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Chapter 1

Overview

This blueprint records the formalization plan for the low individual degree test paper of Ji,
Natarajan, Vidick, Wright, and Yuen [JNV*20]. The paper is available as arXiv:2009.12982.

Theorem 1.1 (Raz—Safra). Suppose Provers A and B pass the k = 2 surface-versus-point low-
degree test with probability 1 —e. Then there exists a degree-d polynomial g: Fy* — F, such
that

Pu~mlg(u) = a] > 1 —e — poly(m) - poly(d/q).
Here a denotes the prover’s point answer.

Remark 1.2. The paper theorem is an external classical soundness input and is not used by the
current low individual degree test formalization route.

Proof. See Raz—Safra [RS97]. O

Theorem 1.3 (Polishchuk—Spielman). Suppose Provers A and B pass the low individual degree
test with probability 1 —e. Then there exists a polynomial g: " — F . with individual degree d
such that

Pyrpl9(u) = a] > 1 —poly(m) - (poly(e) + poly(d/q)).
Here a denotes the prover’s point answer.

Remark 1.4. The paper theorem is an external classical soundness input. The nearby Lean
corollary below records the specialized conditional interface currently present in the repository;
it is not used to mark this source theorem as formalized.

Proof. See Polishchuk—Spielman [PS94]. O

Proposition 1.5 (Conditional Polishchuk—Spielman corollary). The Lean theorem MIPStarRE.LDT. Test.classical]
is a conditional corollary of the quoted Polishchuk—Spielman theorem. It assumes the modeled de-

terministic low individual degree test pass condition MIPStarRE.LDT. Test. TwoProverClassicalLIDPassCondition
and a specialized external hypothesis MIPStarRE.LDT. Test.PolishchukSpielmanClassicalSoundnessStatement

at the caller’s chosen slack bound. Under these hypotheses it returns a repository polynomial

whose evaluations agree with the point answers up to that slack.

Proof. The Lean proof applies the specialized external Polishchuk—Spielman hypothesis to the
modeled low individual degree test pass condition. O



Remark 1.6 (A degree-(d + 1) strategy that passes with probability 1 — %) Fix the polynomial
h(xy,...,2,,) = xi*1. Consider the following classical strategy for the degree-d low individual
degree test. On a point query u € [j*, Prover A answers a = h(u). On an axis-parallel line
query £ = {u +ze; : x € F_}, Prover B returns the restriction h|, when i # 1, since h is then
constant along ¢, and returns the zero polynomial when i = 1.

The verifier certainly accepts whenever ¢ # 1, which happens with probability 1 — % Thus
the strategy passes the degree-d test with probability at least 1—e for e = % However, Prover A
is answering according to a polynomial whose individual degree in the first variable is d + 1. By
Schwartz—Zippel, any polynomial g of individual degree at most d agrees with h on at most a
% fraction of all inputs, so

d+1
Purmlg(u) = a] <1 —me+ %

This shows that the m-dependent slack in Theorems 1.3 and 1.7 is unavoidable up to polynomial
factors.

Theorem 1.7 (Main theorem, informal). If d > 0 and a two-prover projective strategy passes
the (m,q,d) low individual degree test with probability 1 — e, then there are global polynomial
measurements whose evaluations agree with the point answers except with error poly(m)(poly(e)+

poly(d/q)).
Proof. This is the informal form of Theorem 2.14. O



Chapter 2

The low individual degree test

2.1 The game and its strategies

Definition 2.1 (Roles). A role is an element of {A,B}. For a role r € {A, B}, write 7 for the
other element of {A, B}.

Definition 2.2 (Low individual degree test). Fix integers m,d > 0 and a prime power g. The
(m, q,d) low individual degree test has three equally likely subtests. In the axis-parallel lines test,
choose a uniformly random role r € {A, B}, a uniformly random point u € F*, and a uniformly
random coordinate i € {1,...,m}. Let £ = {u+te; : t € F }. Player r receives £ and returns a
degree-d univariate polynomial f: ¢ — [ ; Player 7 receives u and returns a field element a € F,.
The verifier accepts when f(u) = a. In the self-consistency test, both provers receive the same
uniformly random point u € F§" and must return the same field element. In the diagonal lines
test, choose a uniformly random role r € {A, B}, a uniformly random point v € F*, a uniformly
random index i € {1,...,m}, and a uniformly random direction vector v € F* whose last m — i
coordinates are 0. Let ¢ = {u +tv :t € [ }. Player r receives ¢ and returns a degree-md
univariate polynomial f: ¢ — [ ; Player 7 receives u and returns a field element a € F,. The
verifier accepts when f(u) = a.

Lemma 2.3 (Branch-average form of the classical test). For every classical strategy, the accep-
tance probability of the low individual degree test is

line, point point,line line,point point,line
1 (P ’ +P Pdiag + Pdiag
bl

3 axis 5 axis +Pself+ 5

where the five terms are the acceptance probabilities of the two axis-parallel role orderings, the
self-consistency branch, and the two diagonal role orderings.

Proof. Expand the definition of the total acceptance probability as the average of the three
subtests. The axis-parallel and diagonal branches each first choose one of the two role orderings
uniformly, so their branch acceptance probabilities are the corresponding averages displayed
above. O

Definition 2.4 (Symmetric projective strategy). A symmetric projective strategy for the (m, ¢, d)
low individual degree test consists of a permutation-invariant bipartite state |¢) € H ® K, a

projective point measurement A" = {Ag}aegq for each u € ", a projective axis-parallel line mea-

surement B¢ = {ch} for each axis-parallel line ¢, and a projective diagonal-line measurement
L' = {Lfc} for each line £.



Definition 2.5 (General projective strategy). A general projective strategy for the (m, ¢, d) low
individual degree test consists of a bipartite state |¢)) € K 4, ® Hp together with point, axis-
parallel line, and diagonal-line projective measurements for each prover separately. We write
these measurements as A%, BA, L on the first prover and AB, BB, LB on the second.

Lemma 2.6 (Bipartite strategy block identities). The block operators obtained from a bipartite
projective strategy are positive semidefinite, and the role-indexed blocks multiply according to the
Kronecker delta on roles.

Proof. The assertions are the block-diagonal matrix calculations for the direct-sum and role-
register operators. Positivity follows by writing each positive operator as C*C' and placing the
corresponding square root in the same block decomposition. O

Lemma 2.7 (Heterogeneous role-register unsymmetrization). Let ¢ be a normalized bipartite
state on H 5 @ Hy, let M™ and MP® be projective measurements on the two prover spaces with a
common outcome type, and let G be an arbitrary measurement on the heterogeneous role-register
space

{A,B} X (H o ®Hp).

After applying the direct-sum role-register symmetrization, the consistency defect between the
symmetrized point measurement and G is the average of the two defects obtained from the occupied
principal blocks of G. In particular, each extracted defect is at most twice the symmetrized defect.

Proof. The proof is a trace-compression calculation. The AB-supported component of the sym-
metrized density pairs with an arbitrary role-register observable only through the principal block
indexed by (A,inl) on the left and (B, inr) on the right, and similarly for the BA component.
Summing over outcomes gives the average-of-two-defects identity, and nonnegativity of consis-
tency defects gives the two factor-two consequences. O

Lemma 2.8 (Heterogeneous role-register symmetrization). Let
(v, A%, BA LA, AP, BP, L)

be a two-space projective strategy passing the low individual degree test with error at most €. The
heterogeneous role-register construction on

{A B} x () ® Hp)
produces a symmetric strategy that is (3¢, 3¢, 3¢)-good.

Proof. The role-register state is the direct-sum version of the symmetrized state in the paper
proof. The axis-parallel and diagonal branches are exactly the role averages of the original
strategy, and the self-consistency branch is the original point-agreement branch. Since the test
chooses among its three branches with equal probability, each branch is bounded by 3¢. O

Remark 2.9. Throughout this work, the term strategy refers to a projective strategy, and the
term symmetric strategy refers to a symmetric projective strategy.

Definition 2.10 (Good strategy). A strategy is (g,0,)-good if it passes the axis-parallel lines
test with probability at least 1 — &, the self-consistency test with probability at least 1 — 9, and
the diagonal lines test with probability at least 1 — .



Remark 2.11 (Good-strategy characterization). Using notation which will be introduced in Chap-
ter 3 below, a symmetric strategy is (g,d,v)-good if and only if it satisfies the following three
conditions. For ¢ and u as in the axis-parallel lines test,

Ay ®I =~ I®Bfy, ., and AL@I~;1® AL

And for ¢ and w as in the diagonal lines test,

~ 0
Av@I = I® L ..

Definition 2.12 (Last-direction line notation). For u € F7", the last-direction axis-parallel line
in F7* s

b, ={(u,z) |z el }.
If (v, A, B, L) is a symmetric strategy for the (m + 1, ¢, d) low individual degree test, we write
B} for the operator Bfﬁ‘. For a function f: ¢, — [, we also write f(x) for f(u,z).

Definition 2.13 (Restricted diagonal lines test). Consider the (m,q,d) low individual degree
test. For j € {1,...,m}, the j-restricted diagonal lines test is the diagonal lines test conditioned
on ¢ = j. In particular, the m-restricted diagonal lines test is the diagonal lines test in which the
sampled line is a uniformly random line in F7".

2.2 Formal soundness target

Theorem 2.14 (Quantum soundness of the low individual degree test). Let (1), A%, BA, LA AB, BB LB)
be a projective strategy that passes the (m,q,d) low individual degree test with probability at least
1—e. Let k> 0 be an integer with k > 400md, and set

v = 100000k2m4 (61/40000 + (d/q)1/40000 + e—k/(2560000m2)) ]

Then there exist projective measurements G, G® € PolyMeas(m, q,d) with the following prop-
erties:

1. on average over u ~ ",

A ~ B Bu ~ A .
Aa ®1 v I® G[g(u):a]’ I'® Aa v G[Q(“):a] ® I’

A ~ B
GAol~,®GE.

Proof. The saturated-error branch is formalized by mainFormal_trivial_witness. The remain-
ing branch is the small-error source-boundary proposition Proposition 2.16. The factor 400 and
the nonzero sampling condition are the corrected source boundaries recorded in [con26b] and
[con26¢]. O

Proposition 2.15 (Source-boundary reduction for the final theorem). This proposition records
the saturated-error reduction for the corrected two-space theorem Theorem 2.14. It proves the
saturated-error branch by the trivial consistency bound and reduces the remaining non-vacuous
branch to Proposition 2.16. It is not an additional hypothesis of the paper theorem.

Proof. The saturated-error branch is already proved. The small-error branch is Proposition 2.16.
O



Proposition 2.16 (Small-error source-boundary conclusion for the final theorem). This is the
non-vacuous branch of the corrected two-space theorem. It proves the conclusions of Theorem 2.1/
under k > 400md, k > 0, and v < 1. It is not a source assumption. Its proof uses the two-
space role-register reduction and the scalar absorption available after excluding the zero-sampling
boundary.

Proof. The proof applies the checked two-space role-register construction and then absorbs its
explicit errors into v at the nonzero sampling boundary. O

Proposition 2.17 (Two-space role-register reduction for the source theorem). The printed final
theorem starts from a projective strategy on two possibly different local Hilbert spaces. The source
proof uses the role-register symmetrization and then unsymmetrizes the polynomial measurement.
Lean formalizes this reduction for the general two-space source strategy. The trace-level factor-two
unsymmetrization estimate for arbitrary heterogeneous role-register measurements is formalized
in Lemma 2.7. The heterogeneous role-register symmetrization may be fed into the source-shaped
main-induction theorem under the corrected large-k hypothesis k > 400md, and the resulting
role-register consistency estimate can be unsymmetrized into the two point-consistency estimates
on the original two-space strategy with the expected factor 2.

The remaining steps of the source-boundary passage are also checked. The point-agreement
branch is available for the paper-faithful two-space strategy, and the Schwartz—Zippel Step 5 the-
orem has been generalized from the same-space carrier to a bipartite state on Hy ® Hp. The
heterogeneous triangle/SDD comparison theorem gives the complete-measurement full-polynomial
consistency statement at the end of the paper’s Step 5 calculation. The two heterogemneous or-
thonormalization applications produce projective submeasurements on the two local Hilbert spaces,
and the completion step widens the resulting left- and right-factor state-dependent-distance esti-
mates to the orthonormalize-and-complete error appearing in the paper. The repaired polynomial
line-169 consistency relations use the Cauchy—Schwarz loss from the pre-completion orthonormal-
ization estimates, not a new hypothesis. The final point-evaluation triangle postprocesses these
relations and the completed Q 4,Qp projective consistency estimate by evaluation at a point,
combines them by the heterogeneous triangle inequality, and absorbs the explicit pre-absorption
errors into the final v = mainFormalError bound under the nonzero scalar-cascade boundary
0 < k. This is the small-error branch used in the corrected two-space source theorem, where
k > 0 is part of the theorem statement.

Proof. The proof is the linked heterogeneous role-register chain, ending in mainFormalConclusion_ofRoleRegisterS
It combines the source-shaped main-induction theorem, the heterogeneous unsymmetrization es-
timates, the step making measurements projective on both local Hilbert spaces, the completion
and line-169 consistency steps, and the final scalar absorption under the nonzero sampling bound-
ary. O

Remark 2.18 (Final-theorem zero-sampling boundary). The paper states Theorem 2.14 for k >
md, while the corrected formal route uses the confirmed large-k condition & > 400md and
a nonzero k boundary for the scalar cascade. The factor 400 is now treated as a statement
correction, following Theorem 10.14. The other corrected final-theorem boundary is the zero-
sampling case allowed when d = 0, since 400md < k then permits &k = 0. At this excluded
boundary the displayed final error itself collapses to 0; the formal calculation of this equality is
linked in Lean, and the obstruction is documented in [con26c¢].

Remark 2.19 (k-bound boundary for the public theorem). The paper statement uses the weaker
hypothesis k > md, but the proof invokes the Section 6 pasting theorem with side condition k& >
400 md. This side condition is not implied by k > md. The Lean theorem therefore records the



stronger large-k assumption required by the pasting step, together with the scalar-cascade bound-
ary k > 0, rather than hiding the side-condition gap. The helper mainFormal_trivial_witness
remains only for already-saturated branches where v > 1 makes the three ~,, conclusions vacuous;
it is not a replacement for the zero-sampling boundary k£ = 0 when md = 0. The source-boundary
reduction proposition proves the saturated-error branch and delegates the non-vacuous branch to
the checked small-error proposition; neither declaration is an extra hypothesis of Theorem 2.14.

10



Chapter 3

Preliminaries

3.1 Polynomials and measurements

For complex numbers «, 8 € C, write a &, 8 when |a — 8| < e. In particular,
if a~, Band f~;, then o ~__ ;5 7. (3.1)
Fix a prime power g = p*. Write w = e2™/? and let tr : F, — [, denote the finite-field trace.
Definition 3.1 (Finite field trace). The finite-field trace is the map tr : I, — [, defined by

t—1

tr[z] = prﬂ.
Lemma 3.2. Let a € [Fq. Then

1 ifa=0
trz-a] _ ’
[E”””[Faw { 0 otherwise.

Proof. If a = 0, then tr[z - a] = 0 for every z, so the average is 1. If a # 0, choose y € [, such
that tra - y] # 0, and set
O = E,p o,

Translation invariance of the uniform distribution gives

C=E, ; wletvad = ¢ ytrlyval,
Since w'l¥@l +£ 1, it follows that C' = 0. O
Lemma 3.3. Letv e Fy'. Then

1 ifv=0
trfuv] _ ’
Euw[FZ,”w { 0 otherwise.

Proof. By linearity of the trace and independence of the coordinates,

m

triuv| triu;v;

[EHN[F;nw (o] — I | [[uiN[qu [u-v;]
i=1

Proposition 3.2 shows that the i-th factor is 1 when v; = 0 and 0 otherwise, so the product is 1
exactly when v = 0. O

11



Definition 3.4 (Low individual degree polynomials). Let P(m,q,d) be the set of polynomials
g € F lxq,...,z,,] whose degree in each variable is at most d, viewed as functions F;* — [, via
evaluation. (Over finite fields, distinct low-degree polynomials can induce the same function;
we identify elements of P(m,q,d) with their polynomial representatives, not their functional
equivalence classes.)

Remark 3.5 (Individual-degree convention). Here, “individual degree d” means degree at most d
in each coordinate. In particular,

P(m,q,d) C P(m,q,d+1).

Lemma 3.6 (Schwartz-Zippel lemma [Sch80, Zip79]). Let g,h : F* — [, be two distinct
polynomials of total degree d. Then

P, rplo(e) = h(z)] <

ISHRSE

Proof. Apply the Schwartz—Zippel lemma to the nonzero polynomial g—h, which has total degree
at most d. O

Lemma 3.7 (Schwartz—Zippel for individual degree). If g,h € P(m,q,d) are distinct, then

md
Purmlg(u) = h(u)] < IR
Proof. The difference g—h is a nonzero polynomial of total degree at most md. Apply Lemma 3.6.

O

Lemma 3.8 (Polynomial agreement bound on coded points). Let g, ¢’ : Polynomial params be
two distinct full polynomial outcomes with individual degrees at most d. Then

md
[Eu~Pointparams[1[g<u) = g/(u)]] S 7
This packages the md/q loss term used in the mainFormal self-consistency cascade (inductive_step. tez,
lines 119-133) and in comMain (commutativity-G.tex).

Proof. Transport along the equivalence between coded [, points and the underlying scalar func-
tion space, then apply Lemma 3.7. O

Lemma 3.9 (Axis-line polynomial agreement bound). Let f,h : AxisLinePolynomial params be
two line-polynomial outcomes with distinct underlying polynomials. Then
md
Eyr, [LLf(8) = h(8)] < e
The native univariate root-counting bound is d/q; the statement deliberately pads this to the
paper’s ambient md/q loss for Lemma 6.1.

Proof. Reindex coded line parameters to the scalar field, count the roots of the nonzero univariate
polynomial f — h, and use m > 1 to pad d/q to md/q. O

Definition 3.10 (Measurements and submeasurements). Let # be a Hilbert space and let A
be a set of outcomes. A submeasurement on A is a family A = {A4,},c 4 of Hermitian positive
semidefinite operators on J such that ) A, < I. It is a measurement when ) A, = I, and
it is projective when each A, is an idempotent projection. (In the Lean formalization, outcome
sets are assumed finite throughout.)

12



Definition 3.11 (Low-degree polynomial measurements). We write PolySub(m, ¢, d) for the
submeasurements indexed by P(m,q,d), and PolyMeas(m, ¢, d) for the corresponding measure-
ments.

Definition 3.12 (Post-processing). Let A = {A4,},c4 be a family of operators and let f: A — B.
The post-processed family Ay (,)_y is defined by

A== D A
a: f(a)=b

a)=

Proposition 3.13 (Post-processing preserves measurements). Let A = {A,},c4 be a family of
operators and let f: A — B. Then
> Au= ; Alfa)=)
a

Consequently, if {A,} is a submeasurement, respectively a measurement, then {Ajfq)_y} is again
a submeasurement, respectively a measurement.

Proof. Each a € A contributes exactly once to the right-hand side, namely in the summand
indexed by b = f(a). O

Remark 3.14 (Post-processing notation). In the notation A(f(a)b)» the measurement outcome is
the variable to which the function is applied. For example, if G = {G} € PolySub(m, ¢, d) and

u € Fy', then
Gyw=a = Y Gy
g:g(u)=a

Here g is the measurement outcome, and u is the evaluation point.

Definition 3.15 (Completion of a submeasurement). Let A = {A*}, ., be a submeasurement.
Its completion is the measurement A with outcome set A = A U {1} given by AZ = A¥ for
a€ Aand AT =1-3 A7

3.2 Consistency and state-dependent distance

Definition 3.16 (Consistency). Let |[¢)) € H, @ Hy. Let A = {AZ} and B = {BZ} be
submeasurements with the same answer set, and let 2 be a distribution on the question set. We
write

AZ® I ~5 I ® BY

when
E,wp ) (V|47 ® B|y) <4. (3:2)
a#+b
Lemma 3.17 (Characterization of a good symmetric strategy). A symmetric projective strategy
(¢, A,B,L) is (g,0,7)-good if and only if the following hold on the relevant test distributions:

u ~ L u ~ u u =~ ¢
Ay ®I—EI®B[f(u):a]7 Ay @1 ~51Q Ay, Aa@l_’YI@L[f(u):a]'

Proof. Each subtest accepts exactly when the two measurement outcomes agree. Because the
relevant families are measurements, Lemma 3.18 rewrites those acceptance probabilities as con-
sistency bounds. O

13



Lemma 3.18 (Consistency for measurements). If A = {AZ} and B = {B*} are measurements,
then

A2®@I~;1®B: ifandonlyif [E,Y (A2 ®B2l) >1—0.
Proof. Expand the off-diagonal sum by writing Za#b Az ®Bf =5, (I — A7) ® By. O

Definition 3.19 (State-dependent distance). Let |¢) € F, let A = {AZ} and B = {BZ?} be
families of operators on ', and let 2D be a distribution on the question set. We write

~ T
~45 Ba
when

Eono ZII —By)I* < 6.

In particular, if A ® I ~_ I ® C¥, the question is what hypothesis on A and B allows one to
conclude that
BRI~ I®CY. (3.3)

Lemma 3.20 (Transferring consistency through state-dependent distance). Let A = {A*} and
= {B*} be measurements and let C = {CZ*} be a submeasurement. If AZ Q@ I ~5; I  C* and
Aﬁ ®I~,BY®I, then
Be®I=~s 1QC].

Proof. Rewrite the inconsistency with C' as total mass minus diagonal overlap. The total mass
is unchanged because A and B are measurements, and the diagonal overlap changes by at most
V€ by Cauchy—Schwarz. O

Lemma 3.21 (Consistency implies state-dependent distance for measurements). If A and B are
measurements and AL @ I ~5 I ® BY, then

A2 @I ~oyy I ® B

If both measurements are projective, the converse also holds: if Ay ® I =5 1 ® B then A ®1I ~
I1®B;.

Proof. Expand the squared norm of (A*®I—I®B¥)|¢) and use the diagonal-overlap formula from
Lemma 3.18; projectivity turns the diagonal inequality into an equality, giving the converse. [J

Remark 3.22. The implication above does not extend to submeasurements. For example, if
A? =0 for all a, then AZ ® I ~; I ® BZ, but

E, > (A2®@I—-I@ B> =E,> |(I& B>

which is nonzero unless (I ® B?)Ji) =0 for all x and a.

14



3.3 Consistency from state-dependent distance

Theorem 3.23 (Closeness of inner products). Let {Az}, {Bg}, and {C7,} be matrices. Suppose
that A7 ~. By and that for all x,

Ea: (zb: C;b) (Eb:c;b)T <I.

Then
E, Y ($C2,ALlY) ~ 5 B, > ($]C2 , BLl). (3.4)
a,b

a,b

Similarly, suppose that (AZ)T ~., (BZ)T and that for all x,

; (;C’;’by(;C;b) <I

Then
ZWJIA“ Caplt) = 5 E Z Y|BRCG ). (3.5)

a7

Proof. To prove (3.4), write the difference as
E Y (wl( Yo Ca, ) (AL = BE)lw).
a b

Cauchy—Schwarz bounds its magnitude by

(EXw(Xen) (X em) ) (£ S wi - iz —sow)
a b b a

and the two hypotheses bound these factors by 1 and /7 respectively. For (3.5), rewrite the
difference as
E, Y (@l(C2 )T (A = (BD)T)[e),
a,b

and apply (3.4) to the adjoint families. O

Theorem 3.24. Let A = {AZ}, B = {BZ}, and C = {C%} be submeasurements such that
AZ ~5 BY. Then
E, D (WIALCEIY) ~ 5 B, D _(WIBECEIY).
a a

Proof. The difference has magnitude

E, D (0l(A43 — BH)Cal)].

By Cauchy—Schwarz this is at most

(£ Witz — 52w (£ i)

The first factor is at most v/& by hypothesis, and the second is at most 1 because C is a
submeasurement. O

15



Theorem 3.25. Let {A7}, {Bg}, and {C7,} be matrices. Suppose that A7 ~5 By and that for

all x and a,
Z(Ccf,b)T(Cff,b) <1
b

Then
Cff,bAi ~s Cf,ng~

Proof. The error term is

t,

T
a

WAL — BN (CL )T Cs (AL — Bo)|).
b

Using Zb(Cg’b)T(ij’b) < I, this is bounded by

E, > (¢|(A% — B2)T (A2 — BI)|y) < 6.

