substitute the positive-length MPV equality into the spanning identity for A.
Normality and eventual linear independence depend only on the family (Aj)gzl. O

Corollary E.1.6 (Positive-length geometric proportionality phase). Let A and B
be normal tensors of positive, possibly different, bond dimensions. Suppose that, for every positive
N, their matriz product vectors are proportional by a nonzero scalar. Then there is a € C, with
la| = 1, such that [VN(A)) = aN|VIN(B)) for every positive N. This is the positive-length
one-normal-block consequence of [CPGSV16, Corollary A.3 and Theorem 2.10].

Proof. [/ Proof| Positive-length nonzero proportionality implies eventual nonzero proportionality.
Apply Theorem 9.2.12. O

Lemma E.1.7 (Eventual linear independence from finite-index overlap orthonormality).
Let I be a finite index set and let (A;);c; be a finite family of tensors such that O 4 4 (N) —

1 for each i, and O, 4, (N) — 0 whenever i # j. Then the MPV states {|[VV)(A,))},c; are
linearly independent for all sufficiently large N.

Proof. [/ Proofl The Gram matrix of the family {|V™)(A,))},c; converges entrywise to the iden-
tity matrix. Hence for all sufficiently large IV it is invertible, so the MPV states are linearly
independent. O

The same conclusion is often more convenient with an explicit threshold rather than the
eventual quantifier.

Theorem E.1.8 (Existential BNT independence from overlap limits). If the self-
overlaps of a finite block family tend to 1 and the cross-overlaps of distinct blocks tend to 0, then
the MPYV states are linearly independent for all sufficiently large system sizes.

Proof. [/ Proof] This is Lemma E.1.10, restated with an explicit threshold V. O
Lemma E.1.9 (Eventual linear independence for two families). Let (Aj)g“l and

j=
(By)32, be finite families of tensors. Suppose the overlaps inside each family are asymptotically
orthonormal, and suppose every mized overlap OAjBk (N) tends to 0. Then the combined MPV

family
{IVI(A)) 352 ULIIVIN(B)) 12,
is linearly independent for all sufficiently large N.

Proof. Apply the finite-index Gram-matrix criterion to the disjoint union of the two
index sets. The within-family hypotheses give the diagonal and off-diagonal limits inside each
block, and the mixed overlap hypothesis gives the off-diagonal limits between the two blocks. [

The following two linear-algebra consequences package the eventual Gram-matrix criterion
and its coeflicient-extraction corollary.
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Lemma E.1.10 (Eventual linear independence from overlap orthonormality). [Lean| [Lean| [/ Stmt]
Let (A;)9_, be a finite family of tensors such that Oa,a, (N) — 1 for each j and Oa,a, (N)—0

for i # j. Then the MPV states {|V(N)(Aj)>}?:1 are linearly independent for all sufficiently
large N .

Proof. [/ Proofl Apply Lemma E.1.7 with I = {1, ..., g}. O

Eventual linear independence is also what converts an equality of two finite linear combina-
tions into equality of their coefficients; this is the mechanism behind the coefficient identities of
Chapter 10.

Lemma E.1.11 (Eventual coefficient extraction from linear independence). If
a finite family of wvectors is linearly independent for all sufficiently large N, and two finite
linear combinations of that family are equal for all sufficiently large N, then the corresponding
coefficients are equal for all sufficiently large N.

Proof. Move the two linear combinations to one side. Linear independence forces each
coefficient difference to vanish at every sufficiently large length. O

When two BNT families must be compared against each other, the same Gram-matrix cri-
terion applies to their disjoint union, provided the mixed overlaps also decay. This is the form
used in the exact sector matching of Section 9.8.

E.2 Change of basis, power sums, and sector bookkeeping

This section collects the finite-dimensional linear algebra behind alternative BNT comparisons,
the extrapolation identities for finite sums of geometric sequences, and the bookkeeping identities
for sector decompositions. A sector has copy weights Hjq #+ 0, coefficient Cny = Zq ,ué\fq,

representative bond dimension D, and total bond dimension Dy, = Zj r;D;.

Lemma E.2.1 (Invertible change of basis). Let vy, ...,v, and wy, ..., w, be two
linearly independent families in a complex vector space with the same span. Then there exists an

. . . _ g .
invertible matriz U € GL,(C) such that w; =37 | U, v; for every j.

Proof. Because the two families span the same subspace, each w; has a unique expansion
in the basis {v;}7_;; these coefficients form the columns of U. If Ua = 0, then the corresponding
linear relation among the w; is trivial because the w,; are linearly independent. Thus U is
injective, hence invertible. O

Lemma E.2.2 (Eventual change of basis from equal spans). If two finite families
of blocks have asymptotically orthonormal overlaps within each family, and if their MPV spans
agree for all sufficiently large system sizes N, then for all sufficiently large N there exists an
invertible matrixz Uy expressing the MPV states of one family as linear combinations of the MPV
states of the other.

Proof. [/ Proof| By Lemma E.1.10, both families are linearly independent for all sufficiently large
N. Hence, for all sufficiently large N, both families are linearly independent and the assumed
span equality holds. Lemma E.2.1 applies at each such N. O

Lemma E.2.3 (Eventual vanishing of a finite geometric sum). Let wyq,...,w,, be
nonzero complex numbers. If Zl c;wN =0 for every sufficiently large N, then the same equality
holds for every mon-negative exponent.
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Proof. Induct on the number of terms. Subtracting w, times the equality at exponent
N from the equality at exponent N + 1 gives 2?22 ¢;(w; —w;)wl = 0. The induction hypothesis
yields this equality at every exponent, so the original sum Sy =3 c;w satisfies Sy = w; Sy
for every N. Since Sy eventually vanishes and w, # 0, it follows that S, = 0 and hence Sy =0
for every N. O

Lemma E.2.4 (Eventual power-sum equality holds at every exponent). Letaq,...,a,,
and by, ..., b, be nonzero complex numbers. If their power sums agree for every sufficiently large
exponent, then Zi af = Zj b;? for every non-negative exponent k.