O
Lemma 3.26 (Triangle inequality for vectors squared). For vectors 1)), ..., |¢),
) + =+ [l < BRI + -+ Nl 1)
Proof. First,

(zy 4 +ap)? < k(@ + -+ 23) (3.6)
for all real numbers zq,...,z,. Apply (3.6) to z; = |[¢;)| and combine it with the triangle
inequality. O
Lemma 3.27 (Triangle inequality for ~). Suppose (4;); =5 (A;11)s fori=1,....k. Then

(A1)a k(81 +-+6),) (Ags1)a-
Proof. Expand (A; — A,.1)|¥) as a telescoping sum and apply Lemma 3.26. O

Remark 3.28 (Lean finite-step triangle helpers). The general operator-family theorem above is
complemented in Lean by reusable binary and three-step helper lemmas for operator expecta-
tions, ‘qSDD‘, and ‘SDDRel". The three-step ‘SDDRel‘ helper is the specialization used in the
Step 6 projectivization chain in Theorem 2.14; this remark is only a cross-reference and makes
no separate proof-level completeness claim.

Lemma 3.29 (Triangle inequality for ~;). Suppose AZ @ I ~_ I @ BX, C¥ QI ~5 I ® B?, and

Cq ®1 =, 1Q® Dy, where all four families are measurements. Then

A§®IQ6+2\/WI®D5'

Proof. Convert the two consistencies involving C' to state-dependent distance, compose them by
the triangle inequality, and transfer the result back to consistency by Lemma 3.20. O

Lemma 3.30 (Data processing for consistency). If A = {A*} and B = {B%} are measurements
such that A2 ® I ~5 I @ BY, and f is a map on the answer set, then

A0y ® 1 225 I ® B -
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Proof. Merging outcome classes can only decrease the off-diagonal mass. O

Lemma 3.31 (Consistency controls a submeasurement). Let A = {AZ} be a submeasurement
and B = {B}} a measurement such that Ay ® I ~ I ® By. Then

AT @1 ~, AT ® BE ~. A® @ BE, (3.7)
where A* =3 A%. In particular,
AT @1~y A” ® BE.
Proof. For the first approximation in (3.7), bound
, 2
E, > (@l(4® (I - B3) )
by the inconsistency between A and B. The second approximation is identical, applied to

E, S (Wl((A” — AZ) ® BE)’|4).

Then compose the two bounds with Lemma 3.27. O
Lemma 3.32 (Switch-sandwich). Suppose A = {AZ} is a projective submeasurement satisfying

AT~y I ® AL (3.8)
Then for every operator B with 0 < B < I,

E, D (WIALBAL @ I19) ~p 5 B, ) _(WIB®ALY) ~ 5 B, ) (WIBAT@IIY).  (3.9)
Proof. We prove the first approximation in (3.9) in two steps. First,

E, > (VlAIBAI @ I|Y) ~ 5 E, > (V|AZB® ALly). (3.10)

This is obtained by applying Cauchy-Schwarz to the difference and using B?> < B < I together
with (3.8). For the second step, move the remaining left copy of AZ across the bipartition in
the same way; projectivity then collapses the sandwich and yields the first approximation in
(3.9). The second approximation in (3.9) is the same argument with the rightmost factor AZ
omitted. O

3.4 Strong self-consistency

Lemma 3.33 (Completeness transfer to a projective approximation). Let A = {AZ} be a sub-
measurement and P = {PZ} a projective submeasurement such that AZ @ I ~_ P* @ I. Then

(YA I|Y) > (h|P @ I|y) — 2V/E.

Proof. Since P is projective,

WIPRIW) =E,> (W|(P)?@Iy).

Apply Proposition 3.24 twice to replace (P¥)? first by AZP2 and then by (A%)2, and conclude
with (AZ)? < AZ. O
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Definition 3.34 (Strong self-consistency). Let [¢)) be permutation-invariant and let A = {AZ}
be a submeasurement. We say that A is d-strongly self-consistent when

E, > (YlAZ ® AZ|y) > (Y[A® I[¢) — 4.

Lemma 3.35 (Strong self-consistency implies ordinary self-consistency). If A is §-strongly self-
consistent, then A? @ I ~5 I ® AY. If A is a measurement, the converse also holds.

Proof. Rewrite the off-diagonal mass as the difference between the total mass of A and the
diagonal overlap in the strong self-consistency inequality. When A is a full measurement, the total
mass is the identity, so this inequality becomes an equality; hence the ordinary self-consistency
defect and the strong self-consistency defect coincide, giving the converse. O

Lemma 3.36 (Strong self-consistency and state-dependent distance). If A is d-strongly self-
consistent, then
A2 QT mgs T @ AL,

If A is projective, the converse also holds.

Proof. Expanding the squared norm gives

E, > I(A2®1—I® ALy

=2 (£, > (l(40)? @ [lv) — E, Y (v]4; ® Az]y))

a

<2 (B, Y (w45 @ Iv) — E, > (6]4% @ Az|y) ). (3.11)

a

The strong self-consistency bound controls the last line by 26. If A is projective, then (3.11) is
an equality, which gives the converse. O

Lemma 3.37 (Post-processing preserves strong self-consistency). If A is §-strongly self-consistent
and f is a function on its answer set, then

Alpan) ® T 225 1@ Al
Proof. The same computation as in Lemma 3.36 gives
£, 3oy 01~ 1© Ay P
<2 (Ao I|y) -, D4 @ Ao 9) ) (3.12)
The post-processed diagonal term dominates E, ) (|47 ® Ag|¢), so strong self-consistency

bounds (3.12) by 2. O

Lemma 3.38 (Completeness transfer for a strongly self-consistent approximation). Let A be a
d-strongly self-consistent submeasurement and let B be a submeasurement such that AT @ I =,
BX¥® 1. Then

WIB@I[Y) > (WA I|Y) — 6 —2+/e.

Proof. Bound (¢|B ® I[t)) from below by £, (¢[B; ® Bj|¢). Then apply Proposition 3.24
twice to replace this by £, ) (¢[A ® AZ[), and finish with strong self-consistency of A. [
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Lemma 3.39 (Self-consistency implies data-processing closeness). Let A be a d-strongly self-
consistent submeasurement and let P be a projective submeasurement such that PT®I ~, AZQ1I.
Then for every function f,

Biay=n) ® I ~s518y5 Afp(a)=p) © 1-

Proof. First prove
Fija=p) ® 1 ~as54ayz 1 ® Affi)y)- (3.13)

Expanding the squared norm and using projectivity gives
- zb:H(P = ® T = 1@ Afygy ) 1O

< WGP @IW) + (T @ AJg) —2-F, > ([P 1y ® ATy |). (3.14)
b

Proposition 3.33 bounds the first term by (| A® I|1)) + 2+/¢, and Proposition 3.24 together with
strong self-consistency bounds the third term below by (¥|A ® I|i)) — § — /. Substituting into
(3.14) yields (3.13). Now combine (3.13) with

Afpiay=) @ T 225 1 ® Afjay
from Lemma 3.37, and conclude by Lemma 3.27. O

Lemma 3.40 (Self-consistency moves one copy to the same side). Let A = {A,} be a -strongly
self-consistent submeasurement. Then

D (WAL @ Ilw) > Y (vlA, ® Ilv) — <.
Proof. Apply Cauchy-Schwarz to the two-sided overlap > (¥|A, ® A,[¢) and compare it with
the strong self-consistency lower bound. O

Lemma 3.41 (Bounding the missing mass of a close submeasurement). Let A = {A,} be a
measurement that is (-strongly self-consistent, and let B = {B,} be a submeasurement such that
A,®1~; B,®I. Writing B=)_ B,, one has

I(I = B)® I|v)|* < 2V5 +¢.

Proof. Since 0 < I—B < I, the left-hand side is at most 1—(¢|B®I|t). Compare Y (|B2®I|¢)

with 3 (¢[A, B, ®I|1) and then with Y (¢|A2 ® I|¢) using the ~; hypothesis, and finish with
Lemma 3.40. O

Lemma 3.42 (Completing a close submeasurement to a full measurement). Let A = {A4,} be
a measurement that is (-strongly self-consistent, let B = {B,} be a submeasurement such that
A, ®1 =5 B, ®1, and let C be the measurement obtained by adding the missing mass I — B to
one distinguished answer a*. Then

Ag ® T ~gs,4y512¢ Ca® 1.
Proof of 3.42. By Lemma 3.26,

D A, = Co) @ I)” <26 +2-[(I - B) @ I1y)]°.
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It remains to bound the residual term. Since 0 < I — B < I,

II=B) @I <1-> ($|B2RIy). (3.15)

a

By Proposition 3.24,

S WIB2RIW) ~ 5 > (I(A,B,) @ IIY) ~ 5 > (A2 @ I|).

a

Proposition 3.43 gives

> WlAZ@IY) > (P ARIY) — ¢ =1—C.

Hence (3.15) implies
I(I = B)® I|v)|* < 2V5 +¢.
Substituting this into the first bound proves the claim. O

Theorem 3.43. This is the same statement as Lemma 3.40: for a (-strongly self-consistent
submeasurement A,

STWIAL)2 @ 1) =Y (w4, ® I[y) — .

a

Proof. Immediate from Lemma 3.40. [
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Chapter 4

Making measurements projective

Theorem 4.1 (Naimark dilation). Let |¢)) be a state in H y @ Hp. Let A = {A¥} be a sub-
measurement acting on H 5 and B = {B}} be a sub-measurement acting on Hg. Then there exist
Hilbert spaces H 5 —and Hy_ , a state |aux) € Ha,, ®Hg, ., and projective sub-measurements
A= {A\(f} and B = {Eg} acting on Hp @ H —and Hyg @ Hy_, respectively, such that, if

—~

[¢) = |[¢) & |aux), then for all z,y,a,b,

(V[AZ ® Byly) = (¥|A7 @ By|).
In addition, |aux) is a product state. The word “measurement” in the source statement is read
here in the projective-submeasurement sense used by Lemma 4.7: for a general sub-measurement,

the residual mass is carried by the additional L outcome in the auziliary construction, so the
original outcomes need not sum to the identity.

Proof.
For each question z, choose a local auxiliary state |aux, ,) of dimension one larger than the

number of outcomes of A%, and apply Lemma 4.7 to obtain a projective sub-measurement Az,
Do the same for each question y on Bob’s side, obtaining auxiliary states |auxg ,) and projective

sub-measurements BY.
Let R
2w) = (Rlowxa,)) ® (Rlauxg,)),  16) = [¥) @ Jaux),
z y

and let A\g and E}f be obtained by letting Z(f or Eg act on the relevant auxiliary factor and
the identity act on every other auxiliary factor. Because the auxiliary state is a product state
and the two dilations act on disjoint tensor factors, the correlation for fixed (z,y) reduces to the
compression identity from Lemma 4.7 on the z- and y-registers. Hence

(V1A% ® BY|Y) = (Y| AZ ® BY|).
O

Remark 4.2 (Lean questionwise Naimark interface). In addition to Theorem 4.1, Lean records
the questionwise one-measurement interface obtained from Lemma 4.7. For every indexed family
A* and BY, it produces local dilation data for each question and proves the corresponding
single-outcome marginal-preservation identities. This is a useful Lean-only auxiliary interface
for downstream arguments, not a substitute for the full tensor-product correlation theorem,
which is proved separately by naimarkTensorProductCorrelation.
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Remark 4.3 (Lean auxiliary declarations for Naimark). The checked Lean proof of Theorem 4.1
uses the standard one-measurement auxiliary register

Option(A),

with the all- L vector as the initial auxiliary state. A separate Naimark unitary is chosen for each

question, so the proof does not need a distinct auxiliary tensor factor for every question. This is

equivalent for the theorem’s conclusion, since no commutation relation between different ques-

tions’ dilated measurements is required. The declaration OneMeasNaimarkData.twoSidedCorrelationPreservation
proves the four-register trace identity which turns the two local compression identities into the

bipartite correlation-preservation identity used by naimarkTensorProductCorrelation.

Theorem 4.4 (Orthogonalization lemma). Let |[¢)) be a permutation-invariant state, and let
A ={A,} be a sub-measurement with strong self-consistency

D WA, ® Al = > (B4, ® 1Y) — .

a

Then there exists a projective sub-measurement P = {P,} such that
Aa ® I %10041/4 Pa ® I.

Proof. Complete the sub-measurement by adding the missing outcome and use permutation in-
variance to convert strong self-consistency into the cross-consistency hypothesis of Lemma 4.9.
Applying the locality-preserving projectivization repair gives the required projective sub-measurement
with the paper constant 100¢1/4. O

Remark 4.5 (Lean right-register completion helpers). The inductive-step application of the or-
thogonalization lemma uses completion on both tensor factors. The formal development records
the analytic completion statement on the left register; the shared preliminary helper compares
right- and left-tensor placements at the level of the underlying state-dependent-distance form.
Its submeasurement and indexed lemmas transport state-dependent distance to the right regis-
ter under the permutation-invariance hypothesis on the state. The last linked declaration is a
Lean-only construction from two already constructed orthonormalize-and-complete statements
and a pre-projective consistency proof. It is not a source theorem and it is not an additional
hypothesis of Theorem 2.14; it records only the tensor-factor bookkeeping needed to form the
later line-156 projectivization transition.

Remark 4.6 (Lean line-169 projectivization match-mass declarations). Lean exposes the quan-

titative obstruction at the projectivization transition used in the inductive step. The existing

line-156 transition gives only the generic consequence of Proposition 3.20: from G* ~e G®

and G ~ec, Q" one obtains Q4 G G®, and similarly on the other tensor factor. This

direct square-root-loss route is an immediate specialization of the general Lean declarations
MIPStarRE.LDT.Preliminaries.triangleSub and MIPStarRE.LDT.Preliminaries.triangleSub_right
to the handoff fields, and is no longer maintained as separate named projectivization API.

Lean also proves a more local repaired transport that keeps the comparison at the pre-
completion stage. If PA is the orthonormalized projective sub-measurement with G* ~_ P?, then
Proposition 3.24 bounds the diagonal match-mass loss by /€, and canonical completion can only
add nonnegative diagonal match mass. Thus the declarations leftConsistency_of_completion_and_sdd
and rightConsistency_of_completion_and_sdd prove Q* evve G® and its Bob-side mirror

from the pre-projective (; consistency plus the pre-completion ~, comparison. In particular,

substituting the checked orthonormalization error € = 100(11 /4 yields the repaired line-169 bound
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< —|—10C11/8 recorded by leftConsistency_with_orthonormalization_loss and its mirror. This
is much sharper than the direct completion-level ¢; + \/g route, but it is still not the paper’s
exact (.

Lean also isolates the completion fact used inside this sharper repair: the canonical completion
of a projective submeasurement can only increase its diagonal match mass against a fixed partner
submeasurement. This is the formal declaration ProjectivizationMatchMassMonotonicity.completeAtOutcomePr
The sharper route therefore pays its square-root loss before completion and then uses completion
only in this monotone direction, with no additional match-mass penalty.

The older exact-(; construction-level monotonicity statement has been retired. The current
Section 5 API proves the checked repaired transport above, and the active orthonormalization
route now uses those repaired completion-transport estimates rather than a separate exact match-
mass witness.

4.0.1 Naimark dilation

Lemma 4.7. Let A = {A,} be a sub-measurement with k distinct outcomes a € A, and let

laux) € C**1 be any state. Then there exists a projective sub-measurement A= {Ka} such that
for each outcome a,

—~

(I®(aux|) A, - (I®laux)) =A

a°

Proof. Consider an orthonormal basis for C¥*! consisting of vectors |a) for a € A4 and the vector
| L). Let U be any unitary such that for each vector |¢),

U- (1) ®laux) = Y ((4,)"/%19)) ® |a) + (1 — 4)'2[¢)) ® | L),

acA

where A =3 A,. Then

U-(I®aux) = (4,)"? @la) + (I — 4)'* @ 1),
acA

so for any a € A,
(I®(al)-U-(I® |aux)) = (4,)">.
Define R
A, =U"- (I®|a){al)-U.

Each Ea is a projector, and

—~

(1@ (auxl) - A, - (1® Jaux)) = (T ® {aux]) - U (T® |a)) - (1 ® (al) - U - (1 ® Jowx))
= (Aa)1/2 : (Aa)1/2 = Aa'
O

Remark 4.8 (Naimark dilation does not preserve ~). Let [)) be any state in C¢ ® C?, and
consider the two-outcome measurements A = {4, A, } and B = {B,,, B, } with

Ay=A, =By,=B, =1l

1
2

For each outcome a € {0,1}, the operators A, ® I and I ® B, are both equal to %I ® I, so
A, ®I ~yI® B, on the state [¢).
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Now apply the Naimark construction with a qubit auxiliary space on each side and aux-
iliary state |[+) = %(|O> + |1)). Since A and B are genuine measurements rather than sub-
measurements, the extra | 1) direction from 4.7 is unnecessary in this example. The unitary
from 4.7 can then be taken to be the identity, so the dilated measurements are

—~ —~

A, =1®a)(al, B, =TI&]la)al

—~

If |) = [¥) ® |[4+) ® |+), then a direct calculation gives

YA, el-1® B =1.
ac{0,1}

Thus on the state \@ the dilated family satisfies Za RI~;I® Ea only for 6 > 1, even though
the original family satisfied the same relation with § = 0. This is why we use Theorem 4.4 rather
than simply applying Theorem 4.1: Naimark preserves the outcome probabilities, but it need
not preserve the state-dependent ~; estimates needed later.

4.0.2 Orthogonalization lemma

Lemma 4.9 (Orthogonalization lemma for measurements). Let |¢)) be a state, and let A = {A,}
and B={B,} be measurements such that

4,01~ 18B,

on state |1). Here 1) is not assumed to be permutation-invariant. Then there exists a projective
sub-measurement P = {P,} such that

Aa Q1 %8441/4 Pa ® 1.

Lemma 4.10 (Formalized orthogonalization envelope for measurements). This same-space corol-
lary weakens Lemma 4.9 to the public orthonormalization envelope 100¢Y/*. Thus, if A = {A4,}
and B = {B,} are measurements on the same finite-dimensional space satisfying

A, 01~ 18B,

on a normalized bipartite state |1¢), then there exists a projective sub-measurement P = {P,}
such that
Aa ® I %10041/4 Pa ® I.

This is the corrected Lean theorem proved from the Section 5 projectivization repair construction.
The sharper heterogeneous source statement 84CY* is now formalized as Lemma 4.9.

Proof. The consistency hypothesis first gives the source almost-projective estimate for A, ® I.
The locality-preserving projectivization repair then produces a projective sub-measurement on
the original space, and the scalar bounds convert the 84-constant repair estimate into the public
100¢/* envelope. O

Remark 4.11 (Lean auxiliary declarations for the orthogonalization lemma). The Lean declara-
tion MIPStarRE.LDT.MakingMeasurementsProjective.orthonormalizationMainLemma proves
Lemma 4.9 without adding spectral-truncation or repair hypotheses. The proof first converts
the cross-consistency hypothesis into the source almost-projective estimate for the measurement
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A,®1I, and then applies the locality-preserving Q/ X/ X /P construction in its heterogeneous left-
register form. Lemma 4.10 remains as the same-space corollary with the weaker public 100¢'/* en-
velope. The measurement-level declarations orthonormalizationMeasurement_of _consistency
and orthonormalizationMeasurement are proved corollaries, not conditional wrappers: they de-
rive the projective submeasurement from the displayed consistency or self-consistency hypotheses.

Lemma 4.12 (Locality-preserving projectivization). Paper origin: references/ldt-paper/orthonormalization.t
lines 534-860 (rank reduction and the Q-side setup, including 4.28 and 4.29) and 862-1194 (the
X/X\/P algebra: .30, 4.33, 4.34, 4.36, 4.37, /.38, plus the final triangle-inequality calculation
producing the 84¢1/* bound). Together these are the late repair stage of the orthogonalization-
lemma proof.
Given a normalized bipartite state |1y, a measurement A = {A,}, and the source almost-
projective estimate for the left-lifted family {A, ® I}, there exists a locality-preserving projective
sub-measurement with error 844,
More precisely, if |1) is a normalized bipartite state, if A ={A,} is a measurement, and if

> W4, ®1) = (A, @ 1)?)|v) <,

a

then there exists a projective sub-measurement P = {P,} on the underlying space such that
Aa Q1 Rigact/a Pa ® 1.

The locality-preserving form — output P, ® I rather than an arbitrary lifted family — is recorded
in Remark 4.11 and is the form required by the unconditional orthonormalization theorem (4.4).

Proof. Pass to the left marginal state, apply the rank-reduction and Q/X /5(\ /P construction
there, and transport the resulting ~g4c1/4 estimate back to left lifts via the left-marginal expec-
tation formula. O

Proposition 4.13 (Measurement-level orthogonalization from consistency). This is the same-
space measurement corollary recorded in Remark 4.11. Let |1)) be a normalized bipartite state, let
A={A,} and B = {B,} be measurements on the same finite-dimensional space, and let 0 < (.
Assume the bipartite consistency estimate

A, @1~ 1®B,.
Then there exists a projective sub-measurement P = {P,} such that
Aa ®R1 R100¢1/4 Pa 1.

Proof. The proof applies Lemma 4.9 and weakens the 84¢/4 estimate to the public orthonor-
malization envelope. The spectral-truncation and locality-preserving repair steps are internal to
that proof; they are not hypotheses of this declaration. O

Proposition 4.14 (Measurement-level orthogonalization from self-consistency). This is the self-
consistency specialization of Proposition 4.13. Let ) be a normalized bipartite state, let A =
{A,} be a measurement, and let 0 < (. If A is bipartite strongly self-consistent with error (,
then there exists a projective sub-measurement P = {P,} such that

Aa ®RI R 100¢1/4 Pa ®1.
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Proof. Since A is complete, the self-consistency defect is the consistency defect of A with itself.
The proof therefore applies the consistency corollary with B = A. No spectral-truncation witness
or repair witness is assumed at this interface. O

Proposition 4.15 (Completion-route orthonormalization).
The paper theorem 4.4 is proved in Lean with the 100¢'/* constant. The declaration checked
here is the completion-route theorem with the weaker bound 120¢Y/*, recorded in orthonormalizationCompletionRout
See [con26a].
Let 1) be a normalized permutation-invariant state, and let A = {A,} 44 be a sub-measurement
which is bipartite strongly self-consistent with error (. Then there exists a projective sub-
measurement P = {P,} .., such that

Aa QI %1200/4 Pa ® 1.
Proof. Write A = Za A,. The strong self-consistency assumption implies

(WA Al) = (W[A@ I|¢) -,

S0
(WA® (I -A)y) <.
Rearranging once more gives

W[ =A)& (I — W) = (I —A) & I)) —C.

Complete A to the measurement A = {Za}aeﬁ\ on A = AU{L} by setting A\a = A, for
a€ Aand A . = 1 —A. Adding the two preceding inequalities shows that A s 2(-strongly
self-consistent. By 3.35, this gives the source almost-projective estimate

S WA, @ 1) — (A, ® I)?)|) < 4.

Apply 4.12 to obtain a projective sub-measurement P such that

Za ® I ~ga(ac)r/a ﬁa ®1I.
Discard the extra outcome and set P, = ﬁa for a € A. Then

A, @1 ~gyaeyys P, @I,
and 84 - 41/4 < 120, so the completion-route bound follows. O
Proof of 4.9. The statement is trivial when ¢ > 1/4, so assume

¢<1/4. (4.1)

By 3.18,

> (WA, ® B,Jy) > 1.

a

Apply Cauchy—Schwarz to
Z<¢|(Aa ® I) : (I ® Ba)|w>

a
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to obtain

> WA @I > (1—¢)?>1-2C.

a

Because A is a measurement, this rewrites as

D (WA, = (4,)%) ® I]$) < 2. (4.2)

a

Lemma 4.16. For any = € [0,1],

(x—2?).

S

(x — truncg(x))? <

Proof. If x > 1 — ¢, then truncg(z) = 1. Since § < 1/2 below, one also has = > J, so

1
(x —truncg(2))2 = (1—2)2 < (1 —x)% = g(x—xQ).
If x < 1—94, then truncs(z) = 0, and similarly
(x — truncg(r))? = 2% < a:l g - %(z —z?)

O
Lemma 4.17 (Rounding to projectors). There exists a set of projective matrices { R, } such that
A, @I~y R, ® 1.
and
R:=) R, <(1+2()-I.
Proof. Write the eigendecomposition of A, as

Aa = Z )‘a,i |ua,i> <ua,i|'

Choose
0<6<1/2, (4.3)

define truncy : [0,1] — {0, 1} by truncs(z) =1 when > 1 — ¢ and 0 otherwise, and set
Ra = trunc(;(Aa) = Ztrunc&(Aa,i)‘ua,i><ua,i|'

By 4.16,

(Aa - Ra>2 < (Aa, - (Aa)Q)'

SR

Summing expectations and using 4.2 gives
2¢
YA = R) @I < 5
$0 A, ® I ~yr /5 R, ® 1.
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For every x € [0, 1], one has truncs(x) < z/(1 — §), hence

1

—A
1-6

R, <

o
Summing over a and using that A is a measurement,

R:ZRagl%élg(lnL%)I,

where the last estimate uses § < 1/2. Setting § = 1/ gives the claim, and 4.1 ensures § < 1/2. O

Remark 4.18 (Lean auxiliary declarations for rounding to projectors). The source-facing Lean
declarations for Lemma 4.17 are the proposition projectiveNonMeasurement and the construc-
tion theorem projectiveNonMeasurement_of_sourceAlmostProjective_full. The declara-
tions listed here are the endpoint and regime splits, the AlmostProjMeasStatement witness
forms, and the spectral-truncation statement conversions used by later Section 5 arguments.
They are not additional hypotheses in the paper statement of Lemma 4.17.