Proof. [/ Proof|Set w; = a; for | < m and w,,, ; = b; for | < n, with coefficients ¢; = 1 for [ <m
and ¢, = —1 for I > m. Then Z?Sn quf =3, af—zj bf. The hypothesis makes this expression
zero for every sufficiently large k. Lemma E.2.3 makes it zero for every k, which is the required
power-sum equality. O

Theorem E.2.5 (Equal power sums imply equal multisets). Let o, 8 : {0,...,n —
1} = C. If Y af =3, BF for all k > 1, then the multisets {a;} and {8;} are equal.

Proof. Construct diagonal matrices diag(«) and diag(f). The power-sum hypothesis
gives tr(diag(a)¥) = tr(diag(3)*). By the corresponding theorem in the companion quantum-
channel volume [LTC26, “Newton—Girard trace recursion”], the characteristic polynomials agree:
[[,(X —a;) =][,(X — B;). Extracting roots gives multiset equality. O

Theorem E.2.6 (Representative dimensions are bounded by the total bond dimension).
[/ _Stme| Let the representative A; have bond dimension D;, and let D be the bond dimension of
the flattened sector tensor. Then D; < D. If every D; is positive and there are g representatives,
then also g < D.

Proof. Since 7; > 0, choose one copy of A;. Its contribution D, is one non-negative
summand in the total dimension of the flattened copy family, so D; < D.

For the second assertion, every representative has multiplicity r; > 1, and each copy has
positive dimension D; > 0. Therefore

gzzléz:ererDj:D.
J J J

O

Theorem E.2.7 (Blocked sector coefficients and assembled tensor). [Lean] [Lean] [ Stmi] The
coefficient of the blocked decomposition satisfies

N N,
C;[P)l g ZW?«;)N = Cﬁa,f)- (E.1)
q

Moreover, blocking the tensor assembled from P gives the same MPYV family as the tensor
assembled from the blocked sector decomposition.

Proof. [/ Proofl The coefficient identity in (E.1) is (u?)Y = pPN. The tensor identity is Theo-
rem D.4.11 applied to the flattened copy family. O

Lemma E.2.8 (Existence of an MPV phase class). A nonempty finite family of
blocks has at least one MPV phase class.
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Proof. Choose one original block index. Its occurrence in the phase-class enumeration
supplies a phase class containing it. O

Lemma E.2.9 (Regrouping a matrix sum by MPV phase classes). Let F), be a
finite family of square matrices indexed by the original blocks. If k = (j,q) enumerates the copies
in the MPYV phase classes, then Zj Zq F; o=, Fg-

Proof. Evaluate both sides at a pair of matrix indices and apply the bijective enumeration
of the finite phase-class quotient. O

Definition E.2.10 (Single-copy sector decomposition). Given nonzero weights
(tr)hoq and blocks (By,)}_,, the single-copy sector decomposition has r sectors, one basis block
B, per sector, multiplicity 1, and sector weight p,. As a finite sum,

ZﬂéVV(N)<Bk>a' =V (@ ,ukBk> : (E.2)
k=1 k -

Lemma E.2.11 (Single-copy sector decomposition preserves the represented family).
The single-copy sector decomposition of (u, By), represents the same MPS family as

@k HBy-

Proof. Expanding the sector decomposition gives the left-hand side of (E.2), which is
the finite block-sum expression for P, i, By O

Lemma E.2.12 (Sector-decomposition coefficient is not eventually zero). [Lean| [Lean| [V Stmi]

For any sector decomposition P and any sector j, the coefficient cg\’/} = Zq ué\,{q s not eventually

zero in N. More generally, for every positive integer p, the subsequence cgfjj\-m is not eventually

ZET0.

Proof. [/ Proof| If the coefficient vanished for every N > M, the finite geometric-sum extrap-
olation would make it vanish at every non-negative exponent. However, at exponent zero,

cﬁ?fj = Eq u?’ 4 =7 >0, which is impossible. For the subsequence, apply the same argument to

the nonzero bases uf . O

E.2.1 Proportional matching and finite bijection extraction

The equal-MPV matching theorems in Chapter 9 are specializations of an eventual proportional-
ity argument. We record that general mechanism and the finite-set construction used to package
matches in both directions.

Theorem E.2.1.1 (Exact sector matching under eventual proportionality). Let P
and @ be BNT canonical forms whose total MPV families are eventually nonzero and proportional.
For every sector j of P, there is a sector k of Q with equal bond dimension, gauge-phase-equivalent
basis tensor after the dimension identification, and non-decaying cross-overlap.

Proof. Suppose the chosen sector decays against every sector of @), and separate all
such P-sectors from the remaining ones. For each remaining sector, choose a ()-sector with non-
decaying overlap. Both blocks are normal by the canonical-form hypotheses. Theorem 9.2.9 rules
out its decay alternative and supplies equal bond dimensions and a gauge-phase relation with a
unit phase. Gauge-phase covariance therefore expresses that P-sector MPV as a geometric scalar
multiple of the chosen @-sector MPV.
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Substitute these relations into the eventual proportionality identity. The combined-family
Gram criterion makes the decaying residue together with the @ family eventually linearly inde-
pendent. Exact coeflicient extraction then makes the chosen sector coefficient eventually zero,
contradicting its power-sum nonvanishing. Thus a non-decaying partner exists. A second applica-
tion of Theorem 9.2.9 rules out decay and gives the required dimension equality and gauge-phase
equivalence; no modulus-one overlap limit is assumed. O

Theorem E.2.1.2 (Full-basis matching under eventual proportionality). Under
the same hypotheses, every sector of Q@ has an equal-dimensional, gauge-phase-equivalent partner
in P with non-decaying cross-overlap.

Proof. Reverse the eventual proportionality and apply Theorem E.2.1.1 to each sector
of @Q; symmetry of the overlap converts the resulting witness to the stated orientation. O

Lemma E.2.1.3 (Bijection from matches in both directions). Suppose every sector
of Q has an equal-dimensional, gauge-phase-equivalent partner in P with non-decaying overlap,
and the converse holds from P to Q. Then the forward partners may be chosen as a bijection
between the two finite sector sets, preserving all three properties.