Lemma 4.19 (Combinatorial averaging for the r > d branch). Let f : « — R be a function on a
finite index set o with |a| =7, and let L C o with |L| =d and d < r. Write S = L® and assume
f(s) < f(l) for every s € S and l € L. Then the pairwise double-counting inequality

L] > fls) < IS D F()

seS leL

holds, and hence also

ry fs) <18 fla).

ses TEQ

If in addition v < (14+2/Q)d, > _ f(x) <142, and 0 < ¢ < 1/4, then

D fs) <4VC

seS

Proof. Choose L to be a set of d indices on which the sum of f is maximal. If some s € S and
l € L satisfied f(I) < f(s), replacing ! by s would increase this sum, so every small index is
bounded by every large index. Summing the inequalities f(s) < f(I) over all pairs (s,l) € S x L

gives
LD f(s) < IS FO)-
s€S leL
Since a is the disjoint union of L and S, adding [S|>___, f(s) to both sides yields

ry fls) <181 fla).

ses TEQ

The hypotheses |L| = d and r < (1 + 24/)d imply |S|/r < 24/¢. Dividing by r and using
Y vea Flx) <1+ 24/C gives
D f(s) <20/C(1+2V/0).

seS

Finally, ¢ < 1/4 implies /¢ < 1/2, and hence 2v/C(1 + 2/C) < 4/C. O
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Lemma 4.20 (Rank reduction). There exists a set of projection matrices {Q,} such that

Aa®‘[%12\/f@a®‘['

and

Q=) Q,<(1+2/Q)-1I

Furthermore,

Z rank(Q,) < d.

Proof. Let {R,} be given by 4.17. Write r, = rank(R,) and r = > r,. If r < d, take Q, = R,,.

Otherwise,

r= Zra = ZTr(Ra) = Tr(R) < (14 2/¢)d.

Let vg1)s |V, ) be an orthonormal basis for the range of R, so

T(Z,
Ra = Z|Ua,i><va,i
i=1

Define the overlaps
0q; = (Y[(|vg,3) (Ve s| ® I)[1h).
Their total satisfies

Zioa@ = (RO I[Y) <1+2V/C.
a =1

Let Large be the set of the d largest overlaps o
complement. Then

ISmall| = r —d < 21/Cd < 2/Cr,

by 4.4. Averaging the overlaps over the r indices gives

Small
00; < | \ZOM < 44/¢,
a,i

r

(a,i)eSmall
using 4.6, 4.5, and 4.1.
For each a, let Large, = {i : (a,i) € Large} and define

Qa: Z |Ua,i><va,i

i€large,

Then }_ rank(Q,) = |Large| < d, and Q, < R, for every a, so
Q=>Q, <Y R,=R<(1+2/(1
Also,
Ra - Qa = Z |Ua,i><va,i

i€Small,,

is a projector, hence

YR, Q)PP = > 0,, <4/

(a,i)eSmall
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by 4.7. Therefore R, ® I ~, z Q, ® I. Combining this with 4.17 and the triangle inequality for

~5 gives

Henceforth let @ = {Q,} be the family given by 4.20.
Lemma 4.21 (Completeness of Q).
WQ®Ily) =1 —11¢Y%

Proof. Since each @, is projective,

WRQO I => (Wl(Qu)* @ I|v) ~5cia Y ((Qq - Ay) ® I1)).

a a

By Cauchy—Schwarz,
D WIQ.)? @I <1+2V/C and Y (|(Q, — 4,)* @ I]$) < 12V/C

a

from 4.20. A second Cauchy—Schwarz estimate yields

D WIQ, - Ay) ® I[Y) ~yers > (W](A,)? @ I|).

a a

Combining 4.8 and 4.9 with 4.2 gives

WIQ® I1Y) = Y (Y|4, ® Il) —2¢ — M+ = 1 —11¢M4,

since ¢ < ¢4 under 4.1.

Lemma 4.22 (Completeness of v/Q).

WVQ®Ilp) > 1—12¢Y/4,

(4.8)

(4.9)

Proof. Diagonalize Q = . v;|u;)(u;|. Because @ < (14 2y/Q)I by 4.20, each v; is at most

1+ 2/C. Therefore

1
\/é— 21:\/171|Uz><uz| 2 T+ 2vc 2\/ZQ.
The scalar estimate )
>1—4/C

V14+2/C
gives /@ > (1 —+/{)Q. Hence 4.21 implies

WIVQ®I[Y) > (1—+/¢)(1—11¢H4) > 1 —12¢H/1.

Lemma 4.23 (Q is almost projective).

Q. Q-Q,—Q,) <4V(- 1.

a

30



Proof. Since Q < (14 2/¢)I by 4.20,
ZQ(LQQ(L_ZQ@S (1+2\/Z)ZQaIQa_ZQa
=(1+2/0Q-Q
=2,/(Q

<21+ 2V Q)1
<4\,

using 4.1 in the last step. O

Definition 4.24 (Matrix decomposition of Q). For each a, let

m, = rank(Q,),

and let [v, 1), ..., [v, ) be an orthonormal basis for the range of Q,,, so that
mﬂ,
Qa = Z|Ua,i>< a,i|'
i=1
Let

m = g m,,
a

and let {|a,i)} be an orthonormal basis of C™, indexed by all @ and all 1 <7 < m,. For each q,
define

3

a

ma
X, = Z|a7i><va,i‘7 T, = |a, i)(a, 1],
i=1 ]

S
Il
-

and define .
X = ZXU. = ZZ|a7i><va,i|' (410)
a a =1

Let T ={T,}. Then T is a projective measurement on C™.

Proof. Choose an orthonormal basis of the range of each projector ¢),. The rank-one expansion
gives the displayed decomposition, and the orthogonality of the labelled basis vectors makes the
family T' a projective measurement. O

Definition 4.25 (SVD of X). The paper presents this step by choosing a singular value decom-
position

X=U-%,,.. V.
The formalization has two closely related auxiliary declarations. The reduced datum records
the downstream consequences of the choice: the matrices X and X, the identities X X =Q,
XX =1, and XTX = /Q, together with the Q, = XTT, X restatement. The rectangular-SVD

lemmas take explicit matrices U,V,%, 1, 4 and derive the two stored X identities from the
matrix calculation below.

31



Proof. Apply the finite-dimensional singular value decomposition to X and record exactly the
consequences used later: the identities for XTX, XX, XX, and the restatement of the Q,’s.
The unitary-group constructors are the same rectangular-SVD calculation, with the square fac-
tors taken as elements of the relevant unitary groups rather than as matrices accompanied by
separate unitarity equations. In the sigma-range specialization, the auxiliary row space is the
lifted finite-enumeration carrier associated to the ranks of the @),’s, which is definitionally the
carrier of the canonical sigma-range Q-layer. O

Remark 4.26 (Formalization support for orthogonal projector families). If the family {Q,} were
a projective measurement, then the vectors |v, ,;), over all @ and all 1 < i < m,, would be
orthonormal. Then (4.10) would already be a singular value decomposition of X, with ¥ = I, .
Equivalently,

X=U-1I,.4 -V

This motivates replacing % by I in the definition of X and P.
Definition 4.27 (Definition of P). The paper defines

X=U-1I,. V.
We take X to be the reduced matrix supplied by the stored datum. For each a, define
X,=T7,-X, P,=X}-X,.

Proof. The definition is the formal Q/X /X /P construction: once X is chosen from the stored
singular-value data, each P, is defined as the positive operator XlXa. O

Lemma 4.28. For each a,
X, =7, -X.

Proof. Multiply the definition of X by T, on the left and use that T, selects exactly the basis
vectors |a, i):

T, X = (ila,iﬂa,il) (;iw,jm,ﬂ) = mZ><| = X,

Lemma 4.29 (Q, restated). For each a,
Q, =X -X,=X".T, X=X} X.

Proof. The identity XiXa = @, follows by expanding the basis sums. The remaining equalities
come from 4.28 and the projectivity of T":

X)X, =(Xt-T )T, - X)=X'"-T, - X =X} X.

Lemma 4.30 (X squared).
Xt . X=qQ.
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Proof. Use that T is a measurement and then 4.29:

Xt x=Y"X"T, Xx=)Q,=Q.

The additional paper identities involving U,V , X are the usual SVD computations. The Lean
development also records the spectral calculation which will identify the mixed positive-Gram-
image product with /@Q: the positive eigenvalues give the nonzero columns, while the zero
eigenspace has zero coefficient in the square-root expansion and is killed by X. The conjugate
right-eigenvector rows over the positive spectrum are also orthonormal. Equivalently, any row-
space vector orthogonal to the positive Gram images is killed by XT. O

Lemma 4.31. For each a,
XI]JL«'(X'XT_Ime>2'Xa :Qa'Q'Qa_Qa'
Proof. Expand the square and apply 4.30 and 4.29 term by term:

Xox - Xt X-XNX, = Q.- Q- Qu,

while
XZL(‘X : XT)X(,L = (XZL X)(XT . Xa) =0Qq Qo =Wy

and Xl[mmea = XlXa = (@,. Substituting these identities into
(X-Xt—1,...)°2=X-X"-X-Xt—2X -XT+1 .

gives the claim. O

Lemma 4.32 (P, restated). For each a,

a

—

P,=X"T, X=X} X.
Proof. Since T is projective,

P=X!-X,=Xt-T)T, - X)=X".T,- X =X} - X.

—~

Lemma 4.33 (X squared).
X Xt=1..

Proof. The paper proves this by multiplying out X=U -1,,,.4-VT and using the unitarity of U and
V. In Lean, the dimension hypothesis m < d already gives a rectangular matrix with orthonormal
rows on the sigma auxiliary space; the chosen matrix sigmaFinXHatCoisometry and its specifi-
cation record this existence result as a hypothesis for the future construction. The formal lemma
orthonormal_normalized_image_of_adjoint_comp_eigenvectors records the singular-vector
normalization calculation, while normalized_matrix_image_rows_mul_conjTranspose combines
the corresponding row-coisometry identity, and positive_gram_spectrum_image_rows_transpose_mixed
records the adjoint action XT(A~%/2Xv) = \/2v on the positive spectral part of the Gram oper-
ator. The formal lemma exists_unitaryGroup_with_positive_gram_spectrum_rows records
the next finite-dimensional step: after choosing distinct row positions for the positive spectrum,
these normalized image rows extend to a square unitary group element on the row space. The
companion lemma exists_rectangular_coisometry_extending_orthonormal_rows records the
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analogous rectangular completion for prescribed right rows when the dimension bound permits

it. The formal lemma unitaryGroup_mul_rectangular_coisometry and its right-multiplication

companion rectangular_coisometry_mul_conjTranspose_unitaryGroup record the two unitary-

preservation steps in the paper’s multiplication. The formal lemma rectangularSvd_xHat_coisometry_unitaryGrou
applies these preservation steps to the rectangular-SVD expression. The unconditional positive-

Gram route is exists_xHat_of_sigmaFinRangeEmbedding_positiveGram, which constructs X

from the rank-reduction witness and proves XXt=1 together with the mixed square-root iden-

tity below. O

Lemma 4.34 (X times X).

X-Xt=v-%,,.,- U, Xt.X=,Q.

Proof. The paper obtains this from the SVD formula for X and the definition of X. In Lean,
the unconditional QXP data first proves that X X' is Hermitian and positive. The formal lemma
x_mul_xHat_adjoint_spectral_theorem then applies Mathlib’s spectral theorem for Hermitian
matrices, giving the displayed USXUT form with the Mathlib eigenvector unitary and the diagonal
matrix of real eigenvalues. The auxiliary lemma rectangularSvd_x_mul_xHat_conjTranspose_raw
records the same calculation under explicit rectangular-SVD data, where the middle factor ST :nx d
is the formal square matrix ¥, ,,,. The formal lemma rectangularSvd_xHat_mixed_of_sqrtQ_unitaryGroup
records the second matrix calculation in the form whose square-root target is the operator @ sup-

plied by the QXP construction. The formal lemma rectangularSvd_middle_eq_sqrt_of_square

records the spectral step: a positive middle factor whose square is @) is the positive square root

of Q. The reduced datum then records this mixed-product identity as a primitive consequence,

which is exactly the part needed in 4.36 and 4.38. O

Remark 4.35 (Lean status for the QXP algebra). The Lean declarations linked in Lemmas 4.30,
4.33, and 4.34 expose the corresponding matrix identities as construction theorems. These decla-
rations prove the identities from the Q-layer, the sigma-range realization, and the positive-Gram
spectral construction, with the rectangular-SVD calculation retained as an auxiliary comparison.
Thus the local X /X /P algebra is formalized; the remaining chapter-level work is to compose
this construction with the preceding orthonormalization step from the paper hypotheses.

Lemma 4.36 (Squared difference).

X-X)- (X—-X)t<(Xx-Xxt—1I

me)2'

Proof. The paper diagonalizes the positive operator X. Xt using the SVD notation. The formal
proof avoids storing that SVD explicitly: set ¥ = XXT. The primitive identities imply that ¥
is hermitian, nonnegative, and satisfies Y2 = XXT. Hence (X — X)(X — X)! = (Y — )2, and
positivity of Y gives (Y —I)2 < (Y2 —1)?2 = (XXT —1)2 O

Lemma 4.37 (Projectivity of P). P = {P,} forms a projective sub-measurement.
Proof. For outcomes a, b,
P,-Py=(X'-T, - X)(XT-T,- X)
=X T, L Ty X

=X'.T, - X-1[]]a =b]
:Pa'l[Ha‘:bL
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where the second line uses 4.33, the third uses that T is projective, and the last uses 4.32.
Summing over a shows > P, < I, so P is a projective sub-measurement. The formalization
also records the sharper identity L
> P, =X'X,
a

and the resulting total-domination estimates used later in the monotone-total self-improvement
route. O

Lemma 4.38 (P is close to Q).
Q,®I Rigoc1/4 P,®1.

Proof. The formal proof follows this argument directly from the primitive X, X , and P identities;
the 30¢!/* estimate is derived here rather than stored as part of the reduced datum. The unitary-
group rectangular-SVD lemma combines the same estimate with the positive-square identification
of the middle factor from 4.34; the square unitary factors are again carried as elements of the
relevant unitary groups. The positive-Gram sigma-space lemma also records the coisometry
XXt = T for the original sigma embedding when the projective Q-family is subnormalized;
this is the construction-level hypothesis later used to obtain the QXP-internal fresh-outcome
comparison @ <P An additional source-to-() comparison is still needed for source-

none — none-*

facing residual domination. The quantity to bound is

D WlQ =P ®IY) = QO I[Y) + (WP IY) = > (¥1Q, P, ®IY) = > ($|P,Q, ®I|p),

a a a
(4.11)
using the projectivity of @Q and P. The first term is at most 1 + 21/C by 4.20, and the second is
at most 1 because P is a sub-measurement.
For the last two terms,

S WIQuP @ 1Y) + Y (WUIPQu @ 1) =2 R( I (WIQ P @ IY)).  (412)

a a

By 4.29,
D WIQP, @ I1Y) = > (W|(XE- X - P,) @ I|y).
The main estimate is
S WXL X P @IY) ~pcs Y (WI(XE- X - P,) @ I0). (4.13)

This follows by Cauchy—Schwarz:
> wixl-(x-X)en-(P,e N

is bounded by the square root of

S @Wlxl- (X=X (X =Xt X,) ®Iy),

a

times the square root of Y- (1|(P,)? ® I|¢) < 1. The first factor is at most 4/C by 4.36, 4.31,
and 4.23, so the total error is at most 2¢1/4.
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The right-hand side of 4.13 is real, because

S @lxl-X Py @Iy) = WX X)@Ily) = V/Q® Iy),

a

where the first equality uses 4.28, 4.32, and 4.33 and that T is a measurement, and the second
uses 4.34. Hence 4.22 and 4.13 imply

R D (IQuPy ® Il) ) > 1 14¢H1,

a

Substituting this into 4.12 and then into 4.11 gives

D @lQ, — P @ II9) < (142V/¢) +1—2(1 — 14¢Y/4) = 2/¢ + 28¢1/* < 30¢1/*.

a

O
Finally, 4.20 gives
Aa®I%12\/zQa®I7
and 4.38 gives
Qa®1%3061/4 Pa®1.
The triangle inequality for ~; yields
Aa Q1 Rigact/a Pa ® 1.
O
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Chapter 5

Expansion in the hypercube
graph

5.1 The graph and its spectrum

Definition 5.1 (Rerandomizing one coordinate). For u € [}, an index i € {1,...,m}, and
zel,, let
q’

rerand; (u, z) = u + ze,.

This is the move obtained by rerandomizing the i-th coordinate of u by a uniform additive shift.
In Lean, the same edge distribution is represented as the push-forward of the uniform distribution
on triples (u,?,z) by the map that replaces the i-th coordinate by z; since z is uniform, this is
the same distribution as the additive-shift presentation. The corresponding weight-sum identity
identifies this push-forward distribution with the explicit edge coefficient used in the matrix
proof.

Definition 5.2 (Hypercube graph). The hypercube graph C' = (V, E) has vertex set V = ",
and an edge between u and v whenever they differ in at most one coordinate. A random edge
(u,v) ~ C is sampled by drawing u ~ ", i € {1,...,m}, and = € [, uniformly and then setting
v = rerand, (u, ).

Definition 5.3 (Adjacency matrix and Laplacian). Let M = ¢™. The normalized adjacency
matrix of C is
K = uZ(u,v)wC’|u><’U|’

and the Laplacian is
1
L=—I-K.
M

Lemma 5.4 (Laplacian rewrite). The Laplacian can be written as

L= SE cllu) — ) (Gl — (o).

Proof. The two vertex marginals of a random edge are uniform on F". Expanding the right-hand
side yields (1/M)I — K. O
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Lemma 5.5 (Average of a nontrivial additive character). For 8 €[,

E . orion) {1 if B=0,

0 i pB+#0.
Proof. 1f 3 = 0 the character is constant. If 8 # 0, the map = > Sz permutes [, so the average
is the average of a nontrivial additive character, which vanishes. O

Lemma 5.6 (Orthogonality of finite-field characters). For o, 3 € [,
Los ety 2 I ifa=p,
qm ek 0 ifa+p.
Proof. This is Lemma 3.3 applied to v = 5 — a. O

Lemma 5.7 (Eigenvectors of the hypercube graph). For each o € by, define

1
|50a> — W . Z wtr(u-a)|u>.

u€el
Then the following two statements hold.

1. The |¢,)’s form an orthonormal basis of CV'.

m—|al

2. For each a € T, |p,) is an eigenvector for K with eigenvalue & , where |a| is the

number of nonzero coordinates of «.

Proof. First we prove 1. For o, 8 € F",

1 . 1 ifa=g
— r(u-(B8—a)) )
= E w =
(P | (pﬁ> M Ny {O if « # 8,

by Lemma 5.6. Thus the |¢,) form an orthonormal basis of CV.
Next we prove 2. For a € F",

K 10) = (Euuclud () - (Ml/ > w“<u-a>|u>)

uel g

(5.1)
1

— tr(v-a
Az [E(u,v)wcw ( )|U>-
By the edge-sampling rule from Definition 5.2, we may write v = u + xe;, where ¢ is uniformly
random in {1,...,m} and x is uniformly random in F,. Therefore
(5.1) = = F, , jurrtredallyy = (E, won). L E gy = L (F, wtreen). o)
: - M1/2 u,i,zw u) = iaxw M1/2 uW u) = M i,:rw Pal-
Hence |¢,,) is an eigenvector of K with eigenvalue
1 1 1 m—|qf
— . E[Ewtrea)] = — . FE.1 =0l = — .
M (] [ a:w ] M (] [ H] a’L ]] M m ’
by Lemma 5.5. O
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Lemma 5.8 (Spectral gap of the Laplacian). If \; < Ay < - < A are the eigenvalues of L,

q
then
A =0 Ay = b
11— 2 — mqm :
Proof. Lemma 5.7 identifies the two largest eigenvalues of K, hence the two smallest eigenvalues
of L=(1/¢™I—-K. O

5.2 Local and global variance

Definition 5.9 (Local and global variance). Let |¢)) € H, @ Hy and let 0 < A* < I be an
operator for each u € 7. The local variance is

1
Varlocal(A7 ¢) - i[E(u,v)NC <w|(Au - AU>2 ® I|¢>7
and the global variance is
1
2
Lemma 5.10 (Local variance as a Laplacian form). Define
Acomb = Z |u> ®Au®I

u€ek

Varglobal(Av 1/’) [Eu,vwafI” <1/}‘(Au - Av)2 ® I|¢>

Then
Tr(AIomb (L ® |w> <w|)Acomb) = Varlocal(‘A7 w)

Proof. For u,v € F",

((Gul = (@) @ @) - Acomp = (ul = @) @ @) - D W)@ AT
web (5.2)
= (Y- (A" = A") @ I).

Therefore

Aiomb(L ® |w> <¢|)Acomb =

by Lemma 5.4, and hence

S Al (1) — [0))({ul = (o) @ [4) 04 Aoy,

AL ® 90 Aoy = 3Eecl(A* — A7) @ D) (H((A" — A" @ 1)

by (5.2). Taking the trace gives

1
Tr(Aiomb (L ® |1/1> <w|)Acomb) = E[E(u,v)wc<w|(Au - "40)2 ® IW}> = Varlocal(A7 ¢)

Lemma 5.11 (Global variance as the orthogonal Fourier mass). Write
Acomb = ‘(P0> ® AO + |(PJ_> ® AJ_a
where | ) s orthogonal to |¢y). Then

qim Tr(({pi | ©@ AN @ [) (WD) ® A1) = Varggp. (4, ).
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Proof. We first compute

49 = (pol @ )+ Acom, = (Ml/ 2@) @1 (ZU>®A“®I> = Y Ael

ue[F{I" uE[FZI” ue[F;”

Writing 4,,, = E,A", it follows that

|§00> ®AO = Z |u> ®Aavg®la |90J_> ®AJ_ = Z |u> Y (Au _Aavg) ®I

uelk g uelb g
Hence
1
77 Tl @ ANT @ [} (W) (|p1) ® AL)) = Eynpp (VI(A" = Aay)* @ I[)). (5.3)
Moreover,

1
[Euw[FZ”(Au - Aavg)2 = [EUN[F{]” ((Au)2 - (Aavg>2) = i[u,vw[ﬁln (Au - AU>2‘

Substituting this identity into (5.3) yields

1 1
i Tr(({p | @A NI V)W) (e ) ®A))) = Q[u,vw;ﬂ (P|(A* — A")? Q@ I|y) = var, . (4, 9).
O
Lemma 5.12 (Local-to-global inequality). For every family {A"},
Var,,,.1(A,¥) <mVary,, (4,1).
Proof.

Al (L ® [9) (W) Acomp, = (0] ® Ag + (01| ® A (L ® [¥) (1)) (o) ® Ag + | ) @A)
=({pLl @ADL V)W) (le) ®AL) (5.4)
= (pu|Llp) - AL[P){W|A,.

The second step uses that |p,) is a 0-eigenvector of L. Since |¢ ) is orthogonal to |¢,), Lemma 5.8
gives

1
(e |Llp,) > I (o1 1@l

Therefore

Var, .. (4,9) = Tr<AZomb(L ® () (Y]) Acompb) = (@ Llwy) - Tr(A |[{)(¥]A))

by Lemma 5.10 and (5.4), so

Varige(4,1) = - Te((,] © A ® )W) (101) © AL)) = - Var g (4,4),

where the last step is Lemma 5.11. Rearranging gives the claim. O
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Chapter 6

Global variance of the points
measurements

Throughout this chapter, (¢, A, B, L) is an (g, ¢, 7)-good symmetric strategy for the (m, ¢, d) low
individual degree test.

Lemma 6.1 (Replacing a line answer by a fixed polynomial). Let G € PolySub(m,q,d). On
the axis-parallel line-test distribution,

v 1/2 o ¥4 1/2
Bl =gty @ (G ®masq By, @ (Gy)'2.

Proof. Expand the ~,,,/,, norm on the weighted vector (I ® (Gg)l/z)\w. Because B’ is a pro-
jective measurement, only those line polynomials f with f # g|, and f(u) = g(u) contribute.
Lemma 3.9 is the univariate Schwartz—Zippel wrapper used in Lean for this line-restriction event;
it supplies the paper’s md/q loss, and the remaining operator sum is bounded by the fact that
G is a submeasurement. O

Remark 6.2 (Conditional variants for the collision-residual estimate). The paper proof of Lemma 6.1
bounds the collision event directly by the Schwartz—Zippel estimate. The following conditional
variants instead assume this collision estimate, or one of the reindexing identities that implies
it, as an explicit hypothesis. These conditional statements make explicit the intermediate esti-
mates still needed for this route; they are not additional hypotheses in the paper statement of
Lemma 6.1.

Lemma 6.3 (Local variance of the points measurements). Let G € PolySub(m,q,d). On the
hypercube edge distribution (u,v) ~ C,

Ay ® (Go)V2 iy (g may Ay, ® (G2, (6.1)

Proof. Fix g and keep the weight (G g)l/ 2 on the second tensor factor throughout. On the vector
(I® (Gg)1/2)|1/1> one has the six-step chain

A’U.

g(u

1/2 o 1/2 Au ~ ¥/ 1/2 Y 1/2 o ¥
1®(G )2 295 I®(Gy) 2 Ay ) ~ae By g(u)®(Go)'? Ry By, ®(Go)? Rinasg By g

The first, second, fifth, and sixth comparisons use Lemma 3.21 together with Theorem 3.25 and
the good-strategy hypotheses, and the middle pair is Lemma 6.1. Lemma 3.27 sums these six
weighted transports. O
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Lemma 6.4 (Equivalent local-variance bound). The local-variance bound for the point measure-

ments s i
m
> Eolvl(A — A O G) <24 (s 45+ 7). (02

gEP(m,q,d)

Proof. This is the squared-norm expansion of Lemma 6.3 after summing over the polynomial out-
come g. The Lean proof expands the weighted operator difference, telescopes the six transports
in the local variance proof, sums the resulting bounds over g, and absorbs the transport-chain
error into 24 (5 +0+ de). O

Remark 6.5 (Polynomial-sum formalization for 6.2). The three referenced declarations and Lemma 6.4
together provide the full polynomial-sum (cardinality-free) chain proving the equation. The
chain assembly lemma localVarianceDeviation_sum_le_localVarianceOfPointsError tele-
scopes the six operator differences via ev_sum_conjTranspose_mul_sum_le, sums over g, and
applies the six individual _sum bounds (including the reverse generalizeB sum) to avoid the
per-polynomial cardinality blow-up.

Lemma 6.6 (Global variance of the points measurements). Let G € PolySub(m, q,d). On the
uniform distribution over independent u,v € 7,

Ay ® (Gg)1/2 Rogtm(erorma) Ab, ® (Gg)l/Q, 6.3)

Proof. We want to bound

Euorp 2, (A% =A%) @ (G2 =y Y (WI(AY, — AV, 2 ® G ld).
geP(m,q,d) gEP(m,q,d)
(6.4)
For each g € P(m,q,d), define
Al =A%y g = (18 (G)V2)[¥).
Then
(64) = Z [Eu,vw[Fg” <q/}g‘(A(g)“ - A(g)v>2 ® I|¢g> = Z 2 Varglobal(A(g)v 1/{(])

geP(m,q,d) geP(m,q,d)

Applying Lemma 5.12 gives

(64) < Z 2m Varloca1<A(g)a wq) =m:- Z [E(um)NC <¢|(Ag(u) - "4;(1)))2 ® GqW)
geP(m,q,d) geP(m,q,d)

The last quantity is at most m - 24 <5 +46+ de> by Lemma 6.4, which is exactly 6.3. O
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Chapter 7

Self-improvement

Throughout this chapter, (¢, A, B, L) is an (g, ¢, y)-good symmetric strategy for the (m, ¢, d) low
individual degree test.

7.1 Non-projective Output

A large part of this chapter is devoted to proving Lemma 7.1, which is a slightly weaker form of the
projective self-improvement theorem proved in Section 7.2. The key difference is that the output
family H is only required to be a submeasurement, rather than a projective submeasurement.
Once this non-projective statement is available, Theorem 4.4 upgrades H to a projective family
without losing control of the four quantitative conclusions.

Compared with the projective theorem, the helper lemma records strong self-consistency
using the explicit inequality from Definition 3.34, keeps the boundedness conclusion in terms of
an auxiliary operator Z, and produces a much smaller error parameter.

Lemma 7.1 (Self-improvement with non-projective output). Let G € PolyMeas(m, q,d) be a
measurement with the following property:

1. (Consistency with A): On average over u ~ i,

Aa® 12, I® Glguy=al;

Let
¢ =100m- (12 4 6Y2 4 (d/q)/2).

Then there exists H € PolySub(m, ¢, d) with the following properties:
1. (Completeness): If H =), Hy, then
(WHIY) > (1—-v)=(
2. (Consistency with A): On average over u ~ ",
A ® 1> 1QHpy)—q)

3. (Strong self-consistency):
Y (WIH, ® Hylv) = ($|H @ Il) — ¢

h
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4. (Boundedness): There exists a positive-semidefinite matriz Z such that

<¢|Z ® I|¢> - IEM Z<’¢)|Ag ® H[h(u):a] W) < C
and for each h € P(m,q,d),
72 (EuAi)) -

Proof. Let T' = {T,} and Z be the optimal solutions to the SDPs (7.23) and (7.24) given by
Lemma 7.8. Then T is a measurement, and

VgeP(m,q,d):  Z>(E,AY,), (7.1)
T,-Z=T,-(E,A%,). (7.2)
For each u € [y, define H" = {H}'}cp(im,q.0) DY
Hy = AZ(u) -1, - AZ(W

and let
H, :=F,Hp}

The pointwise family H" is a submeasurement because
Sorp=3Ar( Y T Avs YA =1,
h a h:h(u)=a a
where the inequality uses that 7" is a measurement and the last identity uses that A is projective.

Averaging over u gives
SH =Y H s
h h

so H is also a submeasurement and therefore lies in PolySub(m, ¢, d).

Set )
Cvariance = 24m - (E + 1) + mT) .

Lemma 7.9 below is the technical transfer from the averaged family H back to the sandwiched
operators AZ(u)ThAZ(u)' We use it in the completeness, consistency, strong self-consistency, and
boundedness estimates that follow.

We now verify the four conclusions of Lemma 7.1.

Proof of 1. The completeness of H is

> WIH, @ I1g) = E, > (Y|HE @ I|y)
h h

=, Y WI(AY,) Ty Al ® 1), (7.3)
h

Grouping the polynomials according to their value at u gives

B, D (1A T Af) ® I10) = £, (W[(AL - Tipuyma - AL TI9).  (T:4)
h a
We first move the leftmost copy of A% across the bipartition:

(7.4) =y 5 E, Z<¢|(T[h(u>:a] AY) ® Adlh). (7.5)
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The difference is bounded by Cauchy—Schwarz as in (7.33); the first factor is at most V26 by

self-consistency of A, and the second is at most 1 because Tjj,)—o) < 1. We next remove the
remaining copy of AY on Bob’s side:
(75) %5 £ 20 T~ A2) © 1) (76)

The first Cauchy—Schwarz factor is at most 1 because the fiber operators form a submeasurement
after grouping 7' by the value of h(u). Here the second Cauchy—Schwarz factor is

E, D (¥]4s ® Aply),
a#b
which is at most ¢ because A is self-consistent and projective. Reindexing by h and using (7.2),
(7.6) = > (WUTy, - E, Ay, @II) = > (W[(Ty, - Z2) @ I|v) = (¥ Z @ I|4h).
h h

Thus
> WIH, ® 1Y) > ($1Z ® I1h) — 3V6. (7.7)

h

Since G is a measurement, (7.1) and Lemma 3.18 give

WZIY) > E waw w—all) = 1.

Therefore the completeness is at least 1 — v — 3+/3, which is bounded below by (1 — ) —¢.
Proof of 2. The inconsistency of H with A is

E, Y (WAL ® Hyyyoylt) =E, > ($|AL @ H,[¢). (7.8)
a#b a,h:h(u)#a

The theorem-side off-diagonal selection used for this ‘add-in-u‘ application is , and the corre-
sponding left /right scalar quantities are and . The selected scalar chain for this specialization

is recorded by . Apply Lemma 7.9 with O = F , M = A, and S,, = {(a, h) : h(u) # a}.
Then
(7:8) ®aytmmes B Z WA - Az i) O Tilv)
a,h:h(u

and the right-hand side is 0 because A is projective. Hence

2 Z WAU ® H W) < 4 gvariance' (79)
a#b

Since

4\/ Cvariance = 4\/24m . (E + ) + %d) < 20m - (51/2 + (51/2 + (d/q)1/2) < <7

this proves 2.
Proof of 3. From the definition of H}* and the projectivity of A,

Hyp = ATy A = A HE AR (7.10)

Apy - Hyr - Ay = Hh, A (A -A}j(u)) <1[h(u) = A’ (u)]. (7.11)
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The strong self-consistency expression is

S @WH,@H¢)=E, > (WH® H,l). (7.12)

heP(m,q,d) heP(m,q,d)

Apply Lemma 7.9 with O = P(m,q,d), M = H, and S, = {(h,h) : h € P(m,q,d)}. This gives

(712) my e, Y (B4}, - Hi - Ay @ Ty l0). (7.13)

hE.’P (m,q,d)
We next enlarge the sum from h’ = h to all pairs h, h':

(7.13) =, emt By D WI(AR ) - HY - AL) ® TylY). (7.14)

h,h’€P(m,q,d)

Cvariance

The added off-diagonal contribution is
(7.14) = (7.13) = E, Y (Wl( A - Hir - Atl) © Tyl0)
h#h
=, > (Wl(Ap) - T - Apy) @ Thle) - 1[h(u) = b (w)], (7.15)

h#h'

where the second equality is (7.11). To estimate (7.15), first replace the left copy of Ay, by

AZ(’U :

(715) ~ e Eyy D (Gl(Af ) - T - Afy) ® T [0) - L[a(u) = I (w)]. (7.16)

h#h'

The corresponding Cauchy—Schwarz bound is

h#h'

Euw O (WAL = Apy) - T - (A — Ab)) © Ty l¥)

h#R

Eyo S0 (A - T - AL ) @ Tyl) - L[h(u) = B (w)]. (7.17)

h#h!

The first factor is bounded by /C,ariance Vid Lemma 6.6, and the second by 1 because T and H"
are submeasurements.
Repeating the same argument for the remaining copy of A yields

(7.16) ~ e Buw D WI(AG ) - T - A5 ) @ Tl9) - 1h(w) = b (u)]. (7.18)

h#R

The same intermediate estimate gives

oo @A, - T - Ay ® Tyl <1, (7.19)

h#h!

so Schwartz—Zippel bounds the indicator average by md/q and proves (7.14).
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Using (7.11), the right-hand side of (7.14) is

Eoo > (WI(HY AL ® Tyl (7.20)

h,h'€P(m,q,d)

Replace the remaining copy of AZ(u) by AZ(U):

(720) ~ ey, D (WI(HY - A ,) ©Tyl0). (7.21)

h,h/€P(m,q,d)

Here the first Cauchy—Schwarz factor is at most 1 because T' and H* are submeasurements, and
the second is again bounded by Lemma 6.6. Finally move this last copy of A” ) to Bob’s side:

(120) mg By Y (WU ® (T, - A7) 0). (7.22)
h,h’€P(m,q,d)

Substituting (7.2), then (7.1), and finally the already proved bound (7.9), one obtains

(722) > Z<w|Hh ® I|¢> —4 V Cvariance'
h
Combining (7.13), (7.14), (7.21), and (7.22) gives

Z<¢|Hh ® Hh|w> > Z<w|Hh ® I|¢> —11 V Cvariance - ﬁ_ -
h h

The Lean formalization records this step as named internal bounds, starting with the structure
and the exact residual-side expansion and then uses the proved lemma together with
to recover the final helper-stage self-consistency conclusion. The theorem-level derivation is
therefore not moved into an additional hypothesis. The paper’s arithmetic shows that the right-
hand error is at most

5Tm - (/2 4612 + (d/q)2) < ¢,

which proves 3.
Proof of 4. The helper-stage boundedness quantity is

Wz lIy) -k, Z<¢|A3 ® Hip(u)=q) [¥)-
The reindexing of the sum by h is the algebraic identity
Z AY ® H, Z Ay ® Hy,
whose averaged scalar form reads

[Eu Z<'I/J| AZ ® H[h(u):a] |1/1> = [Eu Z<w| AZ(TU ® Hh |1/)>
a h

Using > Ay = I, the pointwise difference between the right-placed total /@ H.total =}, I®H),
and the helper-agreement operator at u reindexes as the off-diagonal sum

zh:f@’Hh—ZAZ@HWu) =) D Ai®H,
a

b ath(u)
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whose averaged scalar form reads

S WIT@H, ) —E, Y (AL ® Hyg) 1) =E, Y Y (0| AL @ Hy, [¢).

h h a#h(u)

Combined with (7.9) this gives

(W1Z @ TI) —E, Y (AL ® Hip(yy—g|¥) < (W12 @ T[Y)) — D (1T ® Hylt)) + 4v/Caviance-
a h

By (7.7), the right-hand side is at most 3v/8 +41/C, . iance- Substituting the definition of ¢,
and collecting terms gives

ariance

23m - (51/2 + 812 4 (d/q)l/g) <.
Together with (7.1), this proves 4. O

Remark 7.2 (Slackness-carrying self-improvement helper). The formalization records a strength-
ened helper theorem whose output carries the complementary-slackness equations used in the
completeness chain. The previous top-level residual-domination assembly theorems have been
removed: the full self-improvement conclusion is now stated only by the paper theorem below. Its
proof follows the paper’s expectation-level total-difference transport route; issue #1642 records
why the sharper generic operator-total strengthening is not supplied by the present route.

7.1.1 A Semidefinite Program

Lemma 7.3 (Uniform SDP feasible witness). The uniform primal family T, = (2|P(m, q,d)|)"'1
has total mass (1/2)I, and the dual operator Z = 2I is positive semidefinite and dominates the
identity.

Proof. This is the elementary Slater-type feasible witness recorded in the basic self-improvement
definitions. O

Lemma 7.4 (Explicit matrix feasible bounds). In every concrete matriz realization, the uniform
Jamily T, = (2|P(m,q,d)|) "' has total mass (1/2)I. The dual operator Z = 2I dominates the
identity and satisfies Z — Ay > I, hence Z > A, for every polynomial g. In the canonical block
SDP, the corresponding block matriz is feasible, its slack block is (1/2)I, and the canonical dual
slack for the same dual witness also dominates the block identity. More generally, dual feasibility
implies positivity of Z, since the averaged point operators A, are positive semidefinite.

Proof. The formal proof is the matrix specialization of the uniform SDP witness recorded in the
basic definitions. The inequality A, < I follows by averaging the point-measurement effects and
using the submeasurement bound at each point. O

Lemma 7.5 (Matrix slackness output). From a matriz-level strong-duality witness with com-
plementary slackness of the shape asserted by Lemma 7.8, one obtains a complete measurement
{Tg}, a feasible dual operator Z, equality of the primal and dual objectives, and the equations
T,Z = T,A, for all g. Lean isolates the saturated canonical optimal-pair output required from
strong duality: a feasible canonical primal matriz, a dual-feasible operator with equal objective
value, canonical complementary slackness, and vanishing of the extra canonical slack block. This
datum gives the matriz-level slackness-carrying SDP statement, whose witness is already a com-
plete matriz measurement, and is then transported to the abstract Section 9 statement without
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assuming I < Z. The displayed measurement witness is read directly from that abstract state-
ment. The canonical saturation datum is now the only matriz-level input used to pass from strong
duality to the abstract SDP statement. The paper-facing self-improvement helper consumes the
resulting abstract SDP statement.

Proof. The identity Zg T, = I turns the optimal primal submeasurement into a measurement;
Lean performs this completion before storing the matrix and abstract slackness statements.
The zero-defect form 7,(Z — A;) = 0 is equivalent, by distributivity, to the displayed equation
1,72 =T,A,. O

Remark 7.6 (Removed residual-dominating construction theorems). Earlier Lean versions ex-
posed top-level conditional construction theorems that combined the matrix slackness output
with residual-dominating orthonormalization and QXP-repair inputs. These declarations have
been removed. The matrix slackness material is retained only up to the slackness-carrying
helper output, and the full projective-output conclusion is represented by the paper theorem
MIPStarRE.LDT.SelfImprovement.selfImprovement.

Remark 7.7 (Removed reduced SDP interface). Earlier Lean versions also contained a reduced
theorem sdp proving only the measurement-total and dual-feasibility fragment used before strong
duality was supplied, as well as dominance-carrying declarations with the auxiliary condition
I < Z. These declarations have been removed, and they are not advertised as formaliza-
tions of Lemma 7.8. The active Lean route for Lemma 7.8 is the slackness-carrying statement
sdp_statement_with_slackness.

Lemma 7.8 (Dual SDP and complementary slackness). Let
Ag = Bunrp Ay
Then the primal is
sup Z Tr(T, - Ay) (7.23)

g
st. T, >0 Vg € P(m,q,d),

T, <1,
g9

and the dual is

inf Tr(Z) (7.24)
s.t. ZzAg. (7.25)

These semidefinite programs are dual to each other. Moreover there is an optimal pair of solutions
{T,} to (7.23) and Z to (7.24) such that Zg T,=1 and

TgZ = TgAg7 \V/g e T<m7q7d) (726)

Proof. Rewrite (7.23) in canonical block form. Let 7 be the dimension of the space on which A
acts, let M = |P(m,q,d)|, and fix an ordering gy, ..., g5, of the polynomials. Consider

sup  Tr(CTX) (7.27)
st. Te(DLX)=b;  Vije{l,..r,
X >0,
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where

and, for 4,5 € {1,...,7},

b :%1|k><kl®\i><j| o1 ifi=j
(¥} k=1 ) 1] 0 Otherwise.

Writing X = Z%S

Zj\il X;; < I, and the objective is

M+1

[i)(jl ® X;;, the constraints say precisely that > .~ = I, hence

i

M
Tr(C1X) =) Tr(4, - X;).
=1

Thus (7.27) is equivalent to (7.23) under the identification T, = X;.
The canonical dual is

inf Z ER (7.28)
Z 2;Di; > (7.29)

Since
T M+1 M+1
" 2Dy = Z|k k@(Z 2550 ) Z|k Yk ® Z,
i,j=1 ij=1

the constraint (7.29) is exactly Z > A/ for every i, and the objective is Tr(Z). In Lean, the
latter statement is recorded as the trace pairing 1dent1ty

RTr(D(Z)X) = RTr(2)

for every feasible canonical primal matrix X, where D(Z) denotes the block-diagonal canonical
dual operator. Consequently the canonical primal-dual gap is the real trace pairing of X with
the canonical dual slack D(Z) — C. Since the real trace pairing of positive semidefinite operators
is nonnegative, Lean also records the resulting weak-duality inequality for any feasible canonical
primal and dual pair. Hence (7.28) is equivalent to (7.24).

Slater’s condition holds because

1

are strictly feasible for the primal and dual respectively. Therefore strong duality holds. For an
optimal pair (X, (2,;)) in canonical form, complementary slackness gives

X(ZJ: 2Dy = C) = 0. (7.30)

We may assume that X is block diagonal. Translating (7.30) back to the variables {T,} and Z
yields T,(Z — A;) = 0 for every g and SZ = 0, where § = I — Zg T, is the slack block.

The paper then treats this as forcing S = 0. The Lean development records this saturation as
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part of the canonical optimal-pair datum for the block SDP. The canonical calculation still uses
the auxiliary expression matrixSdpComplementarySlacknessDefect to read off the polynomial
blocks of (7.30). The matrix optimal-witness interface, however, stores the displayed equation
1,7 = T,A, directly; MatrixSdpOptimalWitness.primalMeasurement expresses Zg T, =1
as a complete measurement. The statement MatrixSdpStatementWithSlackness records this
matrix-level strong-duality output and the abstract theorem sdp_statement_with_slackness
specializes it to the paper’s self-improvement setting. The explicit Slater witnesses used above
are isolated in Lemma 7.4 and separately recorded by matrixSdpStrictPrimalSubmeasurement,
matrixSdpStrictDualWitness, and matrixSdpFeasibleBounds_canonical; the dual feasibility
of 21 follows from matrixAveragedPointOperator_le_one. The block-diagonal reduction is
also recorded for arbitrary feasible canonical matrices: extracting the diagonal blocks preserves
the objective and transfers canonical complementary slackness to the extracted paper primal
submeasurement. O

Lemma 7.9 (Averaging over the evaluation point). Let T = {T),} be an optimal solution of the
primal SDP, let

and set

d
Cvariance = 24m - <€ ++ m7>
q

Suppose M = {M}'} is a submeasurement with outcomes in some set 0. For each u € [}, let
S, be a subset of O x P(m,q,d). Then

B, Y (WIMY@H, W) ~y e By Y (W(Apy, - My - A ) @ Thld).

(o,h)esS, (o,h)eS,

The reduced variance-bound specialization keeps only the variance-bound consequence used
later in the helper theorem; it is not itself the full formal counterpart of Lemma 7.9.

Proof. We begin by expanding
E, Y WIMy@H ) =E,, > (@M eHY)

(0,h)€S,, (0,h)ES,,
=B Z (Y| Mg ® (AZ(U) Ty 'AZ(U)>|1/)>- (7.31)
(0,h)€S,,
We claim that
(731) f’\v"\/% [Eu,v Z <’(/)|<A;jz(v) ’ M(?) ® (Th ' A}Z(v))'¢> (732)
(0,h)ES,,

To show this, we bound the magnitude of the difference:

[Eu,v Z <17ZJ|<A;)L<1}) @I-I® AZ(?))) ’ (Mg ® (Th : A;}L(U)))|1/}>’
(o,h)ES,,

< JRuw Z WAy, @I —1® A} ,)) (My®T,) - (A, ®I—1® A} )W)
(o,h)eS,,

’ [Eu,v Z <1/’|Mg ® (AZ@) T, - AZ(U)>|1/’>- (7-33)
(0,h)ES,,
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The first factor is controlled by summing over the value a = h(v):

[Eu,vZ<w|(AZ®I—I®AZ>-( > MieT,) (Arel-Is AW

a€l, (o,h)eS,,, h(v)=a
2
a€l,

where the inequality uses that M™ and T are submeasurements. By Lemma 3.21 and the self-
consistency of A, this is at most 26. The second factor is

E., > M H[W),
(o,h)ES,

which is at most 1 because M* and H" are submeasurements.
Next, we claim that

(7.32) mygs By Y, (W1(Ap gy, - MY Ay ) ® Tyld). (7.34)
(o,h)ES,,

Again, we bound the magnitude of the difference:

Fuw 2 (0l((A7, - MY ®T,) - (A7, ® 118 Ay, )|v)|

s

(o,h)€S,
< JEuw Z (WI(Ay ) - My - Ay ) @ Ty l) (7.35)
(o,h)ES,,
S WA, & T 1@ A7) (MF®T,) - (A7, @11 Ay, )l¥).
(o,h)eS,

The first factor is bounded by

Fuo (0147, - Ay @ T, 1)

h o(o h)ES

<Eyy D (WI(AL )2 @ Ty lw) <, Y (U1 @ T,l¢) <
h

h

using first that M is a submeasurement, then that AZ(U) < I, and finally that T is a submea-
surement (Eg T, < I). The second factor is exactly the same expression as in (7.33), hence at

most \/% .

Having moved both copies of A to the left-hand side, we next show that
(730 ~ e——F,, > (¥I(Ay, A3 ) ® Tyleh). (7.36)

(o,h)ES,,

The difference is bounded by

Fuw D (WI((Ay ) — Ap) - Mg - A3 ,) © ThW)’

(o,h)ES,,

< \/[Eu,v > (WI((Ah ) — Ahy) - MY - (A7) — Aj) @ Thle)
(

o,h)es,

\/E S WI(AY, My A, @ Tl (7.87)
(

o,h)eS,
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The first factor can be rewritten as

[Eu,v (W <<AZ(1,) - AZ(u)) ’ Z Mg - (AZ(U) - AZ(@)) ® Ty, [v¥)
h o:(0,h)ES,,

< [EuﬂJ <QM<AZ(U) - AZ(u))2 ® Th|w>7
h

because M™ is a submeasurement. Lemma 6.6 bounds this by (., iance Siice T' € PolySub(m, ¢, d).
The second factor is exactly the first factor from (7.35), so it is at most 1.

Finally, we show that

(736) ~ o Euy D (Wl(Af,) - M- A ) @ Ty, (7.38)

(0,h)ES,

The same Cauchy—Schwarz estimate as in (7.37), with the final copy of AZM replaced by AZ(u)’

gives the same bound \/C,ajance- Indeed, the factor containing Ay - My - Ay, is bounded by 1

by the same submeasurement argument as above, while the factor containing (AZ< 0~ A}t( u>)2 is
unchanged. Summing the four transports gives an error of 2v/26 + 21/Cyariance; and the lemma
follows from 26 < (,ariance- O

7.2 Projective Output

This final step applies orthonormalization to the non-projective family produced by Lemma 7.1.
The bookkeeping here is entirely about showing that completeness, consistency, self-consistency,
and boundedness survive the passage from H to a projective submeasurement H.