Proof. Basis separation makes each partner map injective: two sectors with the same
partner would be gauge-phase equivalent to one another. The injections in both directions force
equal finite cardinalities, so the forward map is bijective. O

E.3 Direct-sum separation and prepared-family bookkeep-
ing

We now prove the supporting separation and regrouping results used by the source-facing block-
injectivity and supplier theorems in Chapter 9. The direct-sum argument follows the ground-
space uniqueness mechanism of [PGVWCO07]: disjoint local MPS spaces give pair-trace selectors,
products of those selectors isolate one BNT block, and an injective prefix supplies an arbitrary
matrix on that block. The remaining results identify dimensions while phase-equivalent prepared
blocks are grouped into sectors and normalize the resulting finite weight family.

Lemma E.3.1 (Three-block separation of distinct BNT representatives). [Lean] [Lean] [Lean]
Let A', ... A" be irreducible left-canonical representatives with normalized self-overlaps,
and suppose that distinct same-dimensional representatives are not gauge-phase equivalent. Fix
Ly > 0 such that every block is injective at lengths Ly, Lo+ 1, and 3(Ly+1). Then each ordered
pair k # j is trace-separated at the common length S = 3(Ly + 1): the map

(cw)|w|:S — (Z CwA]zf;’ Z chZ)>

|w|=5 |w]=5

is onto Mp, (C) @ MDj((D). In particular, one may prescribe an arbitrary matriz on either block
while making the same word combination vanish on the other block.

Proof. [/ Proof|Put L =Ly + 1 and S = 3L. For a block A, write

PAX) = 3 (X A,)w), G,(A) = imT2.

lw|=n
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Block injectivity at L and .S makes both boundary maps injective; in particular,
dim G, (A9) = D? (I<g<n). (E.3)

Fix k # j and first order the pair so that D; < D,. Suppose that a nonzero vector belongs
to G5(A¥) N G4(A7). There are boundary matrices X and Y such that

04w =T X) =T (1Y), (E4)

Injectivity at S gives X # 0 and Y = 0. Split every length-S word as wvw with |u| = |v| = |w| =
L. Equality E.4 gives

tr(XAF AR AR ) = tr(Y Al A} A). (E.5)

Because the length-L words of A* span M D, (C) and X = 0, the two-sided ideal generated by X
is all of M, (C):

span{ AKX A* . |u| = o] = L} = Mp, (C). (E.6)

Indeed, expand arbitrary left and right matrix units in length-L words; a nonzero entry of X
then produces every matrix unit. Thus, for each Z € M (C), choose coefficients a,, with
Z =73, G ALX AL and set R(Z) =) vauvAiYA%. Cyclicity of the trace and E.5, applied
to the word vwu, yield

r(ZAk) = " a,, tr(XAkAk AF)

u,v

= Zaw (Y AL AL AL) = tr(R(Z2)AL).

Hence I (Z) = T4 (R(Z)) for every Z, and therefore
Gr(AF) C G (A). (E.7)
Equations E.3 and E.7 give
D} = dim G (A¥) < dim G, (A7) = D3

Together with D; < Dy, this forces D; = D, and equality in E.7. This proves the unequal-
dimension branch immediately: if D; < D, a nonzero intersection is impossible. Reversing the
initial ordering treats D) < D; in the same way.

It remains to exclude the intersection when D; = D,. Gauge-phase separation and Theo-
rem 9.4.3 give, beyond any prescribed threshold, a chain length N > L for which the two periodic
MPVs are not proportional. On the other hand, equality G, (A¥) = G, (A7) gives identical trans-
lated length-L constraints on the N-site ring. The parent-Hamiltonian uniqueness mechanism
identifies the corresponding chain ground spaces with the one-dimensional MPV spans:

-9N,L(Ak) =CVW (Ak)v 9N,L(Aj) =C V(N)(Aj)-

Equality of the local spaces therefore forces these two MPV lines to be equal, contradicting the
choice of N. Consequently, for every distinct pair, including the unequal-dimensional pairs,

Gs(AF) N G5(A7) = {0}. (E.8)
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Finally, let ®,; be the displayed length-S word-evaluation map from coefficient families to
Mp (C) @ MDJ_(C). Pair the target by

(X,Y),(M,N)) =tr(XM) + tr(YN).
A pair (X,Y) annihilates im(®,;) precisely when
r(XAY) +tr(YAL) =0 (ju|=5),
or equivalently I‘g‘k (X) = I‘g}j (=Y). There is therefore a linear map
O : im(®y;) " — G5(A%) N Gg(A7), O(X,Y) =T4"(X) = T (-Y),

It is injective because both boundary maps are injective. Conversely, if v lies in the intersection,
there are unique X and Z with I‘g‘k (X) = ¢ = T4 (Z); the pair (X,—Z) annihilates im(®;)
and maps to 1. This construction is the inverse of ©, so the two spaces are isomorphic:

im ()" = Gg(AF) N Gg(AT). (E.9)

The right-hand side vanishes by E.8, and hence so does the annihilator. The trace pairing
is nondegenerate and all spaces are finite-dimensional, so im(<I>,€j)l = {0} implies that ®;; is
surjective. Surjectivity first gives an arbitrary value on one block and zero on an anchor block;
the selector construction then chooses (1,0) for the remaining pairs, and products of these
homogeneous selectors give the simultaneous word-tuple span in Lemma 9.3.3. O

Theorem E.3.2 (Common injective blocking for primitive irreducible families).
Let (By,);_, be a finite family of positive-bond-dimension MPS tensors, each trace-preserving,

primitive, and tensor-irreducible. Then there is a single L > 1 such that each BLL} s one-site

injective, and this blocking preserves trace preservation, primitivity, and irreducibility for every
block.

Proof. For each block, Theorem 7.9.1 gives a positive length at which it becomes one-site
injective; the product of these lengths is a common length. Injectivity persists under positive
further blocking, and Theorem D.4.10 preserves the other hypotheses. O

Lemma E.3.3 (Total dimension after grouping by BNT representatives). Suppose
CF summands are grouped by BNT representative, every original copy weight is nonzero, and
every summand assigned to a representative has that representative’s bond dimension. Then the
total bond dimension of the resulting BNT sector decomposition is the sum of the original block
dimensions.

Proof. The collapsed decomposition counts one representative dimension for each as-
signed copy. Let e(j, ¢) denote the original CF summand assigned to the gth copy of representa-
tive P;. Since (J,q9) + e(J, q) reindexes the original summands and each assigned summand has
the representative’s bond dimension,

Ty

This is the equality between the collapsed total dimension and the original direct-sum dimension.
O
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Lemma E.3.4 (Prepared phase-equivalent N'Ts have the same bond dimension).
Let X and Y be trace-preserving, primitive, irreducible NTs of positive bond dimension. If their
MPYV families differ by a nonzero scalar power, then X and Y have the same bond dimension.

Proof. Choose ¢ # 0 with [VM(Y)) = ¢V|[VIM)(X)) for every positive length N. The
normalized self-overlaps give |Oxx(N)| — 1, and the phase relation gives

OYX(N) = C:NOXX(N)a
\OYX(NN = |C|N|OXX(N)|'

Since the same normalization forces |¢| = 1, this gives |Oy (V)| — 1. If the two bond dimensions
differed, the rectangular overlap-decay theorem would force Oy x(N) — 0, contradicting the
preceding limit. O

Lemma E.3.5 (Prepared BNT representative classes preserve bond dimension).
In a prepared family of positive-bond-dimension trace-preserving primitive irreducible NTs, every
CF summand assigned to a BNT representative has that representative’s bond dimension.

Proof. Apply Lemma E.3.4 to each representative and each assigned summand. O

Lemma E.3.6 (Prepared collapsed BNT total dimension). For prepared trace-
preserving primitive irreducible NTs of positive bond dimension with all copy weights nonzero,
grouping CF summands by BNT representative preserves the total bond dimension: the collapsed
sector decomposition has total bond dimension equal to the sum of the original block dimensions.

Proof. [/ Proof| Every assigned summand shares the bond dimension of its representative, by the
equal-dimension fact above. The displayed regrouping identity in Lemma E.3.3 then identifies
the collapsed sum over pairs (j,q) with 22:1 D,., the original direct-sum dimension. O

Theorem E.3.7 (Projective weight normalization). For nonzero weights pi, ..., i,
with v > 1 there is a positive real m such that every normalized weight satisfies

)<
m

Hi

— #0

70,
and at least one normalized weight has unit modulus, \,uko/m| = 1. This is the normalization
that [CPGSV16, line 246] chooses for the canonical-form weights.

Proof. Take m = max, |u;|; the maximum over a nonempty finite family is attained,
positive because every weight is nonzero, an upper bound for every modulus, and equal to the
modulus of the attaining weight. O

Lemma E.3.8 (Common scalar rescaling of block weights). Multiplying every block
weight in a block-diagonal MPS tensor by a scalar ¢ multiplies every length-N MPYV coefficient
by V.

Proof. [/ Proof| Expand the block-diagonal MPV coefficient as a finite sum over blocks and factor
¢ out of the sum. O
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Appendix F

Proof of the Fundamental
Theorem: Supporting Results

This appendix supports Chapter 10. It proves phase normalization, coefficient extraction from
matched gauges, direct-sum conjugation, the exact consequences of length-dependent propor-
tionality, coordinate reindexing, and unitary refinements. The first part concerns coefficients
and block gauges; the second identifies matched coordinates with the literal total bond space.

F.1 Matched phases and coefficient extraction

This section isolates two elementary steps used by the main proof. First, the sector partners
obtained in both directions determine a finite bijection. Second, normalization of the matched
normal tensors forces every gauge scalar to be a phase.

Theorem F.1.1 (Bijective matching under eventual proportionality). Let P and
Q@ be BNT canonical forms whose total MPV families are eventually nonzero and proportional.
There is a bijection 5 : J(Q) =~ J(P) such that every Q,, has an equal-dimensional, gauge-phase-
equivalent partner Pgq, satisfying

OPmMQk(N)—AO.

Proof. [/ Proof| Apply the full-basis matching theorem first from @ to P and then to the reverse
proportionality from P to . If P; and P, had the same partner @), then symmetry and
transitivity would give

P

i ~ep @k ~gp Ly = Py ~gp Py,

contradicting BNT basis separation. Both partner maps are therefore injective. The two finite
sector sets have equal cardinality, so the forward map is bijective and retains the displayed
overlap limit together with the dimension and gauge data. O

Lemma F.1.2 (Unit phase from matched normalized BNT blocks). Let P and Q
be BNT canonical forms. If, for every positive length N and word o, a sector P; and a sector
Qi have MPV families related by

VI(Qy), = CNVIN(P),, (F.1)
then || = 1.

158


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.bijective_match_of_eventuallyProportional
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.IsBNTCanonicalForm.norm_phase_of_matched_mpv

Proof. The BNT normalization gives self-overlap limits of modulus 1 for both sectors.
The MPV identity (F.1) gives, for every positive N,

0g,q,(N) = [¢[*N Op p (N).

Since Og, g, (N) — 1 and Opjpj(N) — 1, taking limits forces [¢|*N — 1 and hence || =1. O

F.2 Coefficient identities from gauge-phase equalities

The main coefficient theorem takes the matched phases as input. The next result shows how
those phases are selected from gauge-phase equivalences before the linear-independence argument
is applied.

Lemma F.2.1 (Full-basis coefficient identity from matched sectors). Let P and
Q@ be BNT canonical forms with the same MPYV family at every positive length, matched by a
bijection 8 : J(Q) =~ J(P) with bond-dimension equalities and a gauge-phase equivalence between
Qy and Py, for every k. Then each sector carries a unit-modulus phase (j,, and eventually

PPy = (N eR(Q). (F.2)

This is the equal-MPYV coefficient comparison of [CPGSV16, Appendiz MPV proof, lines 1187
1188].

Proof. [/ Proof| For each matched sector, the gauge-phase equivalence gives VIV (Q,), = (,iVV(N) (Ps(r)) o
Lemma F.1.2 gives |(,] = 1. Applying Lemma 10.2.2 to the same phases gives c%a(k))(P) =
¢Nel(Q) for all sufficiently large N. O

F.3 The scalar-threaded proportional identity

For proportional total MP Vs, coefficient extraction retains the one scalar that relates the two total
vectors at each length. This identity is exact, but it does not imply the scalar-free identity needed
to recover copy weights; the counterexample in Remark 10.3.6 shows that no such implication is
possible.