Remark 7.10 (Auxiliary self-improvement lemmas). Several auxiliary results are used to prove
Theorem 7.11 from the helper output and the orthonormalization theorem. They record local
intermediate estimates and final-field assembly lemmas. The former orthonormalization spectral-
transport record has been retired; the spectral-truncation part of the construction is now repre-
sented directly by spectralTruncationStatement_of_sourceAlmostProjective. This result is
not a locality-preserving repair theorem. The theorem below records the paper-facing conclusion.
Its proof follows the expectation-level completeness argument from the paper; the obstruction to
a generic operator-total strengthening is recorded in issue #1642.

Theorem 7.11 (Self-improvement). Let G € PolyMeas(m,q,d) be a measurement with the
following properties:

1. (Consistency with A): On average over u ~ F7",
AL QT =, T® Glyyy_a-
Let
¢ = 3000m - <51/32 4 61/32 ¢ (d/q)1/32).

Then there exists a projective submeasurement H € PolySub(m, q, d) with the following properties:

1. (Completeness): If H =", H, then

(WH® ) = (1—v)—C(
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2. (Consistency with A): On average over u ~ F,

A @1 = 1 ® Hpu)=a)-

3. (Strong self-consistency):

4. (Boundedness): There exists a positive-semidefinite matriz Z such that

WlZ2@ (I —H)lp) <

and for each h € P(m,q,d),
Zz (B ,)

Proof. The bound is trivial if one of €, §, or d/q is at least 1, so assume all three are at most 1.
In Lean, the third assumption is recorded as d < ¢, which is equivalent to d/q < 1 since ¢ > 0.

Apply Lemma 7.1 to G and let He PolySub(m, ¢, d) be the output, with

¢ = 100m - (51/2 + Y2 4 (d/q)l/Q).

By 3 of Lemma 7.1, L N R
> _(WlH, ® Hy|v) > (W[ H @ I|$) — .

h

Therefore Theorem 4.4 supplies a projective submeasurement H € PolySub(m, ¢, d) such that

H @I~ H,®I, (7.39)

Cortho

where . -
Cortho = 10041/4

In addition, Lemma 3.39 implies that

Hipu)—a) ® I ~¢ Hipuy—a) ® 1, (7.40)

Caataprocess
where
Cdataprocess = 8< +38 Cortho'

The four conclusions are transferred one by one.
Proof of 1. Lemma 3.38 implies

WH @ I1p) > (W H & I11) — € — 21/ Corno = (1 — ) — 2¢ — 24/ Corenos

where the second inequality is 1 of Lemma 7.1.
Proof of 2. Lemma 3.20 applied to 2 of Lemma 7.1 and the post-processed comparison (7.40)

gives
AZ ® I 264’\/ 5dataprocesﬁ I ® H[h(u>:a] '

In Lean the corresponding transport is stated for submeasurements with the total-overlap dis-
placement recorded explicitly; this is the term which vanishes in the measurement-valued form
of Lemma 3.20. The monotone-total route records a sufficient structural replacement: if the
orthonormalization repair preserves the completed residual outcome, then the projective total
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is bounded by the helper total as an operator, hence also has no larger right-register expecta-
tion in the strategy state. Under this structural hypothesis the alphabet-size displacement term
is not introduced. The QXP-layer interface used by the formalization records both the total
domination of the canonical projective family and the sharper residual comparison for the fresh
option-completion outcome. At present the formal QXP algebra only isolates the construction-
level statement Q,one < Poones Obtained when the repair preserves the fresh row block X, . =
X The former generic “RestrictSome” monotone-total route would have required one to
turn this into the source-facing inequality A . < I‘l, by adding a comparison between the com-
pleted source residual and the “Q”-layer fresh outcome. The present formal development no
longer uses that generic route, and the comparison is false without additional hypotheses; see
docs/reports/issue-1642-restrictsome-residual-domination-obstruction.md.

At = I and postprocessing does not change the total operator, Lean also records the equivalent
form in which this displacement is the single scalar difference

’WJ»I ® Htotw> - <1/}7-[ ® ‘/H\totql)>’

none-*

between the right-register totals of H and H. The outcomewise data-processing bound controls
this scalar by applying the vector triangle inequality to the sum over a € F; the formal estimate

gives the additional term
\/ q Cdataprocess'

Thus the total-overlap term is no longer an independent hypothesis, although the numerical
absorption of this alphabet-size loss is recorded separately. There is also a sharper formal route:
if the right-register total of the projective family has no larger expectation than that of H,
then the total-overlap term can only improve the consistency defect. Under this monotonicity
hypothesis the transported error is again -+ Edataprocess, and the standard final-stage numerical

estimate absorbs it into (.
Proof of 3. Lemma 3.36 implies

H\h®]’%2€[®ﬁh'

Combining this with (7.39) on both sides and summing the three transports with Lemma 3.27
yields

60+6Cortno
Proof of 4. The boundedness quantity is
(W2 @ (I —H)l)
= (VI1Z @ I[9) — D (417 ® Hy )

h
< @IZRIY) — > (PIE, AL, ® Hylth)
h
= (QZ@I1Y) —E, > (V|4 ® Hylv)
h
= (QZ@I1Y) —E, > ($]AY ® Hpyyyo)|¥)- (7.41)

Proposition 3.24 upgrades (7.40) to the scalar estimate

(741) < <w|Z ® I‘w> - [Eu Z(zﬂAZ’ ® ﬁ[h(u):a]|w> + \V Edataprocesy
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and now 4 of Lemma 7.1 bounds this by ¢ + \/6datapmcess. The formal boundedness field is the

corresponding operator-monotonicity step: once the SDP dual witness satisfies I < Z, the total
mass of any left-placed submeasurement, and in particular of the final projective submeasure-
ment, is bounded by Z ® I with zero boundedness error.

Thus the four conclusions hold with errors

ZC +2 Cortho’ C + \V Cdataprocesw 6< + 6C0rtho’ C + \V Cdataprocesw

respectively. The paper’s exponent bookkeeping then shows the following bounds. The formal
bookkeeping uses the three-term power sum e + 6? + (d/q)?, its monotonicity on the unit in-
terval, and the corresponding square-root estimate. The displayed Lean theorems record these
arithmetic identities together with the completeness, self-closeness, and projective-residual ab-

sorptions 25 +2 Eortho < ¢, 66 + 6€0rtho < ¢ and f—i— \/édatapmcess < (. The two threshold
lemmas involving |[Fq| record the scalar part of the alphabet-size obstruction in the current final-
fields point-consistency transport: the data-processing threshold contains 85 , but the transported

estimate still carries the factor |/[F|.

Cortha < 400m - (115 + 8% + (d/q) %),

gdataprocess < 960m - (51/16 + 51/16 + (d/Q)l/m)a

and hence
GC + 6Cortho < C? C—’_ \/ Cdataprocess < C
Since 2¢ + 2\/§Ortho < Edatapmcess < ¢, all four bounds are at most (. O
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Chapter 8

Commutativity

8.1 Commutativity of the point measurements

Definition 8.1 (Shared diagonal-line sample). Sample a uniformly random ordered point pair
(u,v) and a uniformly random parameter ¢ € F,. Package this data as the diagonal line whose
direction is v — u and whose parametrization visits u at ¢t and v at ¢ + 1.

Theorem 8.2 (Commutativity of the point measurements). Let (v, A, B, L) be an (g,0,)-good
symmetric strategy for the (m,q,d) low individual degree test. On average over independent and
uniformly random u,v ~ F",

(AZA;D ® I %327m (AZAZ) ® I

Proof. By Definition 2.13, the strategy passes the m-restricted diagonal lines test with probability
1 —~m. Hence

u ~ 0
Ag @ T = 1O Ly g

on average over uniformly random u ~ F7* and a uniformly random line ¢ in FJ" containing u.
By 3.21,
u ~ 4
Ay @I =y, I ® L[f( (8.1)

u)=al"
Let u and v be independent uniformly random points in F*, and let £ be a uniformly random line

containing both points. The marginal distribution on (u,#) and on (v,¢) is the same as above,
o

(XA @ T~y AL ® Ly, (by 8.1)

~aym 1 ® (Lju) Lsu)=al) (by 8.1)

=I® (Lff<u>:a] ff(v):b}) (because L is projective)

Ry A ® Lif()—a) (by 8.1)

Roym (AFAY) ® I. (by 8.1)

The theorem follows from 3.27. O

57



8.2 Commutativity of GG after evaluation

Lemma 8.3 (Commutativity of G after evaluation). Let (¢, A, B, L) be an (e,9,7)-good sym-
metric strategy for the (m+1,q,d) low individual degree test. Let {G*} € PolySub(m,q,d) be a
collection of projective sub-measurements indexed by x € b, with the following properties:

1. (Consistency with A) On average over (u,x) ~ F+1,

AT @I = TQGE .

2. (Strong self-consistency) On average over x ~ T,
Gy~ 11®GY.
3. (Boundedness) There exists a positive-semidefinite matriz Z* for each x € F, such that
E. (I —G") ® Z*[¢) < ¢
and for each x € I, and g € P(m,q,d),
T U, T
- ([EuAg(u))'
Let
v= 48m(’yl/2 + C1/2).

Then on average over independent and uniformly random (u,x), (v,y) ~ "+,

GJL’

lg

Y ~ Y T
(w=alFnw= @ T v Gl Flguy=a) @ 1

Proof. Write Gi»* = Gf”g( Expanding the commutator square gives

u)=al"

w,x (Y, v, ua:T u,x YV, v, u,r
B oo,z ZW’KG(/ Gyl = GYGET) (Gt Gy — GG ) @ I[Y)
a,b

=9,y 2 (WG GEAGYY @ T0) — (WIGEGPYGErGrl TN ), (8.2)
a,b

using the projectivity of G. To compare the two quartic terms, first note that

G =) Gut =3 Gl g =G" (8:3)

The identity (8.3) is exactly Proposition 3.13 for the evaluation map g  g(u). By 1 and 3.31,
Gyt @I =y G ® AP®
=G*"Q® A", (8.4)
where the last equality is 8.3. Applying 3.23 once to the second term in 8.2 gives

Euay O (CE G GGy © 1)

a,b
RoyeEu vy O (WIGETGYYGETGY @ APV 1)), (8.5)
a,b
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The first boundedness-driven stability step is

(8:5) %z Eupoy §;<w|Gz;’IGZ’”Gz’I ® 4, |), (8.6)
which is 8.4. Applying 8.4 once more and then 8.2, we obtain
(8.6) ~ay Euuay Z;<w|Gz:’IGZ’me ® APt Ay )
R /7071 Euvay Z;wwzm’;*ym ® AV ALT|Y). (8.7)
The second boundedness-driven stability step is
(8.7) % /2165571 Euvvsey z;wwc::ﬂ ® A AyYN), (88)
which is 8.5. Using 8.4 twice more and 3.23,
(8-8) =5,z oo,y X;WIG%’””GE’y ® A7)
a,
~2v Euny ZJMG&@GZ”’GZW ® I[4). (8.9)
Next, 2 and the projectivity of G imply via 3.36 and 3.37 that
Gyt~ I®G". (8.10)

Applying 8.10 twice with 3.23 turns 8.9 into

Epry O (UG GErGrY @ T9),

a,b

which is the first quartic term from 8.2. Collecting the ten approximation steps appearing
between 8.2 and 8.10 yields the bound

48m(’yl/2 _’_4-1/2)7
so the commutator norm is at most v. O

Lemma 8.4. This claim is made under the same standing hypotheses used in the commutativity-
of-G theorem above. The linked SliceBoundednessInput declarations are precisely the two
displayed parts of item 3: the averaged (I — GY) ® ZY residual bound and the domination ZY >
E,A%Y..

g(u)

Eroy O (WIGETGLYGETGY @ ALY |) (8.11)
a,b

~ By O (WIGETGYYGET @ AYY[).
a,b

Proof. For each y € F, and g € P(m,q,d), define

Ry =E,, Y G GyGe.
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Since G is a sub-measurement, RY = {R}} is also a sub-measurement. The difference between
the two sides of the lemma is

Evvay Y (IG"GYUGE" (I — GY) © A" [Y)

a,b

= E,, S (WIRYI - G¥) @ AL [u). (8.12)
g

Apply Cauchy—Schwarz to 8.12. The first factor is at most 1 because RY is a sub-measurement.
For the second factor, average over v and use 3 to replace [EUA;E% by ZY; the resulting quantity
is at most

E, (0|1 = GY) ® 2¥[¢) < (.
Hence the difference has magnitude at most /C. O

Lemma 8.5. This claim is made under the same standing hypotheses used in the commutativity-
of-G theorem above, in particular the boundedness item 3. The linked SliceBoundednessInput
declarations expose those boundedness hypotheses in Lean; they are not auziliary assumptions
added to the paper statement.

vy D _(UIGETGLYG @ AL APV )
a,b

N\fc+6\/w(m7+1)Euyv,m,y Z<¢|GZ’IGZ’Z[ ® ApT ALY
a,b

¥).

Proof. The difference between the two sides is

Eyowy 3 (WIGE"GY (I — G7) @ AL AYY)

a,b
%6\/7(m+1) [Eu,v,z,y Z<¢|GZ@GZW(I - Gm) ® AgyyA}zLﬁﬂw% (813)
a,b
where 8.2 commutes the point measurements on the right register. Expanding G3'* = Zg:gm):a Gy,
we rewrite
(8.13) = Eyyy Ebjw\G;GZ’y(I — G @ AV AL |v). (8.14)
9,

Apply Cauchy—Schwarz to 8.14. The first factor is at most 1 because both G and A are sub-
measurements. In the second factor, average over u and use 3 to replace [EuAZg;j) by Z%; then

sum over g and b using the sub-measurement property. This leaves
E. (¥l —G*) ® Z°|¢) < C.
Hence 8.14 has magnitude at most /¢, and the total loss is /¢ + 64/v(m + 1). O

8.3 Commutativity of GG

Lemma 8.6 (Normalization condition for a sandwiched family). Let P = {P,} be a sub-
measurement and Q = {Q,} be a projective sub-measurement. Define C, ,, = Q,P,Q,. Then

2(5e) (o) -2 (ge) (o) =
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Proof. Expand the square, use the orthogonality Q,Q, = 0 for b # b’, and then sum over the
sub-measurement P. O

Theorem 8.7 (Commutativity of G). Let (1, A, B, L) be an (g,8,7)-good symmetric strategy
for the (m + 1,q,d) low individual degree test. Let {G‘"”}Ie[rq denote a set of projective sub-

measurements in PolySub(m, q,d) with the following properties:
1. (Consistency with A) On average over (u,z) ~ F"*1,

AT @I = TQGE .

2. (Strong self-consistency) On average over x ~ T,
Gy ®I~ 1®GY.
3. (Boundedness) There exists a positive-semidefinite matriz Z* for each x € b, such that
E. (I —G") ® Z*[¢) < ¢
and for each x € T, and g € P(m,q,d),
; u,T
z* = (EuAys) -
Let
v =30m (y/* + ¢V + (d/g)*) .
Then on average over independent and uniformly random (u,z), (v,y) ~ [F;”“,
GiGy®I~, GGy 1.

Proof. If at least one of v, {, or d/q is at least 1, then v > 30 and the estimate is trivial from
3.26. We therefore assume v, ¢, d/q < 1.
Expanding the commutator square gives

E., > (WI(G;G) — GGy (G5 Gl — GLGy) @ 1Y)
g,h
=2E,, 2(¢|G§G§’LG§ ®Ily) —2E, , ) W|G2GYGEGY @ T|1)). (8.15)
9, g,

The first term is close to (|G ® G|v¢), where G = E,G*, by 3.32 and 2. For the second term,
3.23 and 8.6 yield

E.y <¢|G§GZG§G% ®IY) ~ £ L, , Z(d)\G%GgGZ ® Gy l). (8.16)
g,h g,h

The first Schwartz—Zippel reduction evaluates the left factor at a random point:

(8.16) =E,, > (Y|GLGLG} ® G2|4))
g,h

Ram By gy Y (WIGHGE G ® GL_|0). (8.17)
a,h

q
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Indeed, the difference is

Euwy O Ulgw) =g () (@|G]GGE © GL 1Y), (8.18)

979’ ;h

and 3.7 bounds this by dm/q.
Next, apply 3.23 twice:

(8.17) = [E”yz VGGl )=a)Gh © Glyuy=all¥)
~Je u T,y Z 1/)|Gm a]G?fJLGftg(u):a]Gz ® I|1/)>
“ M,yz G111 © GHIO) 1)

A second Schwartz—Zippel reduction evaluates the right factor at an independent point:

(8.19)=E,,, Z(m% (w)=a] GG lyu)—a) © GHIY)

Ram By Z Y Gfy()=a Glao)=8 Glatuw=a) @ Giiy=¥)- (8.20)
The difference is
IEu,v,:z:,y ;h/ 1[[] h(U) = h/<v)]<’(/}|G[lg(u)—a]Gnyg(u)—a ® szlb"w>7 (821)

and the same Schwartz—Zippel estimate again gives the loss dm/q.
Now set

Vevaluation

_ 48m(71/2 +C1/2>,

the error from 8.3. Apply 8.3 to commute the evaluated families in 8.20; after one more use of
3.23 with 2, the resulting quantity is (|G ® G|¢). Thus the second term in 8.15 is also close to
(YIG ® Gly).

Combining the first-term estimate, 8.16, the two Schwartz—Zippel losses, the two intermediate

. 1/2
V/C losses, and the evaluated commutation error v,/ >} ...

30m (71/4 4 41/4 + (d/q)1/4) ,

., gives

where the constant 30m accounts for the 10m Schwartz—Zippel evaluation losses plus 20m from
the a-chain in the first and second terms. This proves 8.7. O
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Chapter 9

Pasting

Theorem 9.1 (Pasting). Let (¢, A, B, L) be an (g,8,7)-good symmetric strategy for the (m +
1,4, d) low individual degree test. Let {G“}we[pq be projective submeasurements in PolySub(m, ¢, d)
with the following properties:

1. (Completeness): If G =, Zg GY, then
WG 1Y) > 1=k,

2. (Consistency with A): On average over (u,x) ~ F7"*,

AT @I = TQGE .

3. (Strong self-consistency): On average over x ~ [,
Gy~ 1®Gy.
4. (Boundedness): There exists a positive-semidefinite matriz Z* for each x € F, such that
E, (0| —G*)® Z*[p) < ¢
and for each x € ¥, and g € P(m, q,d),
AR [EHAZ(’%.
Let k > 400md be an integer, and set

v = 100k2m (81/32+61/32+71/32+C1/32+(d/q)1/32),

1 2
_ 1 ) —k/(80000m ).
o=K ( + 100m> +2v+e

Then there exists a pasted measurement H € PolyMeas(m + 1, q,d) with the following property.

1. (Consistency with A): On average over u ~ F"*1,

AZ ® I s I ® H[h(u):a]'
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Proof. The argument below is the paper proof, and the unrestricted Lean theorem now formalizes
it directly. Let H be the submeasurement from Lemma 9.6, and fix an arbitrary polynomial
h* € P(m+1,q,d). Define a measurement H, .. € PolyMeas(m + 1, ¢,d) by

1y, = { e = H) =,
meas/h T |7 otherwise.

Then ) (Hypeas)n = H + (I — H) = I. Moreover,

[Eu Z<¢|AZ ® (Hmeas)[h(u):b]|'(/)>

a#b
=E, ) D (YAL® (Hyeaonlt)
a  h:h(u)#a
=E, Z (WAL ® Hylw) +E, Y (@lAi® (- H)Y)
a  h:h(u ah*(u)#a
<E, ). Z YIAL ® Hylw) + B, ® (I H)l)
a  h:h(u)#a
<v+ ( (1 + ﬁ) +v+ e*’“/<80000m2>> (by 1 and 2)
=0.
Thus AZ QI o I® (Hmeas)[h(u):a]' O

Remark 9.2 (Restricted Lean form of the pasting theorem). The Lean declaration linked here is
the restricted nontrivial-regime form of Theorem 9.1. In addition to the hypotheses displayed in
the source theorem, it assumes

The paper theorem is stated in references/ldt-paper/ld-pasting.tex, lines 12-50. Lines
52-55 explain that the proof may restrict to ¢,4,v,(,d/q < 1, since the complementary cases
are trivial. The unrestricted source statement is linked from Theorem 9.1. All complementary
branches, including the degree-zero case, are now proved in Lean.

The bound is trivial when at least one of ¢, 4, 7, (, or d/q is at least 1, since then v > 1. In
the remainder of the chapter we therefore assume

€,6,7,¢d/q < 1.

Definition 9.3 (Nontrivial-regime pasting context). The Lean context linked here is the nontrivial-
regime context used after the reduction explained above. It consists of the data and hypotheses
from the pasting theorem at the beginning of this chapter: an (e, d,v)-good symmetric strategy
(¢, A, B, L) for the (m + 1,q,d) low individual degree test, a family of projective submeasure-
ments {G* }Ie[Fq in PolySub(m, ¢, d) satisfying 1-4, an integer k > 400md, and the quantities v
and o defined there. It also records the nontrivial-regime assumptions

These extra fields are not assumptions of the unrestricted source theorem; they belong to the re-
stricted proof stage. The unrestricted paper-facing Lean theorem remains MIPStarRE.LDT.Pasting.1dPasting.
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9.0.1 From Measurements to Submeasurements

In the remainder of the chapter we only use the axis-parallel lines test in the last coordinate
direction. We therefore write B} for the line measurement on the line {(u,z) | x € F} and first
record the consistency relations that follow formally from the nontrivial-regime pasting context
of Definition 9.3.
Conditioning the low individual degree test on the last coordinate direction gives, on average
over (u,z) ~ F7",
Avr QT ~mi1)e L @ B[’}u):a].

Hence 3.21 and (m + 1) < 2m imply

AL @I Xy 1® Bl -

Using also the (e, d,v)-goodness assumption and 3.21,

IT® AP o5 Ag™ @1 mype 1 Q By _o):

Therefore 3.27 yields
TQ AL mgeins I ® Bﬁf(m):a}. (9.1)

Applying 3.20 to 2 and 9.1 gives

Gﬁ](u):a] ®l~, I® Bﬁc(x):a]? (9.2)

where

vy = ¢+ V8me + 40. (9.3)

Finally, 8.7 gives
G;Gz I, G%G; ®1I, (9.4)

where
Veom = 30m (Y% + (V4 4+ (d/q)*).

Lemma 9.4 (Slice measurements are consistent with line answers). In the nontrivial-regime
pasting context of Definition 9.3, set

v = (+ V8me + 46.

Then, on average over (u,x) ~ F,

Gﬁ]() ]®IEV1[®B“

u)=a [f(z)=a]"
Proof. This is exactly 9.2, with 9.3. O

Lemma 9.5 (Lean auxiliary form of the vertical-line SDD estimate). The formalization records
the point-to-vertical-line state-dependent-distance estimate with the vertical-line side written as
the submeasurement family liftedVerticalLineAnswerFamily. The error term is the same
8me + 40 as in the complete measurement-valued construction.

Proof. This is not a separate paper assertion. It is the representation of the same estimate
obtained by replacing the complete vertical-line measurement family with its underlying sub-
measurement family, which is the form needed in the degree-zero branch. O
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Lemma 9.6 (Pasted submeasurement). In the nontrivial-regime pasting context of Defini-
tion 9.3, there exists a submeasurement H € PolySub(m + 1,q, d) with the following properties.

1. (Consistency with A): On average over u ~ F/"*1,

A ®T >, I®Hjyy)—g-
2. (Completeness): If H =", Hy, then

1 2
HQQIW)y>1— 14— ) — p — ¢ K/(80000m*)
Wl W) = " ( 100m> v—e

Proof. Let H be the pasted submeasurement constructed in Definition 9.13. Lemma 9.31 implies
Hip(u,z)=a) ® 1 22 1@ By _q)- (9.5)
Applying 3.20 to 9.5 and 9.1 gives
Hipywoy=a) © 1 2, Jameras 1 © A"
Since v/8me + 40 < 3m(e!/32 + 61/32) for €,6 < 1, the total error is at most
V8me + 46 + vg < ATK*m (1132 4 §/32 4 41/32 4 (/32 4 (4 /q)1/32) <,

which proves 1. The completeness claim is exactly Corollary 9.44. O

9.0.2 The Pasted Submeasurement

Definition 9.7 (Distinct tuples). For k > 1, let Distinct, C F% be the set of tuples (zy, ..., z;)
with pairwise distinct coordinates.

Proposition 9.8 (Distinct tuples versus independent tuples). If x = (xq,...,x) is uniformly
random in [F’; and y = (yy, ..., Y) s uniformly random in Distinct,,, then
k2
dpy(z,y) < rh

Proof. The total variation distance is exactly the probability mass of the collision event for
a uniformly random tuple, because the distinct-tuple distribution is the uniform distribution
conditioned on landing in Distinct;,. A uniformly random tuple lies outside Distinct,, only if two
coordinates collide, so a union bound gives

k.

-1 k(k—1

Pr[z ¢ Distinct,] < g ! = ( )
= 2q

k2
< —
q

)

and this bounds the total variation distance. O

We first record the natural construction obtained by sampling d + 1 slices and interpolating.
It motivates the eventual argument but is not the construction used in the formal theorem.
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The First Construction

The first construction samples d + 1 slice outcomes gy, ..., g1 € P(m, ¢, d), interpolates them
to a global polynomial h € P(m + 1,¢,d), and then averages over distinct interpolation points.
Its consistency is governed by the commutation of the slice measurements, but its completeness
is subtler. The heuristic comparison is

(WIH @ I[¢) ~ (PG @ I]¢).
Thus one would like to show

WIGH @ I[Y) ~ (YIG ® I]y). (9.6)
The naive estimate would instead suggest

(WY|GH @ IY) ~ 1 — (d+ 1)k, (9.7)

which is too weak for the induction.
The key input is that one can first show

WG @ 1) mp (WIGH @ 1Y), (9-8)

for a small error A = poly(m) - poly(e, d,v,(,d/q). Writing the eigendecomposition G =
>, Ailvi)(v;| and the induced spectral distribution wu(i) = (¢[(|v;){v;| ® I)[¢)), this is equiva-
lent to

A > @G @ Ilv) — (WG @ I1Y) = E;, AT (1= A)). (9-9)

i~

The remaining comparison between G' and G+ is then reduced to a scalar inequality.

Lemma 9.9 (A scalar inequality for the first construction). For every real number 0 < A <1,
)\(1 _ )\d) < 2(>\d+1(1 _ A))l/(d+1)_
Proof. Compare 1 — A with (1 —X)(1 4+ A+ -+ A%1) and use that d'/(4+1) < 2, O

Corollary 9.10 (First-construction completeness comparison). Lemma 9.9 converts (9.9) into
the estimate

d
EiuNi(1 =A< 20 Ep, (WA = 2) VD] <2 AV,

i~ p

d+1

where the middle step uses concavity of a — o'/ . Equivalently,

WG I[Y) — (WG @ I|y) <2 AV/(@+D),

For constant d, this is exactly the heuristic completeness comparison for the first construction
recorded in ‘references/ldt-paper/ld-pasting.tex’

Proof. Apply Lemma 9.9 pointwise to the spectral distribution of GG, and then use the concavity
of a - a4V The displayed operator expression is the same quantity written in the eigenbasis
of G. O
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The Second Construction

Definition 9.11 (The incomplete part and the completed measurement). For each = € [, write
G* = Zg G7 and define the incomplete outcome G = I —G*. The completed measurement G*
has outcome set P(m,q,d) U {L} and is given by

Definition 9.12 (Types). A type is a vector 7 € {0,1}*. Its weight |7| records how many
coordinates lie in P(m, q,d) rather than equal L.

Definition 9.13 (The pasted measurement). Fix k > d + 1. For y,...,x;, € F, and outcomes
915y g € P(m,q,d) U {L}, define

7158y _ AL ATy AT Ay A
H917~~~7gk - G91 ng "'ng ng Ggl'

If (xq,...,x;) € Distinct, and h € P(m + 1,q,d), define

T, Ty TTLY s T
H = > HprT

T |T|>d+1

where the tuple h, has i-th entry h|, when 7, =1 and L when 7, = 0. The pasted submeasure-
ment is then
Hy, =E Hyvoe,

Definition 9.14 (Completed-outcome reindexing). The completed outcome tuples admit the
reindexings obtained by separating the first coordinate, moving a third slice to the front, and
identifying the one-coordinate split with the original slice question and outcome spaces.

Tq,...,x)~Distinct,

Lemma 9.15 (Vertical restriction identities). Restricting an interpolated polynomial to a vertical
line and then postprocessing at a point agrees with evaluating the corresponding slice. The same
identities commute with averaging over indexed submeasurements.

Proof. The compatibility calculation for the restriction and evaluation maps used in the construc-
tion of H expands the vertical restriction, the interpolation support condition, postprocessing,
and averaging over indexed submeasurements. O

9.0.3 Strong Self-Consistency and Commutation of G

Lemma 9.16 (Strong self-consistency of the complete part). In the nontrivial-regime pasting
context of Definition 9.3,
G*R®I~ 1®G".

Proof. Because G is projective, 3.36 identifies the assumed strong self-consistency of the outcome-
level family with
¢

E, Y (VIGy ® Gylv) > B, Y (vIGy @ Ilv) — 2. (9.10)
g g9

Hence

ENG"®T—1®G")[)[
= 2B, (Y|G" © I|y) — 2E, (¢|G" ® G"|¢)

=2E, Y (G @ Il) —2E, > (V|GE @ Gy |v)
g g,h

<2E, Y (YIGT @ I[Y) —2E, Y (Y|GE @ GLly) < ¢
g g
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by 9.10. O

Corollary 9.17 (Strong self-consistency of the incomplete part). In the nontrivial-regime pasting
context of Definition 9.3,
Gt I~ 1Q®GT.

Proof. Since G* =1 — G*,
GII-IQGT=IG*—-G*"®1,

so the claim is immediate from Lemma 9.16. O

Commutativity of G|

Lemma 9.18 (Switcheroo contraction estimates). After one commutation of a G-factor through
an auziliary projective family, the two fourth-term contractions are bounded by the same self-
consistency and commutation errors used in the switcheroo argument.

Proof. After expanding the fourth switcheroo term, the inserted complete part forms a positive
contraction. The left and right Cauchy—Schwarz side conditions are therefore the corresponding

sums of X, X} and X; X , where X, = > GTMJG%Mg. Orthogonality of the projective slice

family and the submeasurement inequalities for M and G| bound both sums by the identity.
These are precisely the two contraction witnesses used in the fourth-term switcheroo chain. [

Lemma 9.19 (Commutativity with G implies commutativity with G*). Let M = {Mg} be a
projective submeasurement with outcomes in a set 0. Suppose that

M2I~,I® M, (9.11)
and
GiME@T~, M{G: 1 (9.12)
on average over independent uniformly random x,y ~F . Then
G"M ® I ~ger6miax MIGT ® 1.
Proof. Let M =E,3" MY. The error to bound is
Eoy Y [(G"MY — MIG™) @ I|0)|?
o
= E,y ) (WIMI(G*)? M @ I|0) + E, , Y (V]G (M3)*G* @ I]y)
—E,y > (WG"MIGTMY @I|Y) —E, , > (Y| MIGTMIG® @ I|¢)). (9.13)

We compare all four terms with (|G ® M|v).
For the first term in 9.13,

E,y D (WIMI(G™)P MY @ Il) = E, Y (VIMEG™ MY @ I])
=E, > (Y|M{GMY ® I|¢)
~oys Ey > (V|G ® MY|y) (by 3.32 and 9.11)

= (YIG @ M[y).
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For the second term,
E,y ) (WIG"(ME)C" @ I1Y) =E, , > (WIG"MIG™ @ I|¢)

—E, (IGTMG" ® T]4)
~oyc B (UM ® G*|1) (by 3.32 and 9.16)
= (Y|M ® G|¢).

For the third term, first

E,y > (WGMIGMYQIY) =, > (V|GMIGIGIME @ I|)

0,9

~ sy Boy Y (WIGTMIGEMIGE @ T[4). (9.14)

0,9

This is the Cauchy—Schwarz estimate coming from 9.12. Next,

(9.14) = e B, , > (IGTMIGEMY & G2 ). (9.15)

0,9

Here the error is bounded using 3. Then

(9.15) = e B, , Y ($GIGTMIGE MY @ I|y), (9.16)

0,9
again by strong self-consistency of G§. Since G is projective,

(9.16) = E, , Y ($|GZMIGE MY @ I|¢))

2,9

~ oy By D (WIMIGEGEMY @ T|4)). (9.17)

0,9

Finally,

(9.17) =, , Y (VIMIGEME @ I|)

0,9

=E, Y (WIMIGM! @ I|y)
~ays By Y (|G © MY|y) (by 3.32 and 9.11)

= (YIG ® M[y).

Therefore
Euy Y (GG MIGT MY ® I14h) %o /40 /525 (VG @ MI). (9.18)

The fourth term in 9.13 is the Hermitian conjugate of the third term, so it satisfies the same
bound. Summing the four errors gives

2w + 2¢/C 4+ 2(20/C + 2V + 2yX) = 63/C + 6vw + 4/X.
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Remark 9.20. The Lean theorem corresponding to Lemma 9.19 takes one extra symmetry hypoth-
esis, hfix : swapDensity bi.density = bi.density. This is the density_swap component
of the paper’s permutation-invariance assumption on the symmetric two-prover strategy; the
stronger swap_ev field of PermInvState is not assumed by this theorem. The hypothesis is used
to identify (|G ® M|y) with (| M ® G|y at the center of the triangle-inequality chain.

Corollary 9.21 (Commutativity of the complete part). In the nontrivial-regime pasting context
of Definition 9.3, the following commutation relations hold:
GyG'®1I~, G'GyRI, G'G'el=, G'G"R I,
where
vy = 36m (71/16 + C1/16 + (d/q)1/16> .

Proof. By 9.4,
GiGy®1 Ry GrGI® 1. (9.19)

Applying Lemma 9.19 to 9.19, with {M{} equal to the outcome family {G} }, gives
GyGY® 1~y GYGy® I, (9.20)

where 6; = 121/C + 4,/V,,. Applying Lemma 9.19 again to 9.20, now with the one-outcome
family MY = GY, gives
G*GY® I~y GYGT*® I,

where 0, = 12,/ + 4,/6;.
Since v ., = 30m(y"/* + /% + (d/q)'/*), these errors satisfy
0, < 36m (Y3 + V8 + (d/q)'%) <y,
0, < 36m (v1/16 + (116 1 (d/q)/16) = 1.
O

Corollary 9.22 (Commutativity of the incomplete part). In the nontrivial-regime pasting context
of Definition 9.3,
G;”Gﬁ@j'%uz GﬁG;@I, GﬁGﬁ@ImV2 G'GT @1

Proof. The identities

GgGli — G”iGg = GVGy — GyGY
and

GG —GYGY = G*GY — GYG*
reduce both claims to Corollary 9.21. O

Putting Everything Together

—~

Corollary 9.23 (Strong self-consistency and commutation of G). The completed measurements
G?* satisfy

Gr T~y I®GE, (9.21)
GiGy®1 Ay, GGI®I, (9.22)

where
vy = 138m (71/16 + C1/16 + <d/q)1/16> _
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Proof. For 9.21, split the outcome set into the genuine outcomes and L:

D> I(GE@l—T@GH)W)|? <¢+(¢=2¢
g

by 3 and 9.17. For 9.22, the same decomposition yields four cases: polynomial-polynomial, 1 -1,
polynomial-1, and 1 -polynomial. These contribute v, and three copies of v,, so

Veom + 30y < 138m (416 (V16 4 (d/q)V/16) = v,
O

Lemma 9.24 (Completed part bounded by a slice). For every x € [, the squared-distance
defect of the one-outcome complete part is bounded by that of the original slice submeasurement:

eI -Team)w| < Slcier-10c)Ww)|,
g

where G* = Zqu; is the total operator of the slice submeasurement.

Proof. This is the monotonicity estimate for the completed part of G: the completed contribution
is one summand of the corresponding slice squared-distance defect, and the remaining summands
are nonnegative. O

9.0.4 Sandwiching Lemmas
Lemma 9.25 (Completed sandwich normalization).

1. Head—tail split identities. For every k > 0, point tuple x = (xy,...,2;,), and outcome
tuple g = (917 7gk:+1)7
Gyl Gyttt = G (G2 Gyli)),

and the right half-sandwich analogously rotates the head to the tail.

2. Sum-of-adjoint-products bounds. For everyr >0 and x = (zq,...,x,) € (308

S (@G (@Gl < 1L

915-59r
and the same bound holds for the reverse-order product family.

3. Generic tensor contraction. If families {A,}, and {B,}, satisfy 3, ALA, < T and
>, BB, <1, then

Z(Aa ® Bb)T(Aa ® Bb) S I
a,b

Proof. The split identities follow from the completed-outcome equivalences. The normalization
inequalities are the corresponding submeasurement bounds for the left and right half-products
after reindexing the sums. O

Lemma 9.26 (One-step completed sandwich commutation). Given the completed-measurement
self-consistency and commutation estimates from Corollary 9.23, the following one-step estimates
hold.
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1. Self-consistency step. For every r >0,

Eyy-Ea, ZH Gol-10@)|W| < 2

,,,,,

2. Commutation step. For every r >0,

EvyEoyon > S (G2GY @ Chr - Git — GG @ G G| < vs.

g,h 91559r

3. Two-factor base case. For k = 2, the commutation chain reduces to the same tensor-
placement convention with the reverse tail product equal to the identity, hence to the pairwise
estimate vs.

4. Split equivalences. The half-sandwich families are equivalent, under the head—tail rein-
dexing of Lemma 9.25, to the chain-families used in the move estimates above, with ordered
products on the first tensor factor and reverse products on the second tensor factor where
these appear in the commutation step.

These are the elementary building blocks assembled by the recursive chain construction in the
following lemma.

Proof. For the one-step commutation move, rewrite the relevant head—tail split, apply the self-
consistency and commutation estimates for G, and assemble the resulting comparison by the
triangle inequality for ~. O

Lemma 9.27 (Commuting past multiple completed measurements). For every k > 2,
GoiGyz Gyt @I ~, Gg2GytG a1,

where
v, = 426k2m, (71/16 + Cl/lﬁ + (d/q)l/lﬁ) .

Proof. Repeatedly move the leftmost factor across the remaining product, using 9.21 and 9.22
at each step and summing the resulting errors with 3.27. The paper’s calculation gives

3k(4kC + kvg) < 426k2m (v1/16 + (V16 4 (d/q)V/1F) .
O
Lemma 9.28 (Line-interpolation mismatch estimates). If the tuple of completed slices does not
interpolate to the sampled vertical-line value, then some active coordinate witnesses a line-value

mismatch. Concretely, for every direction u and injective tuple x = (x4, ..., ), let I/{\x|u be the
vertical-line restriction of the pasted interpolation family. Then

lus

Defect¢(ﬁx B*) < Bad(¢;u,x) ZDefectw @) (u,x), BY(u,x)),

where Defect,, (A, B) denotes the bipartite consistency defect max (0, (| Ay ®Byoy[¥0) =32 (¥][A,®
B,|¥)),

,,,,,

Bad(y; u,x) = > (v Py ) © BYI),
! Jix 91#1-7 i ( )#f(wi)

and ﬁ<i),B(i) are the one-point line comparison families (Lemma 9.30) restricted to coordinate
i, and Bad(¢; u,x) < 1.
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Proof. The proof first identifies a failed vertical-line interpolation with a particular active coor-
dinate whose slice value disagrees with the line answer. The operator sum over all such failures
is then bounded by the sum of the corresponding one-coordinate line defects, using the vertical
restriction identities above. O

Lemma 9.29 (Averaging the line-interpolation defect). Replacing distinct tuples by independent
tuples costs the total-variation error k?/q from Proposition 9.8. After averaging over u and
x ~ Distincty, the expected bad mass and the expected pasted interpolation defect are bounded by
the one-point sandwich error:

2

k
£, E Bad(v;u,x) < k-vg + —,
q

x~Distinct,,

and consequently
2

—~ k
t, E Defect,, (H*|,, BY) < k-vs + P

x~Distinct,,

where vs = 43km(e'/32 4 -+ (d/q)"/3?) (Lemma 9.30). Using 1/q < (d/q)*/** and m > 1, this
is further bounded by 44k>m(e'/32 4 §1/32 4 4132 1 (1132 1 (d/q)/3?) as used in Lemma 9.31.

Proof. The proof compares the distinct-tuple average with the independent-tuple average, paying
the total-variation cost from Proposition 9.8. The independent average separates into the one-
coordinate line defects from the previous lemma, and the scalar inequality 1/¢ < (d/q)l/ 32
absorbs the sampling error into the stated pasting parameter. O

Lemma 9.30 (Consistency of the sandwiched measurement with one line value). For any 1 <

i <k,
Eulowe D, D (WIHGGE ® Bl _alt) < s,
9150y 9k 9:FL atg;(u)

where
Vs = 43km (51/32 4+ 81/32 4 71/32 + <1/32 + (d/q)1/32) _

Proof. Summing out the coordinates to the right of i gives

EEpwn D O WHG G @B, W)

9159k 9iFL aFg;(u)

L (9.23)
= |Eu|EZE17...,$i Z Z <w|H‘111a’~:'~'x).‘hl ® B%(zl):a]|w>
91594 :gﬂéL a#ﬂi(“)
Write Gy = Gg? - Gg=t. Then
/}<i %1 %i /\‘1/‘<'i U
(9.23) = [Eu[Exl,..,xi Z <7/"Gg<,- Gy Gy, (Gg<i )T ® - B[f(zi):gi(u>])|’l/)>
g159i 1 9 FL
AL AT i A (T
%\/ﬁ [Eu[Ewl,.”,:ri Z <w|GQf Gg<i G‘L (G9<z‘ )T 0 (I - ij‘(m7):gl(u)])|w> (924)
G159i 1 9 FL
The Cauchy—Schwarz argument uses
AT i VT AL AT\ (Vi (< AT i\t AT
[E’U,[E"Eh“qwi Z <’(/)| ((Gg<i Ggi - Ggi G9<7; )(th (G9<1‘ )T - (G9<i )TGQL )) ® I|w>7 (925)

91594
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which is at most v, by Lemma 9.27. A second Cauchy-Schwarz step gives

s AT
(924) %\/ﬁ [Eu[Ewl,,:rl Z <w|G!JfG‘J< G )TG ® (I Bfi = |¢> (926)
91502951 9iFL
Summing over ¢, ..., g;_; collapses the middle factor to I, so 9.26 becomes
AL u
9i:9;#FL

by 9.2. Thus the total error is

vy + 275 < 43km (61/32+51/32+71/32+C1/32+(d/q)1/32).

9.0.5 Consistency of H with A

Lemma 9.31 (Consistency of the pasted measurement with the line measurement). The pasted
submeasurement satisfies

Hip,=p ® I =, I ® By,
where
Vg = 44k2m (51/32 48132 4 71/32 (U2 (d/q)1/32) )

Proof. The inconsistency with B* expands as

E, Y (|Hp —p ® BEY)
f#f

=E, > (|H,® By

B f#hl,

=E,Ey, 0, ) D (CHE ™ @ BlY)

=E,E, o D SN @WlHg ek ® BYjy). (9.27)

b wilw|>d+1 (g1, .9k ) =Py f#hl,

If |lw| > d+1 and f # h|,, then some active coordinate ¢ must satisfy g, # L and g;(u) # f(x;).
Hence

027) <EE, > Y (@HgoE® By, (9.28)

919k f:3, g;#L,
g; (wW#f(z;)

Passing from independent tuples to distinct tuples costs at most k?/q by Lemma 9.8. A union
bound over the offending coordinate then gives

k
(9.28) <> E,E, Do D WIHGE @ By, ) < ks,
=1

51 Gk 9 F L aFg; (u)

Therefore )

k . .
- + ks < 44k2m (51/32 LB g 1/32 182 (d/q)1/32) -

(0]



Corollary 9.32 (Consistency of H with A). On average over (u,x) ~ F7*,
H[h(u,x):a] @I~, @AM,

Proof. Lemma 9.31 implies
Hip(u,2)=a) ® L 2 1@ Biy)_)-

Applying 3.20 to this relation and 9.1 gives

H[h(u,w):a] QI QV6+\/8m5+45 I'® Ag.,ac.

Since
V8me + 40 4 vg < ATK?m, (e1/32 4 §1/32 4 41/32 1 ¢1/32 1 (d/q)V/32) < v,
6
the claim follows. O

Lemma 9.33 (Point consistency from vertical-line consistency). Let H be any polynomial-valued
submeasurement. Suppose that the strategy is good, that v, > 0, that k > 1, and that the
restriction of H to every vertical line is consistent with the vertical-line measurement with error
vg. Then the pointwise evaluations of H are consistent with Alice’s point measurement with error
V.

Proof. The proof transports the vertical-line consistency estimate to point evaluations and com-
bines it with the good-strategy point-to-line comparison. The displayed numerical assumptions
are used only to absorb the intermediate errors into the final parameter v. O

Corollary 9.34 (Consistency of the completed H with A). Let H . be the completion of H
at the fallback outcome. On average over (u,x) ~ [FZZ"H,

(Hmeas)[h(u’;p):a] Q1 ~ I® Ag,w_

Proof. Corollary 9.32 gives

Hy, ®I~, QAL

u,x)=al

Corollary 9.44 bounds the missing mass of H by

1 2
1 - —k/(80000m )
" ( * 100m> e

Adding this completion mass to the v-bound gives

1 2
(1 - —k/(80000m?) _ )
vk ( + 100m> tvte 7

O

Lemma 9.35 (Completion from submeasurement consistency). Let H be any polynomial-valued
submeasurement. Suppose that the pointwise evaluations of H are consistent with Alice’s point
measurement with error v, and that H has the lower mass bound used in Corollary 9.44. Then
completing H at the fallback polynomial preserves point consistency with the enlarged error
appearing in the induction statement.

Proof. The completed measurement differs from the original submeasurement only at the fallback
polynomial. The additional term is bounded by the missing-mass estimate and then added to
the given point-consistency error. O
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9.0.6 Completeness of H

Definition 9.36 (Outcomes of a fixed type). For a type 7 € {0,1}*, let Outcomes_ be the
set of tuples (gyq,...,9;) such that g; € P(m,q,d) when 7, = 1 and g; = L when 7, = 0. If
Ty,...,7), € [, let Global (z) be the subset of Outcomes, arising from restrictions of a single

polynomial in P(m + 1,¢,d), and let Global _(z) = Outcomes,_ \ Global_(z).

Lemma 9.37 (Summing over all outcomes). If xq,...,z; are sampled independently and uni-
formly from F, then

WHSI) ~, B, .0 Y > (I Hg! ok @ 1),

7:|7|>d+1 (g1 ,...,95 ) EOutcomes

where
vy = 46k2m (51/32 4 §1/32 +’Yl/32 + 41/32 + (d/q)1/32) )

Proof. Let (yq,-..,y;) ~ Distinct,. By definition,

(WIH @ I1g) => (Y|H, @ I)

h

= Ey SO @ T

,ykZ > 2 <|Hz;;: W I

h 7i|r[>d+1(g1,..9)=h

=Eyme D > (WIHG 0 © T1Y). (9-29)

7:|7|>d+1 (g1 ,.-.,9 ) EGlobal . (y)

We now remove the restriction to globally consistent tuples:

" > (| HYwor @ I, (9.30)

7:|T|>d+1 (g ,...,95 ) EOutcomes

(9.29) 42y, ma

,,,,,

Since the right-hand side is at least the left-hand side, it suffices to bound the difference:

(9.30) = (9.29) =E, ., > (W[ HY 0 @ T|3p)

,,,,,
7:|7[>d+1 (g,,...,g;)€Global (y)

=E,E,, . > Z > (Y| H e @ BY|w). (9.31)

T:|T[>2d+1 (91,9 )EGlobal _(y)

We next insert an indicator recording consistency along the sampled line:

O30) ~ee , Bubyy, Do D D (WHRIG @BV €T, f(y) = g,(w).

T:|7T|2d+1 f (g,,..,95)€Global, (y)

(9.32)
The discarded part is

EEy e D D > (I HG 0 @ BYw) 1) 3i € 7, f(y,) # g,(w)], (9.33)

Ti|7T[2d+1 f (gy,...,9,)€Global_(y)

and after switching to independent tuples and applying Lemma 9.30 coordinatewise, this con-
tributes at most k?/q + kvs.
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Let Consistent..(g, y, ) denote the event that there exists a degree-d polynomial f with f(y,) =
g;(u) for all ¢ € 7. Then

1[[|Vier, f(y;) = g;(u)] < 1][[] Consistent, (g, y, u)],
so0 9.32 is bounded by

EuEyne D > ([ Hg 5% @ I|y) - 1[[] Consistent, (g, y, u))]
7:|7|2d+1 (g, ,...,g, )€Global . (y)
=Ey b > > (W[ HL 0 @ I o) - Pr{Consistent, (g, , u)]. (9.34)

7:|7|2d+1 (g,,...,95)€Global, (y)

For a fixed globally inconsistent tuple, choose d + 1 active coordinates and let h* be the unique
interpolant through them. Since the tuple is not globally consistent, some active coordinate ¢*
satisfies g;. # h* and then Schwartz—Zippel gives

o
md

¢

Therefore 9.34 is at most md/q, which proves 9.30. A final application of Lemma 9.8 replaces
distinct tuples by independent tuples, giving a total error of

k2 d
o 4 ma + vy < 46k%m ( 1/32 4 §1/32 4 A1/32 4 (1/32 4 (d/q)1/32) —
q q

Pr[Consistent. (g, y, u)] < Prlg; (u) = 2" (u, y;.)] <

O

Definition 9.38 (Truncated type sums). For 1 < ¢ < k+1 and a tail type 7o, € {0,1}*7+1,
define
S, = Z Glr<el(I — G)(&- VIl

Topt|T|>d+1

This records the contribution of all prefixes that can still be completed to total weight at least
d + 1 once the tail 7, is fixed.