Lemma F.3.1 (Proportional matched-phase coefficient identity, scalar-threaded).
Let P be a BNT canonical form and @ a sector decomposition whose total tensors gemerate
eventually nonzero proportional MPV families. Suppose a bijection 5 : J(Q) ~ J(P) and scalars
i satisfy the matched MPV phase identities (10.2) for every sector k. Then there is a single
eventually-nonzero scalar sequence cy and a threshold Ny such that, for all N > N, and every

ke J(@Q),

P(P) = ey ¢ Q). (F.3)

The scalar cy is the same for every sector k: it is the single global proportionality scalar of
[CPGSV16, Theorem thmi, lines 1167-1170] at length N.

Proof. For each N on the proportionality tail, expand both total MPVs in their sector
bases and use the global proportionality scalar cp:

S WEWVOE) =ex 3 W @IVIQ).

jeJ(P) keJ(Q)
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The matched phase identities (10.2) give [VIN(Q,)) = C,JCV\V(N)(PWC)»; because every sector is
matched, reindexing the @-sum by [ rewrites the right-hand side entirely in the P-basis. The
BNT eventual linear independence of the P-basis and Lemma E.1.11 then extract the coefficient
identities (F.3) for all sufficiently large N. O

F.4 Direct-sum conjugation

We now prove the general block-matrix identities used by the global gauge in Section 10.3. These
statements do not choose or match sectors; they only combine conjugacies that have already been
obtained.

Definition F.4.1 (Invertible matrix associated to a unitary). A unitary matrix U
determines an invertible matrix whose inverse is UT.

Lemma F.4.2 (Unitary block-diagonal gauges). If every block gauge Uy, is unitary,
then the flattened block-diagonal gauge U = @k U, is unitary.

Proof. The products are computed blockwise:
vut =P u Ul =PH1=1.
k k

O

Lemma F.4.3 (Direct-sum conjugation by the flattened gauge). [Lean] [Lean] [ Stmi| If, for every
block k and physical index 1, BZ = XkAZX,gl, then the weighted direct sums satisfy

D mB;, =X (EB Hk*%) X,
k k

where X is the flattened block-diagonal gauge from Definition 10.3.1. Hence the two assembled
tensors are gauge equivalent.

Proof. Multiplication of block-diagonal matrices is computed blockwise. The scalar
weight u; commutes with the conjugation on the kth block, and the reindexing from dependent
block coordinates to the flattened bond index preserves products and inverses. O

Theorem F.4.4 (Global gauge from a copy-weight matching). Suppose that the
sectors of P and @ are matched, with bond-dimension equalities, nonzero phases, and block
gauges satisfying Qi = CkaPé(k)X,;l. If the same phases also give a copy-weight matching,
then the flattened Q-tensor is obtained from the matched-coordinate P-tensor by the direct-sum
gauge X = P, (1, ® Xy). This is only a reformulation of Theorem 10.5.2.

Proof. [/ Proof] The copy-weight matching supplies v , = Cfﬂﬁ(k),rk(q)‘ Together with Q}C =
CkaP&k)X;l, these are exactly the two hypotheses (10.4) of Theorem 10.3.2. O
F.5 Additional proportional consequences

The following implications are useful when copy weights satisfy extra relations. They are not
conclusions of CPSV16 Theorem 2.10. In particular, their additional hypotheses fail for the
proportional BNT forms in Remark 10.3.6.
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Theorem F.5.1 (Additional proportional global gauge under copy-weight matching).
Let P and @ be BNT canonical forms whose total tensors generate eventually monzero
proportional MPV families. Then the proportional sector-matching theorem gives (3, the bond-
dimension equalities, the unit phases (., and the block gauges X,. If one additionally assumes
a copy-weight matching for these same phases, then the flattened Q-tensor is obtained from the
matched-coordinate P-tensor by the direct-sum gauge X = @, (1, ® X,).

Proof. [/ Proof] The proportional sector-matching theorem supplies 5, X, and unit phases (
satisfying Qf = CkaPé(mX;l. Since |¢;| = 1, each (}, is nonzero. A copy-weight matching gives
Vg = Q,gl,umk)@(q), so Theorem F.4.4 gives the direct-sum gauge. O

Theorem F.5.2 (Additional proportional global gauge under coefficient identities).
Let P and Q be BNT canonical forms whose total tensors generate eventually nonzero proportional
MPYV families. Then there are a bijection 5 : J(Q) =~ J(P), bond-dimension equalities, unit-
modulus phases ;,, and block gauges X, such that Qi = CkaPé(@Xgl for every sector k and
physical index i. If one additionally assumes that these same phases satisfy the matched-sector
coefficient identities cgg(k»(P) = ¢V cg\]f)(Q) for all sufficiently large N, then they determine a
copy-weight matching and hence the flattened Q-tensor is obtained from the matched-coordinate
P-tensor by the direct-sum gauge X = @, (1, ® Xy).

Proof. [/ Proof] The sector-matching theorem gives 3, X, and |¢,| = 1 with Q} = CkaPé(k)Xgl.
Since (;, # 0, the coefficient identities c%g(k))(P) = (,]fvcg\]f)(Q) produce v, , = C,;luﬁ(k)’%(q) by
O

Definition 10.2.4. Theorem F.5.1 then applies to this copy-weight matching.
F.6 Matched flattened coordinates

Let 5 : J(Q) =~ J(P) match the basis sectors and let 7;, match the copies in sector k. Flatten the
pair (k,q) to the copy index of Q. The matched P-data on that index are the weight and tensor

fi.qg = Hp(k) 7, (q): Prg = Pairys

where the second expression is read after the matched bond-dimension identification. The block
gauge repeats X, on every copy ¢.

Definition F.6.1 (Matched weights, tensors, and repeated gauges). [Lean] [Lean] [Lean| [ Stmt| The

matched flattened data are the functions i, P, and (k,q) - X,, defined above on the flattened
copy coordinates of Q.

Lemma F.6.2 (Equality of the matched total bond dimensions). If matched sectors
have equal bond dimensions and matched copy sets are bijective, then P and Q have the same
total bond dimension.

Proof. Reindex first by the sector bijection and then by each copy bijection. Every
summand dim Py, becomes dim @, so

Z r;(P) dim P; = Z 7p(Q) dim Q.

jeJ(P) keJ(Q)
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Definition F.6.3 (Sector and bond-coordinate equivalences). [Lean| [Lean| [V Stmt] The sector
bijection, copy bijections, and bond-dimension equalities induce an equivalence of the dependent
triples (j,q¢,a) and (k,q’,a’). After flattening the dependent bond coordinate, this gives an
equivalence of the standard total bond-index sets.