Lemma 9.39 (Recurrence for truncated type sums). Fach S, is Hermitian, positive semidef-
inite, and bounded by I. Moreover, if T, is a tail type of length k—{, then

S.,= Y. 8. GeI-G)}T
T7,€{0,1}

Proof. Every summand is a polynomial in the commuting positive operators G and I — G, so
S_ is Hermitian and positive semidefinite. Summing over all prefixes gives

T

S, <(G+(I-G)'=I.

T>¢

Splitting the next type bit according to whether 7, = 1 or 7, = 0 gives the stated recurrence. [

Lemma 9.40 (From the pasted sum to a polynomial in G). Let |¢y;) be a bipartite state on

t® . If xy, ...,z are sampled independently and uniformly from ¥, then
k
TTEL seees Ty k r —r
[E:cl ..... Ty, Z Z <wbi|H911’--w9kk ®I|wbl> %Vs Z (T> <¢bl|G (I_G)k ®I|¢bi>7
7:|7|>d+1 (g1 ,....95 ) EOutcomes r=d+1
where

vg = 46k2m (71/32 + C1/32 + (d/q)1/32) .
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Proof. For a type 7 € {0,1}F, write 7_,, 7, T<p, and 7, for the obvious truncations, and

similarly for tuples g. Also write
Gt — G . G

9>¢ 9e 9k *
Then
Gyt =Gyl Gyt (9.35)
and - )
Hy = Gyt (Gl (9.36)

Write O, = Outcomes,.. The main iterative step is that for each 1 < ¢ <k,

Z Z ¢|H">l® (GIr<el(I — G)E=D=Im<el) )

7i|7|>d+1 92,€0,,

movzeiog Be, D0 3 (WIHLE @ (GI(I — G)Tme )y, (9.37)

7i|7[>d+1 g.,€0,_,

Tterating 9.37 for £ = 1,..., k produces the Bernoulli polynomial

k

> (Hwiera-crr e,

r=d+1

and the accumulated error is

R(2V/2C +2/7;) < 46K2m (y1/32 4 (M52 4 (d)q) V%) = v

This corrects the displayed arithmetic in the paper: the iterated adjacent estimate contributes
k copies of the 2,/7; term, and the definition of v, already contains a factor k2.
To prove 9.37, define for each 1 </ < k + 1 and each tail type 7,

S = Z Glr<el(I — @)D=l (9.38)

T>e
Togt|T[>d+1

Then 9.37 may be rewritten as

[Exzez Z <1/}|H;E>>e[ T>e|¢>

T>¢ 920€0-,

P NoIEENor [Emﬂz Z <1/’|H;JE>>; r>£|1/’>~ (9-39)

T>e g>[EOr>Z

Remark 9.41 (Lean proof-stage notation). In Lean, the type-restricted averaged submeasurement,
the per-tail operator/mass, the aggregated stage quantity, and the final Bernoulli-tail scalar from
this proof are recorded by the declarations above. Their indexing is shifted to the repository’s
0-based convention: Lean stage ¢ is the paper’s stage ¢ + 1.

The operators STM are Hermitian and positive semidefinite, and

S”}I = Z G‘T<Z‘<I — G)(671)7‘7<€‘
Topt|T|>d+1
< Z Glm<el(1 — G)t= 1)<l
T<e
=G+({I-G) =1 (9.40)
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For any 7, € {0,1},
E, > Go =Gr(I-G)\ . (9.41)

Ty
gleorz

Therefore, for every 7,

Z STzz ' ([Ez,z Z é\zze) = ZSTﬂGTe (I—G)
Te

ggEOTZ Ty
=5, (9.42)
Moreover,
ok ~
STze ' <[E$e Z Ggf) ) STZZ < [xe Z Gy, (9.43)
géeore gZEOW

because S, commutes with G and (I — G) and is bounded by I

We now prove 9.39. Writing H as a sandwich of G operators and moving the rightmost (/?\gggf
to the second tensor factor gives

E.LY. > WS, v

T>e (g, 7g>£)eor>z

=LY > WlGE(GyIG) @S, )

T2t (9¢:950)€0+,

~aeE, Y Y WIGEGEOh ® (S, ,Golw). (9.44)

T>¢ (9279>e>607—22

The corresponding Cauchy—Schwarz bound is

E, Y. > WG eS, (G e DGy el —10 G|

T>¢ (gﬂvg>lf)eo7'2€

E, Y. > @WHZ S, )2 LY > @G el—I1eGy)(Hy o) (G el—18

T>¢ (9¢,9-¢)€0, T>¢ (9¢:950)€0,,

The first square root is at most 1 because ST>/5 < I and Hisa submeasurement, and the second
is at most 2¢ by 9.21. B

Next, commute the leftmost é?gf across the left half-sandwich:

049 =E, > > @lGGy (G @ (S, ,Gal)lw)

T2t (9¢:9>0)€0+,

Fom B> Y WG GGy @ (S, Gl ). (9.46)

T>¢ (90:9-0)€0,,
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The associated Cauchy—Schwarz estimate is

o, Y Y (WG Grle DG & (S, Gl

T>¢ (90:9-0)€0-,

E_, Y. > (@G, GGy Gl Il [E,,3 " Y (WlHy ! @ (Gyl(S,.,)2Gal ).

T>¢ (9¢,95¢)€0, T>¢ (9¢,95¢)€0,

(9.47)

The first square root is bounded by v, via Lemma 9.27, and the second by 1 since STM <
Continue commuting: B

(946) ~ o B, D~ > WG (G Gel) ® (S, G, (9.48)

T>¢ (927g>e)607—22

This time the Cauchy—Schwarz step is

E., > > (WIG oS, GG Gl e v

T2t (9£,950)€0,,

[Engz Z <w|H§>>ee ( @fsrzz)‘¢>' [Engz Z <w|[( g>z) 7G ] [(G9>2) 7G9ﬂ®]‘w>'

T>¢ (90:9-0)€0-, T> (90:950)€0

T>e

(9.49)

By 9.43, the first square root is at most 1, and the second matches the first square root in 9.47,
hence is at most v,.

Finally move the remaining C?gcf to the second tensor factor:

048) e E,, Y > (WlH @ (S, GetGyl)|v). (9.50)

T>¢ (9279>2)601—2€

The omitted Cauchy—Schwarz bound reuses the first square root from 9.49 and the second square
root from 9.45. Since G is projective,

(950)=F,, > > (@Hy ® (S, Gyl

o0 (90, 9-0)€0,_,

= [Em>[ Z Z <¢‘H;>>; ® (Z Srzz ([Ewe Z é?f))h@

7>t 9-0€0,, 90€0,,
=E.,y Y, WH®S, W), (by 9.42)
T>e g>1{607>2
which is exactly 9.39. O

Lemma 9.42 (Context specializations for the pasted measurement). The nontrivial-regime past-
ing context specializes the consistency of H with A and the conversion from the pasted sum to
the polynomial in G to the parameters and error bounds fized in Definition 9.3.

Proof. These are direct specializations of the two preceding construction theorems to the notation
and numerical hypotheses packaged in the nontrivial-regime pasting context. O
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Lemma 9.43 (Matrix Chernoff bound for the Bernoulli polynomial). Let 0 < 6 < 1 and integers
k,d > 0 with k > 2d/6. Define

k

F(X)= > <fj> X(I — X)k-

r=d+1

If X is Hermitian, 0 < X < I, and (Y| X Q I|¢)) > 1 — K, then
WIF(X) @ I) 21— = — e Ph2,

Proof. Let p be the reduced state of 1)) on one prover’s subsystem, and write the eigendecom-

position X = 3. \;|v;)(v;|. This defines a probability distribution (i) = (v;|p|v;), with
[Ezwu/\z - TI‘( ) <77[}‘X ® I|d)> >1—k.

Equivalently, E;_,(1 — ;) < &, so Markov’s inequality shows that most of the spectral mass of

X lies on eigenvalues at least 0:

K

Pr(\, >0 >1— .
N —0

(9.51)

For a scalar p € [d/k, 1], the quantity
bk
F(p)= Y <r>p’”(1p)“
r=d+1

is the probability of observing at least d + 1 successes in k Bernoulli(p) trials. Applying the
scalar Chernoff bound eigenvalue-by-eigenvalue therefore yields

F(p)>1- eXp(—Q(p - %)Qk). (9.52)
Hence

(YIF(X) @ I) = Tr(F(X)p)

- ZE:‘FVAz ‘p|U

—E, V)
> Pr(); > 0] F(0)
> (1 - lfe) . F(6) (by 9.51)

> (17 1f9) : <1exp(2<9 Z)Qk)) . (9.53)

Since (1 —b)(1 —¢) >1—b—c for b,c > 0, 9.53 implies

WIF() @ Tl) = 1 77— exp(~2(0 - %>2k).

Finally, k > 2d/6 implies d/k < 6/2, hence (§—d/k)? > 6?2 /4, which yields the claimed bound. [
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Corollary 9.44 (Completeness of the pasted submeasurement). If k > 400md, then

1 2
HQQIW)y>1— 14+ — ) — p— ¢ K/(80000m*)
Wl W) 2 " ( IOOm) v—e

Proof. Lemma 9.37 gives
</¢)‘H ® I|w> %V7 IEII,...,CL“,C Z Z <1/J|H5115":"':’gzkk ® I|w>'

7:|7|>d+1 (g1,...,9;, ) EOutcomes

Lemma 9.40 turns the right-hand side into

k

> (Hwiea-crren

r=d+1

up to error vg. Apply Lemma 9.43 with # = 1/(200m). Since k& > 400md, the hypothesis
k > 2d/0 is satisfied, and the resulting lower bound is

1 e R/B0000m) > (1 IR ) — ¢—h/(80000m?).
1—1/(200m) - 100m
The paper then absorbs the approximation losses v, + vy into v. 0
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Chapter 10

The main induction step

10.1 Restricting to one slice

Definition 10.1 (Appending a line at height x). For = € F, let append, (¢) be the line in F}"*!
obtained by appending the coordinate x to every point of a line £ C Fi*. If f: £ — [, let
append_(f) be the polynomial on append (/) defined by append (f)(u,z) = f(u).

Definition 10.2 (a-restricted strategy). Let (¢, A, B, L) be a symmetric strategy for the (m +
1,q,d) low individual degree test. For each x € [, the z-restricted strategy (v, A*, B*, L*) for
the (m, g, d) test is defined by

U AU, ¢ _ pappend,(£) ¢ __ rappend_(£)
(A7) = Ag™, <Bﬂc)f - Bappendm(f)’ <Lx)f - Lappendm(f)'
Lemma 10.3 (Restricted success probabilities). Let (¢, A, B, L) be an (e, d,7)-good symmetric
strategy for the (m + 1,q,d) test. For each x € [, let (1, A%, B*, L") be the restricted strategy
and let €,,0,,7, be its three failure probabilities. Then

<m+1 m—+1

r-xr — 67

m

Y-

Proof. The self-consistency test restricts exactly to the slice at height x. For the axis-parallel
and diagonal-line tests, conditioning on the sampled line not being parallel to the last coordinate
identifies the test with the corresponding restricted game. O

Definition 10.4 (Average restricted errors). The average restricted errors are the expectations
over x € [, of the axis-parallel, self-consistency, and restricted diagonal-line failure probabilities
of the z-restricted strategies.

Lemma 10.5 (Weighted restricted-probability bounds). The weighted bounds from Lemma 10.8
imply the restricted-probability data used in the successor step.

Proof. The weighted axis-parallel and diagonal-line estimates are divided by the transverse-
direction weight, while the self-consistency estimate is exactly the average restricted self-consistency
probability. These three estimates form the restricted-probability record used in the successor
step. O
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10.2 The inductive construction

Theorem 10.6 (Self-improvement). Let (v, A, B, L) be an (&,4,v)-good symmetric strategy for
the (m,q,d) low individual degree test. Let G € PolyMeas(m,q,d) be a measurement with the
following property:

1. (Consistency with A): On average over u ~ F7",

Az @12, I® Gyp—a-

Let
¢ = 3000m (/32 4 §1/32 4 (d/q)1/3?).

Then there exists a projective submeasurement H € PolySub(m, ¢, d) with the following properties:

1. (Completeness): If H =, Hy, then

(WH@I|) = (1—v)—(
2. (Consistency with A): On average over u ~ F7",

As® 1= 1® Hyyuy—a)-

3. (Strong self-consistency):

4. (Boundedness): There exists a positive semidefinite operator Z such that
WlZe (I —-H)lp) <

and for each h € P(m,q,d),
Z>E A

Proof. This is Theorem 7.11, with the conclusions reformulated in the notation used by the
induction step. Since the output is projective, Lemma 3.36 converts the strong self-consistency
statement to the usual bipartite formulation. O

Remark 10.7 (Lean realization of induction self-improvement). The Lean declaration for Theo-

rem 10.6 has the paper hypotheses, in particular that G is a complete polynomial measurement.

The labelled theorem in references/ldt-paper/inductive_step.tex:249--286 states the in-

put as a submeasurement, while the proved form in references/ldt-paper/self_improvement.tex:635--671
states it as a measurement. The blueprint and Lean follow the proved measurement-valued form,

which is also the form used at the point where the theorem is applied in references/1dt-paper/inductive_step.tex
The proof applies Self Improvement.selfImprovement to GG, then uses self ImprovementInInductionSectionConcl
to transport the fields. The Section 7 SDP slackness input is supplied by the formalized theo-

rem sdp_statement_with_slackness; it is not an additional hypothesis of the induction-section

theorem.

Theorem 10.8 (Pasting). Let (¢, A, B, L) be an (g,0,v)-good symmetric strategy for the (m +
1,4, d) low individual degree test. Let {G“’}me[pq be projective submeasurements in PolySub(m, ¢, d)

with the following properties:
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~

g’

. (Completeness): If G =, Zg GZ, then
WIG® I1) > 1— .
2. (Consistency with A): On average over (u,x) ~ F*,

AT @I = IQGE .

3. (Strong self-consistency): On average over x ~ [,

Gy~ 1®G;.

B

. (Boundedness): There are positive semidefinite operators Z* such that
E, (0l =G") @ Z*[P) < ¢
and for each x € T, and g € P(m,q,d),
A [EuAZ(’fj).
Let k > 400md and set
v = 100k*m (61/32 + G132 4 132 4 (1/32 4 (d/iI)l/32)

and

1 2
_ 1 2 —k/(80000m ).
o=k < + 100m> +2v+e

Then there exists a measurement H € PolyMeas(m + 1,¢q,d) with the following property:

1. (Consistency with A): On average over u ~ F/"*1,

AL @1 2, I ® Hipyy—q)-
Proof. This is exactly Theorem 9.1, restated in the induction chapter because it is the pasting
input used in the proof of Theorem 10.14. The Lean declaration linked above applies the unre-
stricted formal pasting theorem and transports its point-consistency field to the induction-section
conclusion record. O

Remark 10.9 (Unrestricted Lean form of induction-section pasting). The Lean declaration linked
to Theorem 10.8 is now the unrestricted source-facing restatement. It calls the formal Sec-
tion 9 theorem Pasting.1ldPasting and therefore carries exactly the source hypotheses displayed
above, together with the faithful formal boundary hypotheses needed to interpret the objects in
Lean.

The nontrivial-regime proof reduction remains represented in the Chapter 9 declaration
Pasting.ldPastingNontrivial. That helper assumes

v<1, ¢<1, d <q, 0<d, 1<k

These inequalities are not hypotheses of the paper theorem: in references/ldt-paper/ld-pasting.tex,
lines 12-50 state the unrestricted result, while lines 52-55 use the inequalities only to reduce the

proof to the nontrivial regime. The formal theorem linked from the blueprint has already incor-
porated the complementary cases through Pasting.ldPasting.
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Remark 10.10 (Lean self-improvement slice transport for the successor step). The successor step
records the slice-wise self-improvement output in SelfImprovementData, and the answer-valued
route records the analogous output in AnswerSelfImprovementData. Their constructors call
selfImprovementInInductionSection; they no longer carry a separate bundle of Section 7
proof-stage data as an input. The SliceStrategyTransport structures are narrow formal inter-
faces: they assume concrete per-slice symmetric strategies and measurement-transport data,
while averaged point-operator compatibility is derived structurally from point-measurement
transport. They then convert the remaining data into the ordinary or answer-valued self-
improvement output.

Definition 10.11 (Pasting data for the successor step). The successor step forms the pasting
input by combining the restricted probability estimates with the slice-wise self-improvement data.
The Lean construction applies the unrestricted induction-section pasting theorem directly, and
the small-error constructor supplies the scalar side conditions v < 1, ( < 1, and d < ¢ internally.
Thus the successor proof can call the small-error pasting constructor without carrying 0 < d,
1<k, v<1,(<1,ord< q as separate proof inputs. The answer-valued small-error assembly
then converts the answer-valued slice data to this pasting interface and applies the checked
stage-data theorem.

Lemma 10.12 (Base case of main induction). Under the hypotheses of Theorem 10.14 with

m = 1, there exists a measurement G € PolyMeas(1, q,d) such that, on average over u ~ by

Az ® 1= I® Gigu)=a);

which is stronger than the bound required by Theorem 10.14 for m = 1. Lean also proves the same
one-dimensional construction for the answer-valued strategy interface used by the recursive-slice
route.

Proof. For m = 1, there is only one axis-parallel line £ in F, so the line measurement Bt is
already an element of PolyMeas(1, ¢, d). Because the strategy fails the axis-parallel lines test with
probability at most e, the consistency bound follows directly from the axis-parallel consistency
hypothesis. O

Lemma 10.13 (Large-error branch of main induction). If the target error parameter in The-
orem 10.14 is at least 1, then the conclusion follows from a distinguished trivial polynomial
measurement. Lean also proves the same large-error branch for the answer-valued strategy inter-
face used by the recursive-slice route.

Proof. The normalized bipartite consistency defect of two submeasurements is at most 1. Hence
any polynomial measurement, in particular the measurement concentrated on one polynomial,
satisfies the claimed consistency relation when the allowed error is at least 1. O

Theorem 10.14 (Main induction). This is the corrected numerical form of the theorem; the
paper-gap note [con26b] records the replacement of the printed bound k > md by k > 400md. Let
(v, A,B,L) be an (e,d,7)-good symmetric strateqy for the (m,q,d) low individual degree test.
Let k > 400md and set

v — 1000k2m?2 (51/1024 4 §1/1024 4 n1/1024 (d/q)1/1024)

and
o= m2 (u + e—k/(80000m2)) )

Then there exists a measurement G € PolyMeas(m, ¢, d) such that, on average over u ~ I

AT ® 1 >4 I® Glgu)—q)-
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Proof. The base case, the large-error branch, and the small-error successor construction are all
formalized for the corrected large-k interface. The paper prints the weaker bound k& > md; the
implication needed to apply the pasting theorem is false in the interval md < k < 400md. Thus
the factor 400 is recorded as a confirmed statement correction, as documented in [con26b]. O

Proposition 10.15 (Small-error successor construction for the induction theorem). This is the
nontrivial successor branch in the corrected large-k induction interface. The ordinary successor
theorem mow reduces to the internal answer-valued induction theorem. That theorem supplies
the predecessor induction argument for the restricted slices by a genuine strong induction on
the dimension. The answer-valued pasting invocation is recorded in Proposition 10.18, and
the answer-valued self-improvement construction is checked by Proposition 10.17. This is a
construction internal to the proof, not an assumption of Theorem 10.14. The recursive slice
route applies also when d = 0; the successor reduction no longer needs a separate degree-zero
family construction.

Proof. The checked assembly theorem mainInductionSuccessorNext_ofSmallErrorConstruction
reduces the ordinary branch to the answer-valued induction theorem through the answer-carrier
construction. The answer-valued induction theorem supplies the predecessor argument internally;
the answer-valued slice self-improvement construction and the averaged family-field assembly are
checked, and the answer-valued pasting construction below supplies the final pasting input. [

Proposition 10.16 (Predecessor induction argument for successor slices). In the small-error
successor branch, the proof must apply the induction hypothesis in dimension m to the restricted
strategies indexed by x € |, with the same integer k. The successor large-k hypothesis implies
the predecessor large-k side condition in the corrected formal interface, and the nontrivial small-
error branch supplies k > 1. This is the genuine recursive use of the theorem; it is not an
additional hypothesis on the successor strategy. The answer-valued restriction map for an answer-
valued successor strategy is now explicit in Lean; it preserves the full function-valued diagonal
answer on the slice, so it does not use the ordinary low-degree realization that is unavailable for
arbitrary answer-valued diagonal measurements. The corresponding restricted-probability theorem
for answer-valued successor strategies is also checked: the azis-parallel and diagonal slice averages
are derived from the ambient answer-valued goodness assumptions, and the diagonal calculation
uses the full function-valued answer rather than an ordinary polynomial-valued realization. Lean
now also checks the recursive application itself: after these restricted probabilities are constructed,
the predecessor answer-valued induction hypothesis gives the main-induction conclusion for every
answer-valued restricted slice. The theorem answerMainInduction now supplies this predecessor
hypothesis by strong induction on the dimension. Thus the predecessor induction argument is a
checked internal construction, not an additional theorem hypothesis.

Proof. The Lean proof is contained in the simultaneous answer-valued induction theorem and
its restricted-slice constructors. O

Proposition 10.17 (Answer-valued slice self-improvement). The restricted slice strategy is rep-
resented in Lean by an answer-valued strategy. The slice self-improvement data are constructed
directly: replace only the diagonal part by an inert ordinary covariant measurement and apply the
induction-section self-improvement theorem in the form whose hypotheses are the axis-parallel and
point self-consistency estimates. Since the Section 9 conclusion is independent of the diagonal-
line error parameter, no low-degree support theorem for the answer-valued diagonal outcomes is
needed for this step. Such a support theorem would still be necessary for the stronger route which
realizes the answer-valued diagonal measurement as an ordinary polynomial-valued covariant
measurement, but that realization is not used here.
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Proof. The Lean proof is the carrier construction described in the statement. The diagonal
component of the carrier is a fixed covariant projective measurement; the hypotheses consumed
by self-improvement are the axis-parallel and point self-consistency estimates of the answer-
valued restricted slice. O

Proposition 10.18 (Answer-valued pasting construction for the successor step). After the re-
cursive answer-valued slice measurements and the slice-wise self-improvement outputs have been
averaged, Lean has a polynomial family which is complete, point-consistent with the actual answer-
valued point measurement, strongly self-consistent, and bounded by the witnesses obtained from
self-improvement. The boundedness input is presently typed through the point-equivalent ordinary
carrier, because the existing boundedness interface for pasting is an ordinary-strategy interface.

The final induction-section pasting invocation is proved by first deriving the answer-valued
Section 10 point-commutativity estimate from the answer-valued diagonal-line verifier relation,
then invoking the Section 11 scalar chain in the form which assumes this point-commutativity
estimate. The proof does not replace the answer-valued strategy by the ordinary carrier for
the diagonal-line test; the carrier is used only for the ordinary boundedness interface. This
construction is therefore a Lean-only internal construction for the simultaneous successor proof,
not a new hypothesis of Theorem 10.14 and not a replacement for Theorem 10.8.