Proof. Send (k, q,a) to (B(k), 7,(q), a), using the bond-dimension equality to identify the
last coordinate. The inverse uses 5~ and Th L. Both composites are the identity componentwise.
Conjugating by the standard equivalence between dependent triples and a finite interval gives
the flattened bond-coordinate equivalence. O

Theorem F.6.4 (Equal-MPV gauge with all matched witnesses). Under the hy-
potheses of the equal-MPYV theorem, one may choose simultaneously the sector bijection, bond-
dimension equalities, copy bijections, phases, block gauges, total-dimension equality, and the
flattened global gauge. They satisfy the matched block and weight identities of Theorem 10.3.4,
together with the conjugation of Q by the matched-coordinate P-tensor.

Proof. Theorem 10.3.4 supplies all witnesses except the displayed equality of total di-
mensions. Apply Lemma F.6.2 to its sector and copy bijections. The resulting equality identifies
the total bond spaces, while the global conjugation equation is unchanged. O

F.7 Permutation gauges and literal coordinates

The matched P-tensor has the correct blocks but lists them in @Q-order. A permutation matrix
restores the literal order of P. We record its invertible and unitary forms before proving the
coordinate conversion used in Theorem 10.3.5.

Definition F.7.1 (Invertible permutation gauge). [/ stmt] For a permutation p of a finite
bond-index set, let II, be its permutation matrix. The corresponding element of the general
linear group is denoted G,.

Lemma F.7.2 (Matrix and inverse identities for a permutation gauge). [Lean] [Lean] [V Stmt] The
matriz of G, is 11, and the matriz of its inverse is 1L ..

Proof. The first identity is the definition of the permutation gauge. Since the inverse
permutation reverses the coordinate relabelling, G;l = G, 1, which gives the second identity. [

Every row and every column of II, contains exactly one nonzero entry, equal to 1. Hence

I, =1, I, =11,..

Together with Lemma F.7.2, these identities show that Gl = G;l, so the permutation gauge is
unitary.

Lemma F.7.3 (Permutation conjugation reindexes both coordinates). For a permu-
tation p and a square matriz M, conjugation by the permutation matrix reindexes both coordinates

by p:

HpMprl = (Mp(,L)’p(j))l’J (F4)

Equivalently, the right-hand side is the submatrix of M along p X p.

Proof. Left multiplication by II, selects row p(2) in row 4, and right multiplication by

II, 1 selects column p(j) in column j. The two selections give the displayed submatrix. O
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The coordinate equivalence of Definition F.6.3 induces the required permutation p after the
total-dimension identification. A convention with inverse indices merely replaces the chosen
permutation by p~—!; we use the convention in (F.4) to match the formal coordinate identity.
Applying that identity to P., gives the matched-coordinate tensor. Composing G , with the
block-diagonal gauge therefore gives the literal gauge of Theorem 10.3.5. This also explains why
the total-dimension cast and the sector permutation must occur in that order.

F.8 Unitary witness refinements

The main text proves that a specified gauge between left-canonical irreducible sectors can be
replaced by a unitary without changing its phase. We record the existential form and then
repeat the construction over every matched copy.

Lemma F.8.1 (Unitary gauge for left-canonical irreducible tensors). Let A and
B be left-canonical irreducible tensors of common positive bond dimension that are gauge-phase
equivalent. Then the gauge can be taken unitary: there are a unitary matriz U and a scalar
with |¢] = 1 such that, for every physical index i,

B = CUAU.

Proof. [/ Proofl Unpack the gauge-phase equivalence as B' = (XA’X ! with X invertible and
¢ # 0. Lemma 10.4.1.2 replaces X by a unitary U while retaining this same phase and proves
(=1 O

Lemma F.8.2 (Unitary gauge in matched sector coordinates). Let P and @ be
BNT canonical forms whose total tensors generate the same MPV family at every positive length.
There are a sector bijection (3, copy bijections T;,, phases (;,, sector unitaries Uy, and a unitary
block-diagonal matrix X such that

Qz = gkUkPé(k)UlL

Vig = Cio (k) my (q)>
|G| = 1.

The matched sectors and copies have equal bond dimensions and multiplicities. If P,
the corresponding reordered block assembly, then Qf]at = XPélatChX’l.

atcn denotes

Proof. Apply Lemma 10.4.1.2 to each matched sector, retaining the phase in the copy-
weight identity. Repeating U, on every copy gives X = P kg U, which is unitary by Lemma F.4.2.

For every matched copy (&, q),
i =1 i T i T
Vi@l = G o), m (@0 Sk Uk Pa Ur = 1007 (0) Ui U+

These are precisely the blocks of Q% = X pi XL O

match
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Appendix G

Symmetries and
Virtual-Boundary Nondecay:
Supporting Results

This appendix supports Chapter 11. It collects permutation and gauge bookkeeping, factor-
system identities, stationary-boundary twist calculations, common trace-preserving gauges, and
the finite-dimensional limit arguments used in the virtual-boundary nondecay results. The no-
tation is introduced locally in each part, and every reference to the main development is given
by its stable label.

The physical index set is I = {0, ...,d—1}, the bond algebra is M,(C), and G denotes a group.
All sums below are finite. The first section treats permutation actions on I; the second isolates
scalar uniqueness for two gauges of the same injective tensor; the third records the elementary
factor-system bookkeeping used in the cohomology discussion of Chapter 11.

G.1 Permutation reindexing and identity bookkeeping

The linear-combination twist Z; =22, U(9); A7 is the standard form used in the virtual rep-
resentation theorem. The following alternative formulation replaces the matrix action by a
permutation of the physical index; it is useful for symmetries that act by reordering basis states
rather than by a general linear map.

Definition G.1.1 (Permutation symmetry datum). [/ stmt] An on-site symmetry datum
for a group G on a physical space of dimension d consists of a matrix-valued map v : G — M,(C)
and a physical-index action ¢ : G — End({0, ..., d—1}).