Proof. The checked reduction answerMainInductionSuccessorNext_ofRecursiveHypothesisAndAnswerPasting
shows that, with the predecessor answer-valued induction hypothesis in the successor context, the

successor branch reduces to the answer-valued pasting theorem answerLdPastingInInductionSection0fSmallError
That theorem is now proved from the answer-valued commutativity route, the degree-zero branch,

and the scalar absorption estimate. O

Checked status of the corrected induction interface. In Lean, the base case is formalized
through . The answer-valued analogue needed by the simultaneous recursive route uses the
same one-dimensional axis-parallel-line construction and does not involve the diagonal answer
interface. The printed source range md < k < 400md is excluded from the corrected theorem
statement: the missing implication to the pasting size hypothesis is a confirmed statement gap,
and Theorem 10.14 is stated with the corrected large-k hypothesis. The successor step of is
isolated in its native m — m + 1 form as the corrected large-k theorem . Its nontrivial branch
is named as the small-error construction . The non-base branch only decomposes an arbitrary
parameter bundle with m # 1 into this successor form. Neither declaration takes restricted-
probability, recursive-slice, self-improvement, or pasting records as hypotheses. The nearby
formalization still names the stage data that mirror the four paper stages restrict — induct —
self-improve — paste, but no theorem with these data as additional source-level hypotheses is
advertised as Theorem 10.14. For the answer-valued restriction route used in the successor branch
of the main formal theorem, Lean now also exposes , , which record the predecessor induction
hypothesis for the restricted strategies, transport induction data in both directions between the
answer-valued and ordinary slice interfaces, and then forget only the answer-valued diagonal
alphabet before the existing pasting assembly. The weighted restricted-probability estimates
are now public via , The Lean proof now closes the large-error branch by . The answer-valued
large-error branch is checked by . The internal answer-valued induction theorem is ; it is now
a genuine strong induction on the dimension. The surrounding development also contains the
internal reductions , , which derive the successor conclusion from the answer-valued predecessor
induction hypothesis. The answer-carrier forms construct the answer-valued self-improvement
data directly from the restricted slices. The successor-bound form also derives the predecessor
large-k and k > 1 side conditions from the successor large-k hypothesis together with the small-
error assumption, so these elementary arithmetic conditions are no longer additional hypotheses
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in the successor proof. The answer-carrier route shows that the separate degree-zero family
route is not needed for the successor reduction: the predecessor induction hypothesis is used
for the restricted slices also when d = 0, while £ > 1 comes from the nontrivial error branch.
The obsolete slice-transport and degree-split family routes have therefore been removed from the
checked interface. Thus the ordinary small-error construction theorem is now proved from the
internal answer-valued induction theorem, and the answer-valued pasting theorem is also proved
by the answer-valued commutativity route, the degree-zero branch, and the scalar absorption
estimate. None of these constructions is a separate source hypothesis. The former answer-
valued self-improvement interface mismatch is resolved for the induction step by the checked
carrier construction. The older ordinary-realization constructors remain available and show
that, under the stronger ordinary-realization route, the Section 9 theorem can also be applied
slice by slice through the checked transport interface. Such a route still requires a low-degree
support theorem for the answer-valued diagonal outcomes; otherwise the ordinary polynomial
diagonal measurement cannot satisfy the required covariance after rebasing. The answer-valued
ambient point-consistency averaging step is now checked by and . These lemmas prove the
last-coordinate reindexing identity and the averaged consistency estimate for an ambient answer-
valued strategy. The answer-valued successor scalar averaging estimates are checked by , and
; these are the (,, v,, and o, Jensen and conditioning bounds for the actual AnswerSymStrat
restricted successor profiles. The theorem now extracts the recursive slice measurements from
the predecessor answer-valued induction hypothesis and proves the averaged o, -bound. The
theorem then applies the axis-parallel/self-consistency form of self-improvement slice by slice,

producing the projective G™’s and witnesses Z7 together with the averaged ¢, and o, bounds.
These slice outputs are assembled at the ambient answer-valued level by , which proves averaged
completeness, point consistency with the actual answer-valued point measurement, strong self-
consistency, the carrier-typed slice boundedness input, and the k- and (-bounds. This is not
a final pasting theorem: the boundedness field uses the point-equivalent ordinary carrier only
because the current boundedness interface is typed for ordinary strategies, and no claim is made
that the carrier’s dummy diagonal measurement satisfies the answer-valued diagonal test. The
answer-valued pasting invocation is proved as . The checked reduction shows that, with the
predecessor answer-valued induction hypothesis available in the successor context, the successor
branch reduces to this answer-valued pasting theorem. The conditional reduction is an internal
lemma used inside the strong-induction proof, not a proof-level formalization link for a source
theorem. The remaining ordinary family-level averaging components are also now isolated as
checked lemmas: and . For answer-valued self-improvement data attached to an ordinary
ambient strategy, the corresponding pasting fields are checked directly by  and . The direct
ordinary-ambient answer-valued assembly mnow invokes the induction-section pasting theorem
from these fields and the answer-valued averaged scalar estimates; the exported theorem calls this
direct proof. The remaining ambient answer-valued assembly is therefore the AnswerSymStrat
analogue needed inside the simultaneous successor proof, together with the final pasting interface,
not the ordinary answer-valued slice averaging calculation. The answer-valued pasting invocation
and predecessor induction argument are now supplied internally in the proof of Theorem 10.14;
they are not additional hypotheses about the successor strategy. We may assume ¢, d,v,d/q < 1,
since otherwise v > 1 and the bound is trivial.

The proof is by induction on m. The base case m = 1 is Lemma 10.12.

For the step from m to m + 1, let (¢, A, B, L) be an (g,0,v)-good symmetric strategy for
the (m + 1,¢,d) test, and let k > 400(m + 1)d. For each x € [, let (), A, B*, L") be the
z-restricted strategy, with failure parameters €,,d,,7,. Apply the induction hypothesis to each
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restricted strategy with the same integer k and define
v = 1000k2m2 (6915/1024 4 5915/1024 +,yi/1024 + (d/q)1/1024) 0. = m2 (u I e*k/(80000m2)> .
This yields a measurement G* € PolyMeas(m, ¢, d) such that
(A)g®I=~, I®GH, .

Next define
¢, = 3000m (s}/g’z NI A (d/q)1/32) .

Theorem 10.6 produces a projective submeasurement G* e PolySub(m, ¢, d) such that, for each
€

1 if G* = Zg C?g, then
WG @ IY) > (1—0,) — Cy

2. on average over u ~ [,

(A%)g @I 2 T® Gy

G?;@I%Cw I®Gg;
4. there exists a positive semidefinite operator Z* such that
(|27 @ (I - Go)w) < ¢,
and for each g € P(m,q,d),

2% 2 By (A%)g)

We now average the slice-dependent parameters. By concavity of a — a° for ¢ < 1 and
Lemma 10.3,

F,v, < 1000K%m? ((E,e,) Y102 4 (,8,)1/10% 4 (E,7,) /192 + (d/q)V/1024)
1/1024
< 1000k2m? ((m + 15> 4 §1/1024 4 (LH,Y) + (d/q)1/1024>
m m

< 1000k%(m + 1)2 (51/1024 4 gU/1024 4 171024 (d/q)1/1024) .

1/1024

Call this final quantity v. Then, defining
o = m2 (1/ + 67k/(80000m2)> ,

we have
c>LE,0,.

Similarly,

LG, < 3000m ((E,,)1/% + (E,5,)1/% + (d/q)11%)
1\ 1/32
< 3000m ((ﬁg) + 6132 1 (d/q)1/32

< 3000(m + 1) (/32 + 6132 + (d/q)1/32) .
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Call this last quantity ¢. For later use,

¢ =3000(m +1) (g1/32 +61/32 4 (d/q)1/32)
< 1000k%(m + 1)? (51/32 4 61/32 4 (d/q)1/32)
< 1000K2(m + 1)2 (/1024 4 §1/1024 4 J1/1024 4 (/q)1/1024)
- (10.1)

The averaged slice family {é\x}meﬂ therefore satisfies the four hypotheses of Theorem 10.8

with completeness parameter k = o + (. To verify the new v bound in that theorem, observe
that (3000)/32 < 2, so

C1/32 <2m+1) (51/1024 4 §L/1024 4 (d/q)1/1024) :
and hence

100k2m, (51/32 8132 L A1/2 /32y (d/q)1/32)
< 1000k (m + 1)2 (51/1024 1 §1/1024 N 1/1024 (d/q)1/1024)

= V.

Therefore Theorem 10.8 gives a pasted measurement H € PolyMeas(m + 1, ¢,d) such that, on
average over u ~ F/1,

AY®T =~y I ® Hyy)—a),

where

1 2
*— 14— 2 —k/(80000m?)
o (g+§)( +100m>+ v+e

It remains to compare ¢* with the next-stage target. The pasting parameter in Theorem 10.8 is
bounded by v/5 in this regime. Using this sharper estimate and (10.1), we get

o < <m2 (y + e*k/(soooomz)) + Z,) (1 + ﬁ) + %V + ¢—k/(80000m?)
m

1 2 1 .
_ 2 (1 ) 7) ( 2(1 ) 1) —k/(80000m?)
<<m O 150 ) ) U T00m ) ) €

For every m > 1,

1 2 1
(m2+1)<1+m)+g§(m+1)2, m2<1+—>+1§(m+1)2.

Therefore
0" < (m+1)2 (v + e F/E0000mD)) < (1 4 1)2 (i 4 ¢ H/(B0000(m+1%) )

which is exactly the bound required for dimension m + 1.

Remark 10.19 (Lean status of the successor-step assembly). The Lean declaration for Theo-
rem 10.14 has the corrected large-k theorem hypotheses and no additional stage-data hypothe-
ses. Its native successor step mainInductionSuccessorNext is now proved. The weighted slice
bounds feeding Lemma 10.3 remain exposed through the public restriction-package constructor
above, but the recursive slice witnesses, the slice-wise self-improvement outputs, and the answer-
valued pasting comparison are derived inside the successor proof. They are not represented by
a separate theorem whose assumptions are added to the paper statement.
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10.3 Proof of the main formal theorem

Lemma 10.20 (Heterogeneous role-register symmetrization). Let (¢, A%, BA LA AB BB LB)
be a projective strategy on two local spaces passing the (m,q,d) low individual degree test with
probability at least 1 —e. Adding a role register and placing the two local spaces in the direct sum
H, & Hy yields a symmetric projective strategy that is (3¢, 3, 3¢)-good.

Proof. Each of the three subtests (axis-parallel, self-consistency, diagonal) occurs with proba-
bility 1/3, so the total failure probability at most ¢ implies each branch is at most 3e. Block-
diagonalizing the measurements over the role register preserves the axis-parallel and diagonal
branch averages exactly, and the cross-register self-consistency branch of the symmetrized strat-
egy equals the original point-agreement defect, which is itself bounded by 3e. O

Remark 10.21 (Lean auxiliary data for role-register symmetrization). The formal proof of Theo-
rem 2.14 uses the heterogeneous role-register strategy and its goodness proof. This construction
supports the final assembly and is not an additional hypothesis in Lemma 10.20.

Proposition 10.22 (Lean role-register main-induction handoff for the Section 3 proof). For a
two-space projective strategy passing the low individual degree test with error €, the role-register
symmetrization is (3¢, 3¢, 3¢)-good. Under the corrected hypothesis k > 400md, Theorem 10.14
therefore supplies the Section 6 polynomial measurement used in the final theorem route.

Proof. This is a Lean-only handoff theorem: combine Lemma 10.20 with the corrected large-k
theorem . O

Removed successor restricted-recursion targets. The former Section 3 Lean-only answer-
valued restricted-recursion records have been removed along with the same-space final-theorem
assembly. The successor work belongs to the proof of Theorem 10.14, not to additional hypotheses
or auxiliary inputs in Theorem 2.14.

Remark 10.23 (Lean Step 6 constructions for the Section 3 proof). The old same-space base-
case and completion-witness records have been removed. The current route starts with the
heterogeneous role-register application of Theorem 10.14, extracts the two occupied role blocks,
proves the Step 5 full-polynomial self-consistency relation, and then invokes the theorems for
making measurements projective and for completion inside the two-space source route. These
constructions are proof steps in Theorem 2.14, not hypotheses of its statement.

Lean successor-dependent Step 6 targets. The role-register Section 6 measurement is ob-
tained by applying the corrected large-k theorem MainInductionStep.mainInduction to the
role-register symmetrization. The final source-route theorem then carries this measurement
through the two unsymmetrized point-consistency relations, the Step 5 self-consistency calcula-
tion, the step making measurements projective, completion, and the final point-evaluation trans-
port. These targets are proof-complete for the corrected large-k interface and are not added
hypotheses of Theorem 2.14.

Remark 10.24 (Projective-completion construction). The projective-completion construction is
now internal to the two-space source route. It is not a separate assumption in the statement
of Theorem 2.14. The corrected source theorem is proof-complete: the general two-space role-
register passage has been assembled, and the theorem statement records the documented k& >
400md and k > 0 boundary corrections.
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Remark 10.25 (Lean measurement-unsymmetrization consistency). Lean now isolates the Step 3

extraction from inductive_step.tex lines 84-108. In the same-space route, the principal-

block map extractRoleBlock turns a role-register POVM G into the two POVMs G and GP

on the original prover space and proves that point-evaluation postprocessing commutes with

this extraction. In the heterogeneous two-space route, the corresponding principal-block maps
extractRoleRegisterAlice and extractRoleRegisterBob extract the occupied (A,inl) and

(B, inr) blocks of a measurement on {A, B} x (H 5, @ H ). Lean proves the trace-level factor-two

identities for arbitrary role-register measurements in qgBipartiteConsDefect_roleRegisterProjMeas_arbitrary_ec
and its two factor-two consequences. No projectivity of arbitrary principal blocks is claimed,

matching the paper’s later step making measurements projective.

Definition 10.26 (Final error envelope). Set

E = £1/40000 4 (d/q)1/40000 + e~ /(2560000m?)

The remaining entries in this scalar-cascade subsection are Lean bookkeeping lemmas for
the final proof of Theorem 2.14. They record explicit inequalities between the named error
parameters; they are not independent source theorems from the paper.

Theorem 10.27 (Basic facts about the final error envelope). If 0 < ¢, then

Vmain

= 100000k2m? (51/40000 + (d/q)1/40000 + e—k/(2560000m2)> = 100000k>m*E,
and E > 0.

Proof. Both identities are by definition: the first unfolds v, ,;, and the second unfolds E. Non-

negativity of E follows summand-wise from Real.rpow_nonneg (using 0 < ¢) and Real . exp_nonneg.

O

Definition 10.28 (Cascade parameters and standing hypotheses). Assume ¢ >0, k> 1, m > 1,
0<e<1,and d < q. Fix an incoming error parameter v. Define

o =m? (v + e H/E000mD) ¢ = 95+ 2V/3e + 20 + md/q,

G =200 +42¢1%, (=60 +6C,, (=20 42V + G2

The coefficient 42 is the Lean cascade scalar; it widens the paper’s printed coefficient 40 so that
the completion theorem’s extra 2¢; term is absorbed while preserving the final error envelope.

Theorem 10.29 (Bound for the first cascade term). Under the standing hypotheses, if
v < 10000k3m?2 (51/1024 + (d/q)1/1024) 7

then
o < 10000k2m*E.

Proof. Multiply the assumed bound by m?, replace m? by m*, coarsen the exponents from 1,/1024
to 1/40000, and enlarge the exponential denominator from 80000m? to 2560000m>. O

Theorem 10.30 (Cascade bounds for the later cascade terms). Under the standing hypotheses,
assume
0 < v < 10000k%m? (e¥/1024 4 (d/q)1/1024) .

Define
o= m2 (u + e—k/(80000m2)) ,
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(1 =20+2V3e + 20 +mdfq, (= 200¢"" +42¢7%,

(3 = 6¢; +6Cy, <4:2J+2\/C1+C3/2-

Then
¢y G, ¢y < 100000k2mA B, ¢3 <2-100000k*m*E.

Proof. The Lean declarations first derive the native bounds for (i, ...,(, from the cascade defi-
nitions using square-root and rpow monotonicity, with (, using the widened coefficient 42, and
then coarsen those bounds to the common envelope E. The ¢, proof additionally uses k < k2,
m < m?, and the nonnegativity of the earlier cascade variables. O

Theorem 10.31 (Consolidated error cascade). Assume the standing hypotheses and
0 < v < 10000k2m2 (51/1024 + (d/q)1/1024) _
Let 0,(;,(y, (5 be the cascade quantities defined above. Then
o < 100000k*m*E, ¢y, ¢ < 100000k*m*E, (3 < 2-100000k*m*E,

and the concrete quantity
G =204+2v¢ + (/2

also satisfies
¢, < 100000k*m*E.

Proof. This is the direct combination of Theorem 10.29 and Theorem 10.30. The Lean declaration
uses the explicit equalities naming o, ¢y, (5, (5 as the corresponding cascade expressions. O

Remark 10.32 (Lean Step 5 expansion theorem). For the Step 5 passage below, Lean now names
the weighted polynomial-collision mass, proves its md/q bound by specializing the existing tensor
Schwartz—Zippel helper, and proves the algebraic expansion/reindexing statement comparing the
evaluated consistency defect with the full-polynomial defect plus that collision mass. The theorem
for Step 5 therefore no longer takes the expansion statement as an external hypothesis.

Remark 10.33 (Lean witness structures for the main-formal assembly). The following Lean
declarations are bookkeeping infrastructure for the final assembly witness: They split off the
vacuous branch where the theorem error is at least 1, derive the Step 8 scalar hypotheses in
the non-vacuous branch, and isolate the role-register Section 6 measurement behind a con-
crete role-witness record. The role-register measurement is now obtained directly from the
mainInduction theorem by roleRegisterSymmStrategy_sourceMainInduction; the successor
case is handled by the checked Section 6 theorem, so it is not a separate boundary hypothesis
in Section 3. Lean also records that every non-base parameter choice has a predecessor via
Parameters.successorDecomposition0fNeOne, and it retains the explicit transport helpers for
the strategy and passing proof across that predecessor equality. The older branch-witness records,
which assembled ordinary or answer-valued successor data from recursive slice witnesses and sup-
plied self-improvement inputs, have been removed. The current completion witness carries the
concrete role witness obtained from the Section 6 theorem rather than a separate decorative
branch witness. Once the role-measurement record is obtained, Lean proves the two factor-two
unsymmetrization links from its symmetrized consistency estimate. The subsequent proved lem-
mas use the proved Section 5 Schwartz—Zippel theorem to convert evaluated pre-projective consis-
tency to full-polynomial consistency at (;, prove the paper line-116 triangle step, and reconstruct
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the line-156 ~ relation obtained while making measurements projective from pre-projective con-
sistency plus left/right completion closeness at (,. Lean also derives the evaluated line-164 pro-
jective consistency. The error-parametric lemmas pointAConsistency_ofLinel69Consistency
and pointBConsistency_ofLinel169Consistency show that a polynomial line-169 estimate with

error 7 yields the final point error
20 +2v/n+ (3/2.
1/8

The active formal route specializes this with the repaired value n = ¢; + 10¢;’". The exist-
ing pointAConsistency and pointBConsistency declarations are the corresponding repaired
specializations. After the #869 right-register completion transport, the remaining active post-
role witness asks only for Alice’s line-146 completion closeness, Bob’s right-register completion
closeness, and the two repaired polynomial line-169 links. Lean reconstructs pre-projective full-
polynomial consistency from the concrete role witness, uses those repaired line-169 links together
with the evaluated line-164 projective consistency, and converts directly to the projective com-
pletion witness used by the final assembly. It no longer asks for an arbitrary role-measurement
record or an arbitrary Section 6 witness as an independent field. It also no longer asks for
stored factor-two role-block estimates, a stored Section 6 consistency input, or a duplicated
pre-projective consistency field; those are rebuilt from the concrete role-register measurement
and hpass. Lean then applies the projective converse of simeq-to-approx inside the two-space
source route.

As stated in preliminaries.tex, prop:triangle-sub gives a § + /e loss, so applying it
directly to GA e G® and G* ~e, Q* yields QA G G®, not the printed (; esti-
mate. The generic corrected route would degrade the final point error to scale t1/65536  out-
side the current mainFormalError envelope. The sharper local pre-completion repair from Re-
mark 4.6 avoids that widening. Its completion step uses only the formal monotonicity helper
ProjectivizationMatchMassMonotonicity.completeAtOutcomeProj_left_matchMass_ge, not
a separate exact match-mass witness route. For the corrected boundary assumptions k& > 400md
and k > 0, the source theorem now has a checked proof-level route.

Proof. Let
(’lzj’ AA’ BA7 LA’ AB’ BB’ LB)

be a projective strategy passing the (m, ¢, d) low individual degree test with probability at least
1 —e. Since the three subtests occur with probability 1/3, this strategy is (3e, 3¢, 3¢)-good.
Introduce a two-dimensional role register on each side and define the symmetrized state

aym) = % (10) 1) 5 9) a5 + 1) a4 10053 [ ) -

Define the symmetrized point measurement by
(Agym)is = 0)(0] @ A + [1)(1] @ AP,
and similarly for By, and Lg,,. This yields a symmetric (3¢, 3¢, 3¢)-good strategy. Set
v = 10000k2m2 <51/1024 + (d/q)1/1024) : o = m2 (V + efk/(80000m2)> )

Theorem 10.14 applied to the symmetrized strategy produces a measurement G = {G,} €
PolyMeas(m, ¢, d) such that

(Asym)z QI o I® G[g(u):a]’ G[g(u):a] ® I ~q I® (Asym)Z' (102)
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Now unsymmetrize by defining
G =(0l®)G,(10)®1), Gy =((1eDG,(1)1).

These are POVMs on the original prover space. Since A, is a convex combination of (0){(0|®1)
and (|1)(1|®1) weighted by the test probabilities, the cross-terms (0[- Ay, -|1) vanish. Expanding
the consistency of G gives

G[Ag(u):a] ® I o0 I ® AaB7u’ (103)
I®GE ) 2e A" ® L. (10.4)

Since the original strategy is (3¢, 3¢, 3¢)-good,
AMv @ [~y TR AR
Therefore Lemma 3.29 yields

A ~ B
G[g(u):a] QI T 20+2v3e+20 I® G[g(u):a]‘

Expanding this consistency relation and applying Lemma 3.7 to replace point evaluations by
polynomial evaluations (at cost md/q) gives

Grel~ 1®GY (10.5)

where

d
¢ =20+2v3 1 20 + %

The Lean Step 5 theorem  formalizes this expansion/reindexing step and combines it with the
proved Schwartz—Zippel tensor bound . The Lean statement is now formulated for a bipartite
state on H, ® Hp, so this particular Schwartz—Zippel loss is no longer a same-space restriction
in the source-theorem route.
Apply Lemma 4.9 to 10.5. This gives projective submeasurements P*, P® € PolySub(m, ¢, d)
with
G? QI ~

nuPreI I®GE s 1@ Py

100¢ ~100¢

Completing them by Lemma 3.42 yields projective measurements Q*, Q® € PolyMeas(m, ¢, d)
such that

Grelr~, QI (10.6)
I®GE ~. T®QP,
where
¢y = 200¢,7* + 42¢15.
The paper prints the coefficient 40 in this display. The formal Lean cascade uses the widened
coeflicient 42 to absorb the literal completion error 2 - (100(11/4) + 44/ 100(11/4 + 2¢;: under the

non-vacuous scalar regime 0 < ; <1, the extra term 2¢; is bounded by 2(11/8.
By 10.5 and Lemma 3.21,
A ~ B
Gy @I~y I®G.

Hence Lemma 3.27 gives

97



where
(3 = 6¢; + 6C,.

Because both measurements are projective, Lemma 3.21 converts this to
Qy @I~ I®QY. (10.7)

By data processing,
A ~ B
Qlg(wy=a @1 ~¢y72 1 ® Qfguy=q)- (10.8)
Next, Lemma 3.20, applied to 10.5 and 10.6, implies

Qr®I=~ I®GE.

Data processing then gives
A ~ B
Qlguy=a) ® 1 ¢, 1O Glgy_y- (10.9)

Applying Lemma 3.29 to 10.4, 10.9, and 10.8 yields
A, ~ B
AN QT = T®QP . u (10.10)

where
G =20 +2/¢ +(3/2.

The same argument with the roles reversed gives
Biu ~ A
I®AZ" ¢, Quyuy—a) ® 1 (10.11)

Remark 10.33 records the Lean witness structures that separate the scalar cascade and the
Step 5 Schwartz—Zippel handoff from the remaining projective-stage transport work. The scalar
side discharges the paper’s line 71-73 coarsening and the Step 8 hypotheses in the non-vacuous
branch; the Step 5 theorem now turns the evaluated estimate at line 116 into full-polynomial
consistency at ;. The remaining Lean witness is the completion-and-line-169 construction:
supply the actual role-register measurement, Alice’s line-146 completion estimate, Bob’s left-
register completion estimate, and the two exact polynomial-level ¢; links. Lean transports the
Bob-side completion estimate to the line-147 right-register form, reconstructs the duplicated
Step 6 pre-projective consistency field from these inputs and hpass, then data-processes the
line-169 links to line 172 and derives the two (, point goals and the (;/2 self-consistency target.

With E as in Definition 10.26, the quantities o,(;, (5, (5,¢, form the cascade of Defini-
tion 10.28. Theorem 10.29 and Theorem 10.30 give the final inflation to the scale 100000k%m*E.
The underlying estimates, with the formal widened (,, are:

o< 10000k2m* (81/1024 + (d/q)1/1024 + efk/(80000m2)> )

Then
< 20204k2m4 (£1/2048 d/q)1/2048 | —k/(160000m?)
Cl — =+ ( /Q) + )
and
¢, < 2568km (51/16384 + (d/q)l/16384 + efk/(1280000m2)> _
Consequently,

¢ < 150000k2m* <61/16384 + (d/q)1/16384 efk/(1280000m2)) 7
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and
§4 < 40000k2m4 (51/32768 + (d/q)1/32768 + e—k/(2560000m2)> )

Both (5/2 and (, are therefore bounded by
100000k2mA (51/40000 + (d/q)1/40000 4 efk/(2560000m2)) '

Hence 10.10, 10.11, and 10.7 give the three claimed conclusions, with Q* and QP renamed as
the theorem’s G* and GB. O
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