Definition G.1.2 (Permutation-twisted tensor). Given an on-site symmetry datum
(u,0), the permutation-twisted tensor at group element g is

(A% = A7), (G.1)

In tensor-network notation the local tensor is unchanged and only the physical leg is relabelled:
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Lemma G.1.3 (Identity permutation twist). [/ stmt| If 0(1) = id, then (A1)t = A® for

all 3.

Proof. [/ Proofl The claim follows from o(1)(i) = ¢ for all 4. O

Composition order. The linear-combination twist (Lemma 11.1.3) composes as (Zh)g = ;fgh,
applying h first then g. The permutation twist below uses the same left-action convention
o(gh) = o(g)oo(h), so (A% )% = A%n; the inner permutation o(h) acts first on the index.

Lemma G.1.4 (Composition of permutation twists). If o(gh) = o(g)oa(h) for all
g,h € G, then

A% = (A%9)7n. (G.2)
Proof. [ Proof| Expanding both sides gives (A%n)! = AZ@(@M@) — ((A99)n)? Diagrammati-
cally this is just two consecutive relabellings of the same local tensor:
i a(h)(i) a(g)(o(h)(i))

D N W -

G.1.1 Linear physical-index rotations

The same bookkeeping applies to a general matrix acting on the physical index.

Definition G.1.1.1 (Physical-index rotation). [/ Stmt] Given a matrix M € M,(C) and an
MPS tensor A, the physical-index rotation is the tensor (A,,)* := Ej M;; A7. When the matrix
is a unitary u, the rotation is written A, .

Lemma G.1.1.2 (Matrix product vector under physical rotation). For a length-N

physical configuration s = (sg, ..., Sy_1), Physical rotation satisfies
N—1
tr((Ap)®0 - (App)n-1) = Z (H Ms",t”) tr(Afo... Afv-r), (G.3)
t€{0,...,d—1}N \ n=0

Proof. Substitute (Ay,)* = >, M, , A'» at each site, distribute the finite sums
through the ordered matrix product, and use linearity of the trace to obtain (G.3). O

Lemma G.1.1.3 (Word expansion for a twisted tensor). For a word b : {0,...,L —
1} = {0,...,d — 1},
L—1

IIU@M%>A%WA%1. (G4)

bo by 4
Aq "'A‘q —_
v:{0,...,L—1}—{0,...,d—1} \ k=0

Proof. Substitute Agk = Zv U(g)bkvk AV into the ordered product. Repeated distribu-
k

tivity gives one summand for each function v, scalar coefficients commute past the matrices and
multiply, and the remaining ordered product is A0 --- AVz-1, O

165


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.TwistedTensor_one
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.TwistedTensor_mul
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.rotatePhysical
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.mpv_rotatePhysical
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.evalWord_twistedTensor_ofFn

G.2 Gauge ratios and scalar uniqueness

The virtual representation theorem (Theorem 11.1.16) relies on the fact that composing two
gauge transformations yields another gauge up to a scalar factor.

Lemma G.2.1 (Gauge ratio commutes with tensor matrices). Diagrammatically,
the hypothesis is that the two local gauges

7 7
= >
B A
and

v 7
=G
B A

produce the same target tensor B® from the same source tensor A'. If X,Y € GL,(C) both
conjugate an MPS tensor A to the same tensor B (i.e. B' = XA' X1 = YAY ! for alli), then
Y 1X commutes with every A’

Proof. [/ Prooi| Direct matrix calculation: conjugating both gauge relations and composing gives
(Y7IX)A? = AY(Y LX), O

Lemma G.2.2 (Gauge ratio is scalar for injective tensors). Under the same hy-
potheses, if A is additionally injective, then Y1 X = M\, for some scalar \ € C.

Proof. The same two-gauge picture shows that the ratio Y1 X acts invisibly on the local
tensor. By Lemma G.2.1, Y ' X commutes with all A®. Since {A’} spans M (C), the matrix
Y1 X commutes with all of Mj(C). By Lemma 2.1.5, it is a scalar matrix. O

Theorem G.2.3 (Projective multiplication law for gauge matrices). Let A be an
injective MPS tensor with on-site symmetry under a group representation U : G — GL,4(C). For
each g € G, let X(g) € GLp(C) satisfy Zg = X(g) A* X(g)~t for all i. Then for all g,h € G,
there exists c(g,h) € C such that X(h) X(g) = c(g,h) X(g-h). In fact c(g,h) # 0 since both sides
are invertible, so c(g,h) € C*. Diagrammatically, the two candidate gauges are competing local
replacements for the same twisted tensor:

i i
(X(h)X(g))—i( (X(MX(g) )= (X(gh))—i—m
A A

and both sides conjugate A® to the same twisted tensor Zzh.

P

Proof. [/ Proof| By the composition law Zgh = (Zh)g (Lemma 11.1.3), both X (h) X(g) and X (gh)
conjugate A to Zgh. Lemma G.2.2 then gives the scalar factor. O

166


https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.gauge_ratio_commutes
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.gauge_ratio_isScalar
https://sirui-lu.com/TNLean/docs/find/#doc/MPSTensor.gaugeMatrix_projective_mul

G.3 Cocycle equivalence and coboundaries

Let wy,wy : G x G — C* be arbitrary scalar 2-cochains. The definitions of coboundary and
cohomology are Definitions 11.2.1 and 11.2.2.

Theorem G.3.1 (Cohomology relation is an equivalence relation). The relation
“cohomologous to” is reflexive, symmetric, and transitive on the set of C*-valued scalar 2-
cochains, and therefore also on the subset of cocycles.

Proof. [/ Proof] Reflexivity: take ¢ = 1. Symmetry: replace ¢ by ¢~!. Transitivity: compose the
witnesses ¢ and 9 pointwise in (11.10). O

Lemma G.3.2 (Coboundary iff cohomologous to the trivial cocycle). A scalar
2-cochain w is a coboundary if and only if w ~ 1, where 1(g,h) =1 for all g, h.

Proof. Both directions follow by absorbing or introducing the factor 1(g,h) = 1 via
xz-1=zin (11.10). O

G.4 Stationary-boundary twist support

Fix an MPS tensor A = (A")%-}, a physical matrix u, and a stationary boundary matrix A €
Mp(C). The twisted transfer map &, is Definition 11.3.1. The next constructions are virtual-
boundary functionals; they should not be confused with the physical endpoint correlator of
Definition 11.3.4.

Definition G.4.1 (Twisted companion tensor). For an MPS tensor A and a
physical-index matrix u, define the companion tensor B,, by

d—1
B =Y Wy, AV (G.5)
n’=0
Lemma G.4.2 (Twisted transfer as a mixed transfer operator). The twisted transfer
map of A is the mized transfer operator of the pair (A, B,):
5u = FA,Bu' (GG)

Proof. [/ Proof| Expand both definitions and rearrange the double sum. O

Lemma G.4.3 (The companion tensor has the same transfer map). If uvut = 14,
then for every X € Mp(C) the companion family B,, satisfies
Ep, (X) = £4(X).

u

Proof. the corresponding theorem in the companion quantum-channel volume [LTC26,
“Unitary freedom in Kraus operators”] applies to the unitary combination defining B,,. Equiva-
lently, expand By =} , .- A" . The coefficient of A7X(A*) in Ep, (X) is

D tign = (utl) ;= 0.
n

All off-diagonal terms vanish and the diagonal terms sum to &€ 4(X). O
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Definition G.4.4 (Virtual-boundary twist functional). For a boundary state A
and boundary matrices X,Y € M(C), the virtual-boundary twist functional is

Ry (u; X,Y) == ti{ AXEL(Y)). (G.7)

The special case X = Y = 1 is the stationary-boundary block-twist functional of Defini-
tion 11.3.2. The matrices X,Y act on the virtual level. In the physical string correlator
of [PGWS08] the string of twists is instead flanked by local operators z,y acting on physi-
cal sites; expanding such operators in the transfer picture produces particular virtual matrices,
and [PGWST08] argues that for injective tensors, physical operators on sufficiently many sites
produce every virtual matrix. The results below are stated directly in this virtual-boundary
form.

Lemma G.4.5 (Virtual-boundary nondecay prevents convergence to zero). If
virtual-boundary nondecay holds for A,u, A, then for some boundary matrices X,Y the sequence
R; (u; X,Y) does not tend to 0 as L — oo.

Proof. A uniform lower bound ¢ < |R; (u; X,Y)| is incompatible with convergence to
0. O

G.5 Kraus mixing, transfer expansions, and a common TP
gauge

The spectral estimates in the main chapter compare A with B,,. They are placed in one trace-
preserving gauge obtained from their common transfer map.

Lemma G.5.1 (Unitary Kraus mixing). If uw is unitary, then replacing Kraus
operators {A,;} by their unitary miztures {ZJ u;;A;} preserves the channel:

;
> (Z uijAj) Y (Z uijAj) =D AYAL (G.8)

i
Proof. This is exactly the usual invariance of a Kraus decomposition under a unitary

change of Kraus operators; see the corresponding theorem in the companion quantum-channel
volume [LTC26, “Unitary freedom in Kraus operators”]. O

Definition G.5.2 (Common trace-preserving gauge for a twisted pair). [/ stmt| A common
trace-preserving gauge setup for (A,u) consists of a tensor B equal to the companion B, and
satisfying £5(X) = £4(X) for every X € Mp(C). It also includes a positive definite matrix o
fixed by the adjoint transfer map of B, its positive square root S, and gauged tensors A’, B’
satisfying

B=B,, Ep(X) = E4(X), Epi(o) =0, o>0, (G.9)

S =o'/? St=g, At = SAISTL, Bt =SB'S™L
In addition,

SSt=6"18=1, St(sH—t =1, (S~Hf =871, (G.10)

oAt =1, > (BB =1,

K2 K2

together with irreducibility of both A” and B’. These identities complete the common trace-
preserving gauge data.
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Definition G.5.3 (Construction of the common trace-preserving gauge). Let D >
0. If A is injective, uu’ = 1,4, and € ,(1) = 1, define the common trace-preserving gauge setup
for (A,u) by choosing the unique positive definite stationary state of the adjoint channel and
using the data in Definition G.5.2.

Proof. Injectivity makes &4 irreducible. The adjoint channel therefore has a positive
definite stationary state 0. By Lemma G.4.3, A and B,, have the same transfer map, hence the
same adjoint fixed point. Put S = ¢'/2. Positivity makes S invertible, and direct substitution
gives

D (SAISTH(SAISTY) =1, (G.11)

3

> (SBLSHT(SBLS) =1.

(2

Similarity preserves irreducibility, so the two gauged families have all the asserted properties. [

Theorem G.5.4 (Twisted eigenvalues survive the common gauge). IfV £ 0 and
E,(V) = AV, then X\ is an eigenvalue of the mived transfer map Fy, g in any common trace-
preserving gauge setup.

Proof. [/ Proof] By Lemma G.4.2; the original equation is FA,B“(V) = AV. Multiplying on the
left and right by S and using ST = S gives

Since S is invertible, SVS # 0. O

G.6 Boundary and limit support

Lemma G.6.1 (Spectral radius < 1 forces virtual-boundary decay). v semt| If p(&,) < 1,
then, as L — oo, for all boundary matrices X, Y, A € M(C) one has Ry (u; X,Y) — 0.

Proof. [/ Proof|In finite dimension, p(&,) < 1 implies £& — 0 in operator norm. Composing with
the fixed trace pairing Z + tr(AXZ) gives the stated scalar convergence. O

G.7 Routine universality corollary

The following consequence uses only the virtual MPV-family symmetry predicate and the canon-
ical fixed-point hypotheses from the main chapter.

Theorem G.7.1 (Virtual-boundary nondecay agrees for two injective MPV-symmetric tensors).

If A and B are injective, both on-site symmetric under a unitary representation
U, and if £4(1) = 1, (1) = 1, Ay and Ag are positive definite, tr(A,) = 1, tr(Ag) = 1,
é’TA(AA) =Ay, and SL(AB) = Ap, then for every g € G, virtual-boundary nondecay holds for A
with twist U(g) if and only if it holds for B. In particular, since Definition 11.4.1 implies on-site
symmetry for both tensors, this theorem applies to tensors in the same SPT phase; it applies
equally to symmetric tensors in different SPT phases.

Proof. [/ Proof] Both directions follow from Theorem 11.4.4, which shows that virtual-boundary
nondecay holds universally for injective symmetric tensors with canonical normalisations. O
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